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Abstract

In this paper, we introduce the notion of hesitant fuzzy (implicative) filters and get some results on BE-
algebras and show that every hesitant fuzzy implicative filter is a hesitant fuzzy filter but not the converse.
Finally, we state and prove the relationship between hesitant fuzzy (implicative) filters and y-inclusive

sets.
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1. Introduction

H. S. Kim and Y. H. Kim introduced the notion of
a BE-algebra as a generalization of a dual BCK-
algebra [*]. A. Borumand Saeid et al. defined some
types of filters in BE-algebras and showed the rela-
tionship between them [2]. B. L. Meng give a pro-
cedure which generated a filter by a subset in a tran-
sitive BE-algebra [°]. Recently, A. Walendziak in-
troduced the notion of a normal filter in BE-algebras
and showed that there is a bijection between con-
gruence relations and filters in commutative BE-
algebras [13].

Fuzzy sets were introduced in 1965 by
Zadeh ['°] and then fuzzification ideas have been
applied to other algebraic structures such as groups
and BL-algebras. Fuzzy sets and its extensions have
provided successful results dealing with uncertainty

* Corresponding author

in different problems. Worldwide, there has been
a rapid growth in interest in applications of fuzzy
sets and some generalization of this is discussed by
authors such as intuitionistic fuzzy sets, interval-
valued fuzzy sets, type-n fuzzy sets and fuzzy multi-
sets. Also, another generalization of this theory was
proposed by Torra and Narukawa ['1] and Torra ['9].
The relationships among hesitant fuzzy sets and
other generalizations of fuzzy sets such as intuition-
istic fuzzy sets, type-2 fuzzy sets and fuzzy multi
sets were discussed. They showed that the enve-
lope of a hesitant fuzzy set is an intuitionistic fuzzy
set. Also, they proved that the operations they pro-
posed are consistent with the ones of intitionistic
fuzzy sets when applied to the envelopes of hesitant
fuzzy sets. Then some researchers who have defined
divers concepts, extensions, aggregation operators
and measures to handle with hesitant information.
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It may be mentioned that hesitant fuzzy sets can
reflect the humans hesitancy more objectively than
the other classical extensions of fuzzy sets and suit
the modeling of quantitative settings. We can try
to manage those situation, where a set of values are
possible in the definition process of the membership
of an element with this theory.

In this paper, we introduce the notion of hesi-
tant fuzzy (implicative) filters and get some useful
properties. In fact, we show that in self distribu-
tive BE-algebras two concepts of hesitant fuzzy im-
plicative filter and hesitant fuzzy filter are equiva-
lent. Also, the notion of y-inclusive set which de-
noted by i (h4;7) is defined.

2. Preliminaries

In this section, we cite the fundamental definitions
that will be used in the sequel:

Definition 1. (Kim and Kim [*]) By a BE-algebra
we shall mean an algebra (X; x, 1) of type (2,0) sat-
isfying the following axioms:

e (BE1) xxx=1,
e (BE2) xx1=1,
e (BE3) lxx=x,
o (BE4) xx(y*xz) =y=(xx*z),forall x,y,z € X.

From now on X is a BE-algebra, unless other-
wise is stated. We introduce a relation “<” on X by
x < yifandonly if xxy = 1. A BE-algebra X is said
to be a self distributive if x* (y*z) = (x*y)* (x*z),
for all x,y,z € X. A BE-algebra X is said to be com-
mutative if satisfies:

(x*y)xy = (y*x)*x, forall x,y € X.

Proposition 1. (Walendziak ['*]) If X is a commuta-
tive BE-algebra, then for all x,y € X,
xxy=1landyxx=1imply x =y.
We note that “<” is reflexive by (BE1). If X is
self distributive then relation “<” is a transitive or-
dered set on X, because if x < y and y < z, then

xxz=1%(xxz) = (xxy)*(xxz) =x*(yxz) =xx1=1.

Hence x < z. If X is commutative then by Propo-
sition 1, relation “<” is antisymmetric. Hence if X

is a commutative self distributive BE-algebra, then
relation “<” is a partial ordered set on X.

