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Abstract

Motivated by intuitionistic fuzzy sets and fzzy linguistic approach, this article proposes the concept of lin-
guistic intuitionistic fuzzy numbers (LIFNs) where membership and and nonmembership are represented
as linguistic terms. In order to process the multiple attribute decision making (MADM) with LIFNs, we
introduce the linguistic score index and linguistic accuracy index of the LIFN. Simultaneously, the op-
eration laws for LIFNs are defined and the related properties of the operation laws are studied. Further,
some aggregation operators are developed, involving the linguistic intuitionistic fuzzy weighted averag-
ing (LIFWA) operator, linguistic intuitionistic fuzzy ordered weighted averaging (LIFOWA) operator and
linguistic intuitionistic fuzzy hybrid averaging (LIFHA) operator, etc., which can be utilized to aggregate
preference information taking the form of LIFNs. Based on the LIFWA and the LIFHA operators, we
propose an approach to handle MADM under LIFNs environment. Finally, an illustrative example is
given to verify the feasibility and effectiveness of the proposed method, which are then compared to other
representative methods.

Keywords: Linguistic intuitionistic fuzzy numbers; Fuzzy linguistic approach; Linguistic intuitionistic
fuzzy aggregation operator; Multiple attribute decision making.

Chen and Tan ° defined the score function to deal

Atanassov ! introduced the concept of intuitionis-
tic fuzzy set (IFS), which is a generalization of the
concept of fuzzy set. A prominent characteristic of
an IFS is that it assigns to each element a mem-
bership degree and a nonmembership degree. Due
to its capability of accommodating hesitation in hu-
man decision processes, IFSs have been widely ap-
plied to the field of decision making. For example,

with the multiple attribute decision making (MACD)
problems based on vague values '°, or equivalently,
intuitionistic fuzzy numbers (IFNs), as pointed out
by Deschrijver and Kerre 8. Subsequently, Hong
and Choi '! proposed an accuracy function to fur-
nish additional discrimination powers. Li !¢ investi-
gated a technique for solving the MADM problems
where the attribute weights and attribute values are
IFNs. On a basis of the multiplication operation by
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Atanassov > and power operation by De and Biswas
7 on IFSs, Xu and Yager 2 developed some geomet-
ric aggregation operators, such as the intuitionistic
fuzzy weighted geometric operator, the intuitionis-
tic fuzzy ordered weighted geometric operator, and
the intuitionistic fuzzy hybrid geometric operator.
Further, Xu 2’ proposed the intuitionistic fuzzy or-
dered weighted averaging operator, the intuitionistic
fuzzy hybrid averaging operator and applied them to
MACD problems.

Usually, in a quantitative setting, the information
is expressed by means of numerical values. How-
ever, when we work in a qualitative setting, that is,
with vague or imprecise knowledge, the information
cannot be estimated with an exact numerical value.
In that case, a more realistic approach may be to use
linguistic assessments instead of numerical values
12,30 that is, to suppose that the variables which par-
ticipate in the problem are assessed by means of lin-
guistic terms. Several methods have been developed
to solve the MACD problem with linguistic infor-
mation. Bordogna et al. 3 developed the linguistic
ordered weighted averaging operators. Liao et al.
17 presented a model for selecting an ERP system
based on linguistic information processing. Zhang
et al. 3! presented a method to handle fuzzy group
decision making based on house of quality for multi-
format and multi-granularity linguistic judgments in
quality function deployment. Pei et al. 2° presented
linguistic weighted aggregation operator to handle
fuzzy risk analysis. Rodriguez et al. 2! presented
a multicriteria linguistic decision making model in
which experts provide their assessments by elicit-
ing linguistic expressions. In order to effectively
avoid the loss and distortion of information in lin-
guistic information processing process, Herrera et
al. '35 proposed 2-tuple linguistic representation
model. Martinez et al. !° made an overview on the 2-
tuple linguistic model for computing with words in
decision making: extensions, applications and chal-
lenges. Xu 2* adopted the virtual linguistic label
to replace 2-tuple linguistic variable and proposed
some new aggregation operators, such as linguis-
tic weighted geometric averaging operator (LWGA),
linguistic ordered weighted geometric averaging op-
erator (LOWGA), and linguistic hybrid geometric

averaging operator (LHGA). Based on the virtual
linguistic label, Xu 2° further proposed the concept
of uncertain linguistic variable (ULV) and developed
uncertain linguistic ordered weighted averaging op-
erator (ULOWA) and uncertain linguistic hybrid ag-
gregation operator (ULHA).

An IFN is characterized by real-valued member-
ship and nonmembership degree defined on [0, 1],
and the hesitancy degree can be easily derived based
on the aforesaid two values. However, under most
conditions, decision information is usually uncer-
tain or fuzzy due to the increasing complexity of
the environment and the vagueness of the inherent
subjective nature of human thought; thus, crisp val-
ues are inadequate or insufficient to model real-life
decision problems; it might not be flexible or con-
venient for decision-makers to exactly quantify their
opinions with crisp numbers 23. A possible solu-
tion is to represent such membership degrees and
nonmembership degree by linguistic variables. So,
a new concept called linguistic intuitionistic fuzzy
numbers (LIFNs) is established in this paper, which
follows the membership degrees and nonmember-
ship degree used by linguistic variables based on the
given linguistic term set. LIFNs combine the ad-
vantages of both linguistic term sets and IFNs. In-
tuitively, extending from IFNs to LIFNs furnishes
additional capability to handle vague or imprecise
information because the membership and nonmem-
bership degrees are only needed to be expressed as
linguistic variables rather than exact values. To com-
pare two LIFNs, we introduce the linguistic score in-
dex and linguistic accuracy index of a LIFN, which
is able to differentiate any two LIFNs, and select the
best alternative under LIFNs environment. Further,
to process the MADM problem with LIFNs, some
operations on LIFNs are defined and their proper-
ties are investigated. Simultaneously, some aggre-
gation operators with LIFNs are developed, such
as the linguistic intuitionistic fuzzy weighted av-
eraging (LIFWA) operator, linguistic intuitionistic
fuzzy ordered weighted averaging (LIFOWA) oper-
ator and linguistic intuitionistic fuzzy hybrid aver-
aging (LIFHA) operator, etc.. Finally, we propose
an approach to handle MADM under LIFNs envi-
ronment, and an illustrative example is also given
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to verify the feasibility and effectiveness of the pro-
posed method.

The rest of this paper is organized as follows.
Section 2 briefly reviews the intuitionistic fuzzy sets
and the linguistic approach. Section 3 develops the
notion of LIFNs, gives the operation laws and ana-
lyzes the properties of the operation laws. Section 4
introduces several aggregation operators for LIFNs.
Section 5 presents the MAGDM method with LIFNs
assessments. A global supplier selection example
is illustrated in Section 6. The comparison analy-
ses with other methods are conducted in Section 7.
Concluding remark is made in Section 8.

2. Preliminaries

For the convenience of analysis, some basic con-
cepts and definitions on intuitionistic fuzzy numbers
and the fuzzy linguistic approach are needed. They
are stated as follows.

Definition 1. 2° Let X be a universe of discourse, a
fuzzy set in X is defined as A = {< x,ua(x) > |x €
X}, where py : X — [0,1] is the membership func-
tion of the fuzzy set A, and 0 < pa(x) < 1.

Atanassov ! introduced a generalized fuzzy set
called intuitionistic fuzzy set (IFS), shown as fol-
lows:

Definition 2. ! Let X be a universe of discourse, an
intuitionistic fuzzy set in X is an expression: A =
{< x,ua(x),va(x) > |x € X}, where the functions
U : X — [0,1] and v4 : X — [0, 1] define the degree
of membership and the degree of nonmembership of
the element Vx € X to A, and 0 < g (x) +va(x) < 1.

Usually, m4(x) = 1 — pa(x) — va(x) is called the
intuitionistic fuzzy index of x € A, representing the
degree of indeterminacy or hesitation of x to A.

For an IFS A and a given x, Xu and Yager 2°
called the pair (14 (x), va(x)) an intuitionistic fuzzy
number (IFN). For convenience, we denote an IFN
by & = (Ug,Va), Where tg > 0,vy > 0 and pg +
Vo <1

For an IFN « = (U, V), Chen and Tan ° in-
troduced the score function s = Vo4 — Ug to get the
score of a. Later, Hong and Choi '! defined the ac-
curacy function hy = Vg + Ug to evaluate the accu-
racy degree of .

Linguistic intuitionistic fuzzy numbers

Based on the score function and the accuracy
function, Xu and Yager %6 gave an order relation be-
tween any two IFNs in the following:

Definition 3. *° Let o = (lig, V) and B = (g, Vp)
be two IFNs, sq and sg be the scores of o and f3,
respectively; and hy and hg be the accuracy degrees
of o and B, respectively,

o If S¢ > Sg, then a > B;

o If S¢ = Sp, then
(1) if hg = hg, then o = B;
(2) if ho > hg, then o > B.

To aggregate intuitionistic preference informa-
tion, Xu and Yager 2° also introduced some opera-
tional laws of IFNs as follows:

Definition 4. ° Let o0 = (lig, V) and = (g, V)
be two IFNs, then

(1) 0@ B = (Ug+ Hp — Hallg, VaVp):
(2) a®@p = (Hattg, Vo + Vg = VaVp);
(3) Aa=(1—(1—pux)* v), A >0;
4) o* = (uk,1—(1=ve)*), A >0.

The linguistic approach is an approximate tech-
nique, which represents qualitative aspects as lin-
guistic values by means of linguistic variables
9:14,25,30 it need to select the appropriate linguistic
descriptors for the term set and its semantics.

Suppose that S = {s;{i =0,1---,¢} is a linguistic
term set with odd cardinality, where ¢ is a positive
integer, s; represents a possible value for a linguistic
variable. For example, a set of seven linguistic terms
S could be given as follows '%:

S = {so = none, sy =verylow, s, =Ilow, s3=
medium, s4 = high, ss=very high, s¢ = perfect}

Typically, in such cases, the linguistic term set
should have the following characteristics !3/18:14;

o A negation operator: neg(s;) = s; such that j =
r—i
o Be ordered: s; <s; if and only if i < j;
« Max operator: max(s;,s;) = s; if s; > sj;
« Min operator: min(s;,s;) = s; if 5; <.
To preserve all the given information, Xu >* ex-

tend the discrete term set S to a continuous term set
S = {salso < sq < s¢}, whose elements also meet
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all the characteristics above, and where, if 54 € S,
then it is called the original term, otherwise, so € S
is called the virtual term.

In general, the decision maker uses the original
linguistic term to evaluate attributes and alternatives,
and the virtual linguistic terms can only appear in
calculation.

3. Linguistic intuitionistic fuzzy numbers

3.1. Notions for linguistic intuitionistic fuzzy
numbers

In reality, the degrees of membership and nonmem-
bership for IFSs are sometimes difficult to be de-
rived with exact values. So, we introduce the no-
tion of linguistic intuitionistic fuzzy numbers where
membership and nonmembership are represented as
linguistic terms.

Definition 5. Let sq,s5 € Sjo and ¥ = (sq,5p), if
o+ B < t, then we call y the linguistic intuitionistic
fuzzy numbers defined on Sjy ;). If sq,58 € S, then
we call y the original linguistic intuitionistic fuzzy
numbers, otherwise, we call y the virtual linguistic
intuitionistic fuzzy numbers.

Remark 1. It should be noted that if s¢ € S, then
(sq,neg(sq)) is a linguistic intuitionistic fuzzy num-
ber (LIFN).

Remark 2. The uncertain linguistic variables 2 be
converted into the LIFNs. Let S = [s4,5p] be a
uncertain linguistic variable (ULV), where s¢,s5 €
(04> Sa and sp are the lower and the upper limits,
respectively, then (sq,s;_pg) is a LIFN,

Let I'jg) be the set of all LIFNs based on Sy
and (sa,sp), (Says5p) (Sens5p,) € Toy)» then the
union, intersection and complement operation for
LIFNs are defined as follows:

o (Say,8p,)U (saz,sﬁz) = (max(se, ,5052),min(s51 ,sﬁ2));
o (S 7551) (SOC27S[32) = (min(sq,, saz),max(slgl ,slgz));
o (Sa,88)" = (sﬁ S)-

According to the union, intersection and comple-
ment operation of LIFNs, the following Theorem 1
can be easily proven:

Theorem 1. Let (sq,58), (So;,58,), (Sa558,) € Cio),
then the following equalities hold:

(1) (o 75131) (sazasﬁz) = (sazjsﬁz) U (Sal’sﬁl);

(2) (sotlvsﬁl) (Sazasﬁz) = (Sazasﬁz) N (sal’sﬁl);

(3) (S ) [(S(stﬁl) U (S(XZ?Sﬁz)] = [(savsﬁ) U
(Salvsﬂ1>] (Sazvs,[h);

(4) (sa,s ) [(Slxlasﬁl) N (slxpsﬁz)] = [(SIX>SI3) N
(SOC| 1 SBy )] N (S(stﬁz);

(5) (S ) [(Salﬂsﬁl) N (saz’sﬁz)] = [(sOhsﬁ) U
(sOll 1S B )] N [(slx>sl3) U (s()lz’sﬁz)]’

(6) (S ) [(S(Xlﬂsﬁl) U (sOCz?Sﬁz)] = [(sOHSﬁ) N
(Saﬂsﬁl)] [(Sa,Sﬁ)ﬂ(Saz,Sﬁz ];

(7) [(Slxnsﬁl) (slxzasﬁz)]cz(ststﬁl)cm(SOCpSﬁz)C;

(8) [(sansﬁl) (Sazvsﬁz)]cz(sansﬁl)cu(sa27sﬁ2)c'

In the following, we introduce the comparison of
two LIFNSs.

Definition 6. Let ¥ = (sq,sp) € ['jo,, denote

Ls(y)=a—B,  Lh(y)=a+B, (1)
then we call Ls(7y) and Lh(7y) the linguistic score in-
dex and the linguistic accuracy index of ¥, respec-
tively.

Definition 7. Let y; =
T 0,1
(i) If Ls(y1) < Ls(7y,), then 7, is smaller than 7,

denoted by 71 < 1;

(ii) If Ls(y1) > Ls(y), then y; is bigger than 9,

denoted by 71 > p;

(i) If Ls(y1) = Ls().