Proposition 2. (Kim and Kim [*]) In a BE -algebra
X, the following holds:

(i) x*(y*x) =1,
(ii) y* ((y*xx)*x) =1, forall x,y € X.

A subset F of X is called a filter of X if it sat-
isfies: (F1) 1 € F, (F2) x € F and x*y € F imply
y € F. Define

A(x,y) ={z€ X :xx(yxz) =1},

which is called an upper set of x and y. It is easy
to see that 1,x,y € A(x,y), for any x,y € X. Every
upper set A(x,y) need not be a filter of X in general.

Definition 2. (Borumand and Rezaei [*]) A non-
empty subset F of X is called an implicative filter
if satisfies the following conditions:

(IF1) 1€F,
(IF2) xx(yxz)€ Fandxxy€ F imply thatxxz € F,
for all x,y,z € X.

If we replace x of the condition (/F2) by the element
1, then it can be easily observed that every implica-
tive filter is a filter. However, every filter is not an
implicative filter as shown in the following example.

Example 1. Let X = {1,a,b} be a BE-algebra with
the following table:

Then F = {1,a} is a filter of X, but it is not an im-
plicative filter, since 1 % (axb) = 1*a=a € F and
lxa=a€cFbutl«xb=b¢F.

Definition 3. Let (X;;%,1) and (X»;0,1’)) be two
BE-algebras. Then a mapping f : X; — X, is called
a homomorphism if f(x; *xp) = f(x1) o f(xz), for
all x;,x € X;. Itis clear that if f:X; — X, is a
homomorphism, then f(1) =1".

Definition 4. (Rezaei and Borumand []) A fuzzy set
u of X is called a fuzzy filter if satisfies the follow-
ing conditions:
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(FF1) u(1)

> p(x),
(FF2) u(y)=zm

in{u(x*y),u(x)}, forall x,y € X.

Definition 5. (Rao [°]) A fuzzy set p of X is called a
fuzzy implicative filter of X if satisfies the following
conditions:

(FIF1) u(1) > p(),

(FIF2) p(x*z) > min{p(x* (y*z)),u(x*y)}, for
all x,y,z € X.

If we replace x of the condition (FIF2) by the el-
ement 1, then it can be easily observed that every
fuzzy implicative filter is a fuzzy filter. However,
every fuzzy filter is not a fuzzy implicative filter as
shown in the following example.

Example 2. (Rao [°]) Let X = {1,a,b,c,d} be a BE-
algebra with the following table:

e e e B
—_— = = O O S
— Q Q S

L O S Q == %
— Q Q ~= Q|2
= o0

Then it can be easily verified that (X;*,1) is a
BE-algebra. Define a fuzzy set it on X as follows:

(x) = 09 ifx=1,a
1 0.2 otherwise

Then clearly u is a fuzzy filter of X, but it is not
a fuzzy implicative filter of X, since

w(bxc) 2 min{u(bx(d=c)),u(bxd)}.

Definition 6. (Torra ['°]) Let X be a reference set.
Then a hesitant fuzzy set HF'S A in X is represented
mathematical as:

A ={<x,ha(x) > ha(x) € p([0,1]),x € X},

where p ([0, 1]) is the power set of [0, 1].
So, we can define a set of fuzzy sets an HF'S by
union of their membership functions.

Definition 7. (Torra ['°]) Let A = {u, s, ..., My}
be a set of n membership functions. The HF'S that
is associated with A, hy4, is defined as

ha:X — p(]0,1])
ha(x) = U{n@)}

peA

It is remarkable that this definition is quite suitable
to decision making, when experts have to assess a
set of alternatives. In such a case, A represents the
assessments of the experts for each alternative and
hy the assessments of the set of experts. However,
note that it only allows to recover those HF'Ss whose
memberships are given by sets of cardinality less
than or equal to n.