(a) and Lh(y1) = Lh(y,), then y; and 9 rep-
resent the same information, denoted by
N ="

(b) and Lh(y1) < Lh(7,), then ¥ is smaller
than 9, denoted by 71 < p;

(c) and Lh(y1) > Lh(y2), then 7; is bigger than
%, denoted by y1 > 7.

(Sapsﬁ.),Yz = (Sazvsﬁz) €

Obviously, we have (so,s:) < (sa,58) < (51,50)
for any (sq,sp) € [jg -
Theorem 2. Let Y1 = (Sq;,58,), 2 = (Say,58,) €
F[O,t]- IfOC] < o and ﬁ] > Bz, then " < Y.
Proof. By Definition 6, It is straightforward and
thus omitted. O
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Example 1. Let 7 = (s5,53),%2 = (55,),% =
(s4,51) € Tgg). It is easy to obtain that

Ls(n) =2, Ls(2) =3, Ls(13) =3,

Lh(y) =8, Lh(y) =7, Lh(y3) = 5.
According to Definition 6, we can conclude that
>r>nN.

3.2. Operation laws and properties for linguistic
intuitionistic fuzzy numbers

Definition 8. Let (sq,s8),(5a;,58,),(5a,58,) €
Lo, A > 0, then the operation laws for the LIFNs
are defined as follows:

(1 (Soclasﬁl)@(sapsﬁz) - (sal+a2_wysﬁ1[ﬁz);
(2) (S(Xl 7s/31) ® (S(Xpsﬁz) (so‘lto‘z 2By 4B 51’ﬁ2 );
(3) A(sa:sp) = (stft(lf R 2)s

@>0uﬂmlz(%@ﬂﬁpm—%ﬁ'
Theorem 3. Let (sq,sg),(So;,58,); (Says88,) €
Lo A >0, and 11 = (sa,,58,) ® (S, 5p,), 1o =

(Saﬂsﬁl)@ (Sa27sﬁ2)’ = A’(Sausﬁ)’ Ya = (Saysﬁ)l,
then Yi € F[OJ],Z' =1,2,3,4.

Proof.  Since (sq;5p8), (Say>58,), (Sar>58,) € o5
Definition 4 implies that B <t — o, B <t —
and ﬁz <t—o. By = (SOC1+062*@’SM)’ and

t

7= (stft(l,%)l,st(g)l), one can have

(t—on)(t—0) _

— =5

and

t—t(1— 2% 1By < (1 - 9)h pp(=2)h =4,

Hence, 71,715 € I'jo -
Similarly, we can prove %2, % € I'jg . O

For any (sq,sp) € [[g,), by Definition 8, we eas-
ily obtain

. Esa,slgg (51,50) = (51,50); (Sa,58) D (S0,8) =
. Esa,s)) (s1,50) = (Sa,58): (Sas88) @ (s0,8) =

Example 2. Assume that (s4,52),(s52,5) € [,
and A = 0.5, by Definition 8, we can obtain

Linguistic intuitionistic fuzzy numbers

(1) (s4,82) D (52,8) = (s4+2_m,sm) = (85,515)s
(2) (54,52) ® (52,56) = (542,56 2:6) = (51,56.5):
(3) A(sa,52) = (sg_g(1_1)05:55(205) = (52.343,54);

4) (s4,52)" (SS(%)O,S,SS_S(I_%)(U) = (85.657,51.072)-

In the following, we give the operation proper-
ties for LIFNs.

Theorem 4. Let (sa,sﬁ), (So ,SB, ) (saz,sﬁz) €Ty,
;L,)L],lz > 0, then

(1) (Sal 7Sl31) D (Sazasﬁz) = (Sazasﬁz) D (sal »SB );

(2) (sal 7Sﬁ1> ® (Saz,Sﬁz) = (sazﬂsﬁz) ® (Sal 7Sﬁ1);

(3) (SOUSB) S3) [(s(xl?sﬁ|) D (Sazvsﬁz)] = [(sﬂhsﬁ) D
(SOCI ' SBy )] ® (Sazvsﬁz);

(4) (Savsﬁ) ® [(sansﬁl) ® (Sazvsﬁz)] = [(SOhsﬁ) ®
(sOll »SB )] ® (Sazvsﬁz)"

(5) A’[(Saﬂsﬁl) S (saz7sﬁ2)] l(saﬁsﬁl) S
l(saz,sﬁz);

(6) [(s(117s/3|) ® (5062?*5‘[32)]l = (s()617s/3|)/l ®
(slxzasﬁz)l;

(7) M(Sassp) @ Aa(sa,58) =
(8) (SOHSB)AI ®(5avsﬁ)l2 = (saasﬁ)(
(9) MlAa(sa,s8)] = MAa(sa,sp);

(A +22) (e, sﬁ);
llJrlz)’

(10) [(sa,s8)"2M = (sq,5)1%.

Proof. (1) According to Definition 8, we have
(SOCUSB]) ® (Sazvsﬁz) (Sal-sz_wvsﬁllﬁ)
(Socﬁa]fu‘zf“ Sapy ) = (Sa>58,) @ (Saty» 5B, )

(2) It is similar to the proof of (1) and thus omitted.
(3) According to Definition 8, let

(Sa,SB) S5 [(salvsﬁl) D (Sazasﬁz)] = (S()hsﬁ) ©®
(s(;cl+()cr”1,°52 ;g8 ) = (Su;5v), then
G

M:(X—{—((Xl—l—az—mtaz)—a( - l,):a_|_
al_i_az_m_%_ao@_‘_aalaz

t t ’
y=BCR) _ pbips
On the other hand let
[(savsﬁ) (sal’sﬁl)] (saz’sﬁz) = (sour(xlf@’s%)@
(Sap>5p,) = (5w, 5v), then we have
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(otai— e

W=o+oy— A +op— - =a+o+
a2_m_&_ala2+aala2 =u,
1 t
BBy
V/: ( [t)ﬁZ — Bﬁtlzﬁg =,
Therefore,  (sq,58) D [(Sa>58,) @ (Sa>Sp,)]

[(SOC?SB) D (SOCI 1 SBy )] D (Sazasﬁz)'
(4) It is similar to the proof of (3) and thus omitted.
(5) According to Definition 8, we have

)L[(salvsﬁl) S5 (Sazvsﬁz)] = A‘(Sal+aszasﬁltﬁ) =

(Stit(lialwz;alraz) S ﬁlﬁz))
= (ega-a-mp S, o1 )-

On the other hand, let
)L(S(xUSﬁl) @ A«(Saz,slgz) = “t—l(l—?)x’sz(ﬁtfl)l) D
(Stft(lf?)a’st(ﬁ%)l) = (sM7SV)7 then
u = [t —t(1 — %)l] + [t — 1(1 — @)l]_
=t =1 (1= 2 )]
t

—2t—t(l— DY (1 - ) [f— (1 — ) —
H1 =) (1= )M (1 =)
— (- B)(1 - &),

Biyaqr,(B2ya
_ RN

1%
l‘
Hence, A[(says55,) @ (saz:5p,)] = A(scs,5,) @

A(Say,5p,)-
(6) It is similar to the proof of (5) and thus omitted.
(7) According to Definition 8, we have

)./l(Sa,Sﬁ) @ AQ(S(X,S[;) = (Sl‘ 1(1_7)117 (g)ll) @
(S[_t(]_%)h’s,(é)lz)

t

=(s [—1(1- M [ (1- %)% ’s[mé)‘lw(éﬁz])

1

t—t(1= ) pr—(1-2)22 —
= (S,_t(1_%)ll+lz 7St(g)/11+22)
=M —l—)tz)(sa,slg)
(8) It is similar to the proof of (7) and thus omitted.
(9) From Definition 8, we have
)LI[AZ<SOC75[3)] = ll( t tl a))LZ, (g),lz) =

(B, )

St—t[l—H“:%)lz]M S [ T ]/11
= (Szft(lf%)/wlz7St(€)11/12) lﬂb(sa,sﬁ)
(10) It is similar to the proof of (9) and omitted. [

t t

Theorem 5. Let ¥ =
(Sazvsﬁz) < F[O,t]-

(Sa,Sﬁ>,'}/1 = (Sa|7sﬁ1)7y2 =

(1) IfOl] <o andﬁl > Bz, then YEN < YD P;
(2) If oy < op and Py > Bo, then YRy < YR .

Proof. By Definition 8, we have Y&y =
(sawl_a,ﬂwv@), Yer =
Hence, Ls(y® ) = a+ oy
h)=a+o— 2% BB 4
Hs(y@n) = at o+ o 1 BB Hs(yep) =
Ot—i—(Xz—i—%—l—@. Since o; < ap and ﬁ] 2[32
If oy = o and ﬁ] = ﬁz, then Yoy = 78 P;
otherwise, oy — ax < B1 — B2 So Ls(y®d n) —
Ly &) = o1 — 0y — 9% — B oy B
— (=)o) -BBi—p) _ (t—a- ﬁ)(Bl B) <0 that
t ~ £
is, Ls(y@n) < Ls(}/EB 7).

YON <y79%.
Similarly, we can prove (2). O

(sa_y_az_@vsﬁrﬁ)'

- PR Ls(ye

Hence we have

4. Some aggregation operators with LIFNs

Based on the operational principle for LIFNs, we
shall develop the linguistic intuitionistic fuzzy
weighted averaging (LIFWA) operator, linguistic
intuitionistic fuzzy ordered weighted averaging (LI-
FOWA) operator, and linguistic intuitionistic fuzzy
hybrid averaging (LIFHA) operator.

Definition 9. Let 71,%,..., % € I'jp,), The linguis-
tic intuitionistic fuzzy weighted averaging (LIFWA)
operator is a mapping F?O.t] — o,/ such that:

LIFWA,(71,%, -, %)
=0 DRHD DO (2)

where © = (@, ,...,,)" be the weight vector
of yi(j = 1,2...,n), satisfying that 0 < w; < 1,

Theorem 6. Let i = (5q,,58,), 2 = (Sa, 5B, )5+ -5 Yo =
(Sa,,58,) € Loy, and @ = (w1, @,...,0,)7 be the
weight vector of ¥i(j = 1,2...,n), satisfying that
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0<w<1(j=12...,n)and ¥j_, @j = 1. Then (0.2,0.3,0.4,0.1), According to Theorem 6, we can
obtain
LIFWA (Y1, %55 V)
= (St—t ”-,l(l—ﬁ)wj’stn'? (E/)“’/) 3) LIFWAUJ(%?Y%Y&Y“)
= ! J=t :0.2(S5,S3)@0.3(S1,S6)@0.4(S4,S3)@0.1(S2,S6)
= (5878(1,%)0.2(1,%)0.3(1,%)0.4(1,%)0.1,Sg(%)OAz(g)OS(S)Ozt(g)O.I)

Proof. We use the mathematical inductive method = (53.349,53.959)
to prove Theorem 6.
First, for n = 2, By Definition 8 and 9, we have Based on Theorem 4, it can be easily proved that
LIFWA,(11,7%) = 0171 ® i the LIFWA operator has the following properties:

=(s,_ (1= oS, By )wl)@(st_l(l_g)wz,s[(ﬁ%)%) (1) Commutative: Let }/je.l“[07,](j: 1,2,....,n),
Let LIFWAw(yl,yg) (Suy,5v,), then and (o(1),0(2),...,0(n)) is a permutation of
w, = [t —t(1 — 0;1)(»1] + [t —t(1 — %)a}z]_ (1,2,...,n), then
ot )15 LIFWAo(11, -, )
=r—1(1- a?)wl(l Ly —t—1[[;_, (1), = LIFWAw(Ys(1): Yo(2)s- -+ Yon))- )

eCEHe )% Biver (Bryes — 2 (Biyoy -

vy = = = (BN () =[5 (1) . (2) Monotonic:  Let y; = (sa;,56,),%; =
So the result is true for n = 2. (saj,sﬁj»f) €Iy, if @ < o, and B; > B} (
Secondly, we assume that the result is true forn — 1, 1,2,...,n), then
ie.

_ LIFWA yeens < LIFWA yees Y ) 6
LIFWAo(V1,. .. Y1) = (st_ln,};i(l_%wj,stm;ll(%mj). o(Yi,-» 1) (Vs %) (6)
Then, for n, (3) Idempotency: Let y; = (S(X_,'vsﬁj) € F[o,z} (j=
LIFWA (Y1, %, V) =LIFWAG(Y1,72, -+, Yno1)® 1,2,...,n), and for any j, always have y; = ¥, then
O,

e LIFWAo (11,5 1) = V. @)

:(stftl'[j’-;i(lf%“f’szn'; {(Tf)w,)@@t—t(l—%“’”’st(%")“’")' . )
Let LIFWAw(Y1, s, %) = (Su v, ), then (4) Bounded: Let 7; = (sa,,s;i,) € Lyy(J =
Uy = |t —tHn - ‘L)co, Flr—1(1 = Gyon] — 1,2,...,n), and a~ = min{a;},o" = max{o;},

B~ =min{B;}, " = max{B;}, then

i 0= f][t 1(1—G)%n]

- ( _7,)0,]’ (Sq—»8p+) SLIFWAg (Y1, .-, ) < (So558-). (8)
b ! ;:}(ﬁ )t./ fe(Bryon] T ( o 'Yager 28 introduced an orQered weight.ed aver-
Hence, the result is true for any n, . aging (OWA) operator, which is the reordering step.

In the following we shall extend the OWA operator

to accommodate the situations where the input argu-
From (5) of Theorem 4, if w; = 1/n (j = ments are LIFNs.

1,2,...,n), then the LIFWA operator is reduced to

the linguistic intuitionistic fuzzy averaging (LIFA) Definition 10. Let 7,7 % € Tjoy» The lin
. s A2y fn 0.t]> =

operator: guistic intuitionistic fuzzy ordered weighted averag-
1 ing (LIFOWA) operator is a mapping I FO- g Lo
LIFA(Y1, Y0, ) = ;(}’1 Ops o) @ which has associated with it a weighting vector
w=(wi,wa,...,w,) T, with0 < w;i <1, Z;?:le =1
such that
Example 3. Assume ¥ = (s5,53),» = LIFOWA(71, %2, Th)
(51,56), 15 = (54,53), % = (s52,86) € [g g, and @ = =W1Yo(1) DW2Yo(2) D OWnYo(my  (9)
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where (6(1),0(2),...,0(n)) is a permutation of
(1,2,...,n), such that Ys(j_1) = Ys(j) for all j =
2,...,0.

The feature of the LIFOWA operator is that w;
is only determined by the jth position in the ag-
gregation process. So, w can be called the position
weighted vector.

The LIFWA operator only considers the self-
importance of each LIFN, and the LIFOWA operator
only emphasizes position importance of each LIFN.
However, both the operators consider only one of
them. To solve this drawback, in the following we
shall propose the linguistic intuitionistic fuzzy hy-
brid averaging (LIFHA) operator.

Definition 11. Let %1, 1,..., % € o, The linguis-
tic intuitionistic fuzzy hybrid averaging (LIFHA)
operator is a mapping I7 , — I, which

[0,]
has associated with it a weighting vector w =
(wi,wa,. . wa)T, with 0 < wj < 1, Yhowy =1
such that

LIFHA G (V1,53 1)
= WiTo(1) BW2Yo) B+ EWalo( (10)

where ® = (@1, @,...,®,)" be the weight vector
of %j(j=1,2...,n), with 0 < 0; < 1, Y @) =
I, and ¥, = nw;y;, n is the balancing coeffi-
cient, (6(1),0(2),...,0(n)) is a permutation of
(1,2,...,n), such that 7/6(]'—1) > }/G(j) for all j =
2,...,n.

Example 4. Assume 9 = (s7,51),r =
(SQ,S5),’}’3 = (S4,S3),’)/4 = (S6,S2) S F[0,8]’ and 0 =
(0.4,0.1,0.2,0.3) is the weighting vector of the
¥;(j = 1,2,3,4), and w = (0.2,0.3,0.3,0.2) is the
position weighted vector.

According to  Definition 8,  A(sq,s5) =
(stfl(l,%y,st(g)l). Thus, we have

Y, =4 x0.4(s7,51) = (57.713,50287),
Y, =4 x0.1(s2,55) = (50.870,56.629)

Y, =4 x0.2(s4,53) = (53.405,53.650)

Yy =4 % 0.3(s6,52) = (S6.484,51.516)
To rank these arguments, we calculate the linguistic
score index and the linguistic accuracy index of each
argument

Ls(y) =7.626, Ls(y,) = —5.759,

)

Ls(y,) = —0.145, Ls(y,) = 4.968
Then we rank the arguments Y/ (i = 1;2;3;4) in
descending order in accordance with the values
Ls(Y))(i=1;2;3;4) : v > v, > 74 > 7. Thus, by
Eq. (10) and (3), we can obtain
LIFHAw,w(?’hYZJ@aW)
= 0.2’)/1’ @0.3’}{1@0.3’)/3 @O.Z’Jé = 0.2(S7_713,S0,287) D
0.3(s6.484,51.516) ©0.3(53.405,53.650) © 0.2(50.870, 56.629)

= (55.935,51.900)
Further, we shall propose the linguistic intuition-

istic fuzzy weighted geometric (LIFWG) operator,
linguistic intuitionistic fuzzy ordered weighted geo-
metric (LIFOWG) operator, and linguistic intuition-
istic fuzzy hybrid geometric (LIFHG) operator.

Definition 12. Let 11, %,..., % € I'o,), The linguis-
tic intuitionistic fuzzy weighted geometric (LIFWG)
operator is a mapping F?o g o, such that:

LIFWGo (1,7, T) =1 Q1B Q- @ (11)

where ® = (@, @,...,®,)" be the weight vector
of yi(j = 1,2...,n), satisfying that 0 < @; < 1,
Z?:l ;= 1.

Similar to Theorem 6, we can obtain following
Theorem 7.

Theorem 7. Let 1 = (Soy,58,): V2 = (S5 58, )+ -+ Yo =
(Say»58,) € Tpo and © = (01, @y,...,@,)" be the
weight vector of yj(j = 1,2...,n), satisfying that
0<w;<1(j=12....,n)and Ij_, wj = 1. Then

LIFWGo(71,%5 -, %)

B (SIH?:J(?)(U"’Stft]'['}:](l,ﬁ)a{,-) (12)

t

From (6) of Theorem 4, if w; = 1/n (j =
1,2,...,n), then the LIFWG operator is reduced to
the intuitionistic fuzzy linguistic geometric (LIFG)
operator:

LIFG(Yi, %, 1) = (N @R ®...@p)"  (13)

Like LIFWA operator, LIFWG operator is also
commutative, monotonic, bounded and idempotent.

Definition 13. Let 71, 2,..., % € o, The linguis-
tic intuitionistic fuzzy ordered weighted geomet-
ric (LIFOWG) operator is a mapping F?o;] = Lo
which has associated with it a weighting vector
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such that

,withO<w; < LY wi=1

LIFOWGw(yl,yz,..-,Vn)

where (o(1),0(2),...,0(n)) is a permutation of
(1,2,...,n), such that Y5(;_1) = Yy(;) for all j =
2,...,n.

Definition 14. Let 11, %, ..., % € I'p,, The linguis-
tic intuitionistic fuzzy hybrid geometric (LIFHG)
operator is a mapping F’[lo.,z] — T'jo,, which
has associated with it a weighting vector w =
(wi,wa,...,w,)T, with 0 < w; < 1, Yigwi=1
such that

LIFHGw (Y1, %, T)
= (%60)" @ (o) @2 (1

where ® = (@1, @,...,®,)" be the weight vector
of %(j=1,2...,n), with 0 < 0; < 1, YI_, 0; =
I, and 7} = y;lw’ , n is the balancing coeffi-
cient, (o(1),0(2),...,0(n)) is a permutation of
(1,2,...,n), such that 7/0(/71) > 7/0(/) for all j =
2,...,0.

In the following, an example is used to illustrate
the LIFHG operator.

(ny)"(15)

Example 5. Assume 7y = (s7,51),r =
(52,55), 13 = (54,53), % = (s6,52) € [ g, and @ =
(0.4,0.1,0.2,0.3) is the weighting vector of the
Yi(j = 1,2,3,4), and w = (0.2,0.3,0.3,0.2) is the
position weighted vector.

According to  Definition 8, (so,,sﬁ)’1 =

(s( PorSiy(1- By »)- Thus, we have
Y = (s7,51)"%% = (s6.461,51.5%),
Y = (s52,85)"1 = (s4.505,52.506)
Vs = (s4,53)"02 = (s54.505,52.507),
Y = (56,52)"%3 = (55.665,52.335)

To rank these arguments, we calculate the linguistic
score index and the linguistic accuracy index of each
argument

Ls(y) =4.922, Ls(y,) = 1.999,

Ls(,) =2.088, Ls(y;) =3.330
Then we rank the arguments Y/ (i = 1;2;3;4) in
descending order in accordance with the values

Linguistic intuitionistic fuzzy numbers

Ls(Y)(i=1,2,3,4): v, > ¥, > ¥4 > %. Thus, by
Eq. (15) and (12), we can obtain
LIFHG g (N1, %,73,Y4)
=)0 e KB)? ()
= (56.461,51.539) "> @ (55.665,52.335)"
(54.505,52.506)"% = (85.238,52.202)

5. An approach to group decision making with
linguistic intuitionistic fuzzy information

This section describes the multiple attribute group
decision making problems with linguistic intuition-
istic fuzzy assessments.

Let X = {x;,x2, -+ ,x} be a discrete set of m
possible alternatives and A = {aj,az, - ,a,} be a
finite set of n attributes, where x; denotes the ith
alternative and a; denotes the jth attribute. Let
D={d,,d,--- ,d,} be afinite set of ¢ experts, where
dy denotes the kth expert.

The expert dj provides his/her assessment infor-
mation of an alternative x; on an attribute a; as a
LIFN }/fj(z =1,2,...,m;j = 1,2,--- ,n) according
to a predefined linguistic term set S. Thus, the ex-
perts’ assessment information can be represented by
the linguistic intuitionistic fuzzy decision matrices
Ri = (V)mxn(k=1,2,....1).

Suppose that @ = (@1, @, -, ®,)" is weight
vector of the attributes, where @; denotes the weight
of the attribute a; such that 0 < @;,}}_; @; =1, and
A= (A, A, ,A)T is the weighting vector of the
decision makers, where A; denotes the weight of the
decision maker d; such that A; < 1, Y, 4; = 1.

The problem concerned in this paper is how to
rank alternatives or select the most desirable alter-
native(s) among the finite set X on the basis of the
linguistic intuitionistic fuzzy decision matrices and
the weight information of attributes and experts. An
algorithm and process of the multiple attribute group
decision making problems with linguistic intuition-
istic fuzzy information may be given as follows.

Stepl: Utilize the decision information given
in matrix Ry, and the LIFWA operator, the individ-
ual overall linguistic intuitionistic fuzzy preference
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value }/IJ‘ of the alternative x; is derived as follows:

Y= LIFWA (Y5, 75, ... %),

i=1,2,....mk=12,...t (16)
where 0 = (1,0, -+, ,)" is weight vector of the
attribute.

Step2: According to the individual overall lin-
guistic intuitionistic fuzzy preference value yf of al-
ternative x;(i = 1,2,...,m,k=1,2,...,t), then using
LIFHA operator which has the associated weighting
vector w = (wy,wa, - ,w;)7:

Y= LIFHALW(%I,)’,-Z, SRR %)7
i=1,2,....m 17)

to derive the collective overall linguistic intuition-
istic fuzzy preference value 7 of the alternative
xi(i=1,2,...,m), where A = (A, A2,---,A)7 is the
weighting vector of the decision makers.

step3: By using Eq.(1), we calculate the linguis-
tic score index Ls(%) and the linguistic accuracy in-
dex Lh(y;) of the collective overall linguistic prefer-
ence value ¥%(i = 1,2,...,m).

step4: By Definition 5, we rank the alternatives
x;(i=1,2,...,m) and then select the best one(s).

6. Anillustrative example

In this section, a problem of searching the best
global supplier (adapted from Chan and Kumar )
is used to illustrate the multiple attribute group de-
cision making with linguistic intuitionistic fuzzy in-
formation.

A manufacturing company desires to search the
best global supplier for one of its most critical
parts used in assembling process. Suppose that
X = {x1,x2,x3,x4} is a set of four potential global
suppliers (i.e., alternatives) under consideration and
A ={ai,a2,a3,a4,as} is a set of attributes, where
a; (i=1,...,5) stands for “overall cost of the prod-
uct”, “quality of the product”, “service performance
of supplier”, “supplier’s profile”, “risk factor”, re-
spectively. The four alternatives x;(i = 1,...,4) are
to be evaluated using the LIFNs according to the lin-
guistic term set:

LR N3

S = {so = extremely poor, s =
very poor, sy = poor, s3 = slightly poor, s4=
fair, ss = slightly good, s¢ = good,
very good, ss = extremely good}
by four decision makers dy(k = 1,...,4) under
the above five attributes, and construct the lin-
guistic intuitionistic fuzzy decision matrices Ry =
(%})4X5(k = 1,2,3,4) as listed in Tables 1—4, re-
spectively.

§7 =

Table 1. Decision matrix R

ai aj as as as
xt | (s7.81)  (86,82)  (s4,83) (s7,51) (85,52)
x2 | (s6,52) (55,82) (s6,51) (86,82) (s7,81)
x3 | (s6,51)  (s5,83)  (s7,81) (s5,81)  ($3,54)
x4 | (s5,82)  (s7,81) (54,83) (86,51) (84,54)
Table 2. Decision matrix Ry
ai aj as as as
x| (s7.81)  (54,84)  (s6,52) (s5,82)  (83,55)
x2 | (s7,81)  (ss,81)  (s6,81) (55,82)  (84,83)
x3 | (s5,82)  (s6,81) (s7,81) (55,83)  (84,54)
x4 | (s6,82) (54,83) (s5,82) (s7,51) (585,83)
Table 3. Decision matrix R3
a a as a, as
x| (s6,81) (s5,82) (s3,84) (s7,51) (85,52)
x| (s7,51) (s6,82) (s7,51) (86,52) (85,581)
x3 | (s5,83)  (s5,82) (86,51) (s4,83) (s83,81)
X4 (S6,S2) (577S1) (S57S1) (S5>S2) (S5>S3)
Table 4. Decision matrix Ry
aj a as a, as
x| (s5,83)  (s4,84) (s7,51) (85,81) (54,82)
x| (se,s1)  (s7,51) (86,51) (85,82) (S6,51)
x3 | (s5,82)  (s3,84) (86,52) (s3,83) (s5,52)
x4 | (s4,83) (s5,51) (54,%2) (86,52) (55,82)

In the following, we shall utilize the proposed
approach in this paper getting the most desirable al-
ternative(s):

Stepl:  Assume that the weight vector
of attributes is ® = (@p,0,0;, 04 05)7 =
(0.25,0.2,0.15,0.18,0.22)". Combine the decision
matrix R; and the weight vector of attributes with
the LIFWA operator, the individual overall prefer-
ence value yll of candidate x; is derived as follows:

n= LIFWAw(?’lll7711277’1137711477115)
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= 0.25(s7,51) @ 0.2(s6,52) & 0.15(s4,53) D
0.18(s7,51) ©0.22(s5,52) = (56.199,51.578)
Likewise, we have

Yg $6.138,51.444 ), ?’31
74 = (55.510,51.902);
8§5.458,52.363)> }’22

2
$5.501,51.966)> Y5 =
2
3 _
4 =
Y=

( )

( );

=( )

= )Yy =
Y = (55.508,51.647)s V3 =

( )

( )

( )

= (55.428,51.690)>

(85.715,51.433)>
(55.644552.093);
(56.343,51.301)>

Y33 54.673,51.842), ¥y = (55.824,51.716);

Y= (55.129,52.023), 15 = ( )

Ve = (s4572,524m), ¥4 = (

Step2: Assume that
of four experts is A = (A,4,43,44)7 =
(0.25,0.3,0.2,0.25)7.  Utilize the LIFHA op-
erator which has an associated weighing vector
w = (w1, wa,w3,wg)! = (0.15,0.35,0.35,0.15):

v =LIFHA; ,,(v\. v, 7. 7) i=1,2,3,4
to aggregate the individual overall linguistic intu-
itionistic fuzzy preference values ¥* (k= 1,2,3,4)
and obtain the collective overall preference value ¥;
of alternative x;(i = 1,2,3,4).

By 4Ly = (s6199,51578), 4Ly =
(55.979,51852)s 4A3Y7 = (s4.045,82250), 4AaYf =
(S5_129,S2_023), and 4%1 ’}/11 > 412’}/1 > 414% > 413’)/3,
we can obtain

1 =LIFHA, (R %70 1)

= 0.15(s6.199,51.578) @® 0.35(s5.979,51852) D
0.35(55.120,52.023) © 0.15(54.945,52.259)

= ($5.610,51.921)
Similarly, we have

Yo =LIFHA, (%, 5,55, 1)
= 0.15(s6.222,51.024) @ 0.35(56.129,51.133) D
0.35(56.138, 51.444) ©0.15(55.730,51.871)
= (56.092,51.310)
% = LIFHA; (1, 73,13, %3)
= 0.15(56.020,51.485) ® 0.35(55.428,51.690) P
0.35(54.572,52.471) B 0.15(54.035,52.471)
= (55.082,52.004)
Y= LIFHA (%, %, %0 %)
= 0.15(56.155,51.601) @ 0.35(55.510,51.902) P
0.35(54.871,51.927) B 0.15(s5.177,52.335)
= (55.372,51.920)
Step3: Calculate the linguistic score index
Ls(%)(i=1,2,3,4,5) of the collective overall pref-
erence value %(i = 1,2,3,4) as follows:

56.127,51.133 )»

54.871,51.927)-
the weight vector

Linguistic intuitionistic fuzzy numbers

Ls(y1) =3.689, Ls(p)=
3.078, Ls(y)=3.452
Then we rank 7; in descending order in accordance
with the values of Ls(%)(i = 1,2,3,4):
h>N>Mm>
Step4: Rank all the alternatives x; in accordance
with y(i =1,2,3,4):
X2 > X] > X4 > X3
Thus the best alternative is x».

4782, Ls(ps) =

7. A comparison analysis to MADM with
uncertain linguistic information

Xu 2 proposed an approach to multiple attribute
group decision making based on the ULOWA and
the ULHA operators with uncertain linguistic infor-
mation. In the following, we use the method pro-
posed in this paper to solve the evaluating univer-
sity faculty for tenure and promotion problem of 23
(adapted from Chan and Kumar ), and then conduct
a comparison analysis.

In 2, a practical use involves the evaluation of
university faculty for tenure and promotion. The at-
tributes used at some universities are a;: teaching,
ap: research, and a3: service. Five faculty candi-
dates (alternatives) x; (j = 1,2,3,4,5) are to be eval-
uated using the term set

{so = extremely poor, s =
very poor, sy = poor, s3 = slightly poor, s4=
fair, ss = slightly good, s¢ = good, s7 =

very good, sg = extremely good}

by four decision makers di(k = 1,2,3,4)
(whose weight vector A = (A,42,43,44)7 =
(0.24,0.26,0.23,0.27)7) under these three at-
tributes. The uncertain linguistic decision matrices

%5 in detail.

Xu 2 used the ULOWA operator which has
the associated weighting vector w = (0.3,0.4,0.3)7
to derive the individual overall preference value
of alternative, and Utilize the ULHA operator
which has an associated weighing vector w' =
(], wh,wh,wy)T =(0.2,0.3,0.3,0.2)7 to obtain the
collective overall preference value of alternative,
then constructing a complementary matrix to obtain
the ranking order of the alternatives is x3 > x; > x; >
X4 > X5.
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To begin, applied the proposed method in this
paper, the uncertain linguistic decision information
in 2 should be firstly transformed into the LIFN
forms (see Remark 2). For example, the uncertain
linguistic variable [Sg, 7] in I'g ) can be replaced by
the LIFN (sg,s1). The values following conversion
are shown as Ry = (¥)3x5(k = 1,2,3,4), where ¥;
takes the form of the LIFN, given by the decision
maker dy, for alternative x; with respect to attribute
aj, the result is listed in Tables 5—8, respectively.

Table 5. Decision matrix R

X1 X2 X3 X4 X5
ap | (s7,50) (s5,52) (s4,83)  (57,%) (57,%)
a (S5,S2) (S5,Sl) (S7,So) (S3,S3) (SS,Sl)
as (S5,S1) (S5,So) (S6,SO) (S5,S2) (56,S1)

Table 6. Decision matrix Ry

X1 X2 X3 X4 X5
ar | (ss,82) (s4,82) (86,51) (s6,50) (87,50)
ay | (s7,5) (ss,81) (s5,52) (s5,82) (86,51)
as | (s4,53) (s6,50) (86,5) (s6,81) (54,51)

Table 7. Decision matrix R3

X1 X2 X3 X4 X5
ar | (s6;s1) (s4,82) (s7,5%) (S6,51) (85,%2)
ay | (s7,5) (s5,82) (s6,51) (s4,83) (s5,51)
ay | (s5,52) (s6,51) (s5,52) (s7,80) (54,51)

Table 8. Decision matrix R4

X1 X2 X3 X4 X5
ap | (ss,s2)  (s7,%) (S6,%0) (54,52) (54,52)
ay | (se,50) (56,50) (s6,51) (s6,51) (55,51)
as | (ss,s1) (s6,51) (s7,5) (s5,82) (54,83)

Next, repeating the same steps as in Section 5,
we first use the LIFOWA operator which has the
associated weighting vector w = (0.3,0.4,0.3)7 to
derive the individual overall preference value of al-
ternative, then utilize the weight vector of experts
A =(0.24,0.26,0.23,0.27)" and the LIFHA opera-
tor which has an associated weighing vector w' =
(0.2,0.3,0.3,0.2)" to obtain the collective overall
preference value 7; of alternative x;(j = 1,2,3,4,5)
as follows:

71 = (55.750,50), Y2 = (55.620,50), 13 = (56.053,50),

Y4 = (55.586,50), V5 = (55.406,50)
Since Ls(1) = 5.750, Ls(1) = 5.620, Ls(ps) =

6.053, Ls(ya) = 5.586, Ls(y5) = 5.406, and Ls(y3) >
Ls(y1) > Ls(y2) > Ls(1s) > Ls(75), the ranking is
X3 > X1 > Xxp > X4 > X5, and the most desirable alter-
native is x3.

It is easily seen that the ranking results obtained
by the method proposed in this paper and the method
25 are slightly different. The difference is the rank-
ing order of x; and xp, i.e., x; > xo by the former
while x, > x| by the latter, but the best alternative
both is x3. The main reasons are as follows:

(a) The operations of LIFNs defined in this pa-
per are remarkably different from the operations of
uncertain linguistic variables (ULVs) defined in 2,
For example, the addition operation of LIFNs is de-

fined as (s¢,5p,) © (o, 5p,) = (Sa1+a2—“l°‘2 VS By )
t

t

and the addition operation of ULVs in % is defined
as [Sa;,Sp,] © [Sep,Sp,] = [Sey+rr»Sp,+p,], Where
Soy»Says 58,558, € Sjo,)- It should be noted that the
addition operation of ULVs is not closed, i.e., S¢; 4
and Sg, | g, may not belong to Sy .

(b) The ranking method of LIFNs in this paper
is obtained by the linguistic score index and the
linguistic accuracy index. However, The ranking
method of ULVs in ?° is obtained by comparing each
ULV with all ULVs and then constructing a comple-
mentary matrix.

8. Conclusions

Intuitionistic fuzzy set theory, originally proposed
by Atanassov, has become an effective mathemati-
cal tool to deal with uncertainty. The linguistic ap-
proach represent qualitative aspects as linguistic val-
ues by means of linguistic variables, which can pro-
vide us with more degrees of freedom to characterize
the uncertainty and the vagueness of the real world.
In this paper, we first propose the concept of intu-
itionistic fuzzy linguistic variables by integrating in-
tuitionistic fuzzy sets and the linguistic approach.
We define some operations on intuitionistic fuzzy
linguistic variables and give some properties. Fur-
thermore, we develop some aggregation operators
such as the intuitionistic fuzzy linguistic weighted
averaging operator, the intuitionistic fuzzy linguis-
tic weighted geometric averaging operator, and pro-
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pose an approach to handle multiple attribute group
decision making problems under intuitionistic fuzzy
linguistic environment.

In this paper we do not make any conclusion
about the determining method of the weighted vec-
tor correlating with the intuitionistic fuzzy linguis-
tic aggregation operators and effectively determin-
ing the expert weights in the form of the numeri-
cal values or LIFNs, which will be investigated in
the near future. In addition, the method for group
decision-making based on multi-granularity intu-
itionistic fuzzy linguistic information are also wor-
thy of consideration for future research.

Acknowledgment

This work is partially supported by the National Nat-
ural Science Foundation (61372187, 61473239) and
the open research fund of key laboratory of intelli-
gent network information processing, Xihua Univer-
sity (SZ1J2012-026, SZ1J2014-052).

References

1. K. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets
and Systems, 20(1), 87-96(1986).

2. K. Atanassov, “New operations defined over the intu-
itionistic fuzzy sets,” Fuzzy Sets and Systems, 61(2),
137-142(1994).

3. G. Bordogna, M. Fedrizzi, G. Pasi, “A linguistic mod-
elling of consensus in group decision making based on
OWA operator,” IEEE Transactions on Systems, Man,
and Cybernetics, 27(1), 126-132(1997).

4. N. Bryson, A. Mobolurin, “An action learning eval-
uation procedure for multiple criteria decision mak-
ing problems,” European Journal of Operational Re-
search, 96, 379-386 (1995).

5. S.M. Chen , J.M. Tan, “Handling multicriteria fuzzy
decision-making problems based on vague set theory,”
Fuzzy Sets and Systems, 67(2), 163-172 (1994).

6. ET.S. Chan, N. Kumar, “Global supplier development
considering risk factors using fuzzy extended AHP-
based approach,” Omega, 35(4), 417-431(2007).

7. S.K. De, R. Biswas, A.R. Roy, “Some operations
on intuitionistic fuzzy sets,” Fuzzy Sets and Systems,
114(3), 477-484(2000).

8. G. Deschrijver, E.E. Kerre, “On the position of intu-
itionistic fuzzy set theory in the framework of the-
ories modelling imprecision,” Information Sciences,
177(8), 1860-1866(2007).

Linguistic intuitionistic fuzzy numbers

9. M. Delgado, F. Herrera, E. Herrera-Viedma, L.
Martinez, “Combining numerical and linguistic infor-
mation in group decision making,” Information Sci-
ences, 107, 177-194(1998).

W.L. Gau, D.J. Buehrer, “Vague sets,” IEEE Trans-
actions on Systems Man and Cybernetics, 23(2), 610-
614(1993).

D.H. Hong, C.H. Choi, “Multicriteria fuzzy decision-
making problems based on vague set theory,” Fuzzy
Sets and Systems, 114, 103-113(2000).

F. Herrera, E. Herrera-Viedma, “Aggregation opera-
tors for linguistic weighted information,” IEEE Trans-
actions on Systems, Man, and Cybernetics-Part A:
Systems and Humans, 27(5), 646-656(1997).

F. Herrera, L. Martinez, “A 2-tuple fuzzy linguis-
tic representation model for computing with words,”
IEEE Transactions on Fuzzy Systems, 8(6), 746-
752(2000).

F. Herrera, E. Herrera-Viedma, L. Martinez, “A fu-
sion approach for managing multi-granularity linguis-
tic term sets in decision-making,” Fuzzy Sets and Sys-
tems, 114(1), 43-58(2000).

F. Herrera, L. Martinez, “ A model based on lin-
guistic 2-tuple for dealing with multi-granular hi-
erarchical linguistic contexts in multi-expert deci-
sion making,” IEEE Transactions on Systems, Man,
and Cybernetics-Part B: Cybernetics, 31(2), 227-
234(2001).

D.F. Li, “Multiattribute decision making models and
methods using intuitionistic fuzzy sets,” Journal of
Computer and System Sciences, 70(1), 73-85(2005).
X.W. Liao, Y. Li and B. Lu, “A model for selecting an
ERP system based on linguistic information process-
ing,” Information Systems, 32, 1005-1017(2007).
J.M. Merigd, A.M. Gil-Lafuente, “Induced 2-tuple
linguistic generalized aggregation operators and their
application in decision-making,” Information Sci-
ences, 236, 1-16(2013).

L. Martinez and F. Herrera, “An overview on the 2-
tuple linguistic model for Computing with Words in
Decision Making: Extensions, applications and chal-
lenges,” Information Sciences, 207, 1-18 (2012).

Z. Pei and P. Shi, “Fuzzy risk analysis based on lin-
guistic aggregation operators,” International Journal
of Innovative Computing, Information and Control, 7,
7105-7118 (2011).

R.M. Rodriguez, L. Martinez and F. Herrera, “Hes-
itant Fuzzy Linguistic Term Sets for Decision Mak-
ing,” IIEEE Transactions on Fuzzy Systems, 20, 109-
119(2012).

S.P. Wan, “2-Tuple linguistic hybrid arithmetic ag-
gregation operators and application to multi-attribute
group decision making,” Knowledge-Based Systems,
45, 31-40(2013).

J.q. Wang, J.t. Wu, J. Wang, H.Y. Zhang, X.H. Chen,

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

759



Z. C. Chen, P. H. Liu and Z. Pei

24.

25.

26.

27.

“Interval-valued hesitant fuzzy linguistic sets and their
applications in multi-criteria decision-making prob-
lemsg,” Information Sciences, 288, 55-72(2014).

Z. Xu, “A method based on linguistic aggregation
operators for group decision making with linguistic
preference relations,” Information Sciences, 166, 19-
30(2004).

Z. Xu, “Uncertain linguistic aggregation operators
based approach to multiple attribute group decision
making under uncertain linguistic environment,” In-
formation Sciences, 168, 171-184(2004).

Z. Xu, R.R. Yager, “Some geometric aggregation
operators based on intuitionistic fuzzy sets,” In-
ternational Journal of General Systems, 35, 417-
433(2006).

Z.S. Xu, “Intuitionistic fuzzy aggregation operators,”

28.

29.

30.

31.

IEEE Transactions on Fuzzy Systems, 15(6), 1179-
1187(2007).

R.R. Yager, “On ordered weighted averaging ag-
gregation operators in multicriteria decisionmaking,”
IEEE Transactions on Systems, Man, and Cybernet-
ics, 18(1), 183-190(1988).

L.A. Zadeh, “Fuzzy sets,” Information and Control,
8(3), 338-353(1965).

L.A. Zadeh, “The concept of a linguistic variable and
its applications to approximate reasoning-1,” Informa-
tion Sciences, 8(3), 199-249(1975).

Z.F. Zhang and X.N. Chu, “Fuzzy group decisionmak-
ing for multi-format and multi-granularity linguistic
judgments in quality function deployment,” Expert
Systems with Applications, 36, 9150-9158(2009).

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

760




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