For convenience, Xia and Xu in ['*] named the

set h = ha(x) as a hesitant fuzzy element HFE. The
family of all hesitant fuzzy elements defined on X
by HFE(X).
Definition 8. (Verma and Dev Sharma ['2]) Let
h,hi,h, € HFE(X) and A € [0,1]. Then the oper-
ations complement, union and intersection are de-
fined as follows:

(i) h*={l—y:v€h}

(i) mUhy ={max(y1,%): N €h,p €},
(i) M Mhy = {min(]/l,)@) h € ]’ll,'YQ S hz},
(iv) hShh={n+r-—nrn:nch,nchl,
V) M@h={nr:nech,pnch},

i) Ah={1—(1—y)*:yeh}.

3. Hesitant Fuzzy filters

In what follows, we introduce binary operation “C”
as follow:

and
A C Bif and only if x € A imply x € B.

It is obvious that C is a partial order set on p ([0, 1]).

Definition 9. Hesitant fuzzy set A of X is called a
hesitant fuzzy filter if satisfies the following condi-
tions:
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o (HFF1) ha(x) C ha(1),
o (HFF2) ha(x)Mhs(xxy) Cha(y), forallx,y € X.

Denote the set of all hesitant fuzzy filters of X by
HFF(X).

Note. If |hs(x)| = 1, for all x € X, then hy is a
fuzzy filter. In fact in this case we put “ <:=LC " and
“min :=T11".

Example 3. Let X = {1,a,b} be a BE-algebra with
the following table:

1
1
1
1

b
b
b
1

a
a
1
1

Let 1 = {02,03}, 1, = {0.4,0.5} and 1; =
{0.6,0.8}. Define A as hy(1) =3, ha(a) = t, and
ha(b) =t;. Then A is a hesitant fuzzy filter.

Proposition 3. Let A € HFF (X) and x,y,z,a; € X
fori=1,... ,n. Then

(i) ifx <y, then ha(x) C ha(y),
(i) ha(x) C ha(y=x),
(iii) hA(x) I_IhA(y) C hA(x*y),
(iv) ha(x) E ha((xxy)*y),
(v) ha(x)Tha(y) © ha((xx (y*z2))*2),
(vi) if ha(y) T ha((xxy) *z) E ha(z*x), then hy is
antitonic (i.e. if x <y, then ha(y) C ha(x)),

(vii) if z € A(x,y), then ha(x) M ha(y) C ha(z),
n
(viii) ifnal- «x =1, then TI'_ha(a;) C ha(x), where
i=1

n

Hai*x:an*(an_l (... (ar%x)...)).

i=1

Proof. (i). Let x <y. Then x*y =1 and so by
using (BE2) and Definition 9 (HFF2), we have

hA(x) = hA(x) |_|hA(1) = hA(x) TIhA(y* 1) C hA(y).
(ii). Since x < (y*x), by using (i) we have
ha(x) C ha(y*x).
(iii). By using (ii) we have

ha(x) Mha(y) E ha(y) E ha(x*y).

(iv). It follows from Definition 9,

ha(x) = ha(x)Mha(1)

= ha(x) ha((rxy) * (xxy))
ha(x) Mha(xx ((xxy)*x))
/’lA(

(20 y) ).

1M

(v). From (iv) we have

ha(x) Mha(y) ha((xx (yxx)) * (y*x)) Mha(y)

ha((xx (y*2z))*2z).

M1

(vi). Let x <y, thatis, xxy = 1.

ha(y)

|
=
N
~=
~—
_
=
=
—~~
—_
*
[
~

[ln
S

ha(x) Mha(y)

|
=
>
=
~—

111

(viii). The proof is by induction on n. By (vii) it
is true for n = 1,2. Assume that it satisfies for n =k,
that is,

k
Hai*x =1= ﬂlehA(ai) C hA(X),
i=1

for all ap,...,ar,x € X.
k+1

Suppose that Ha,-*x: 1,forallay,...,ar,ar1,x €
i=1

X. Then

l‘lf.‘iz]hA(a,-) C hA(al *x).

Since A is a hesitant fuzzy filter of X, we have

Mt ha(a) = (M3 ha(ai)) Mha(ar)
hA(al*x)l‘lhA(al)

C
E hA(X).
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In the following example shows that if hy €
HFF (X), then h§ ¢ HFF (X), in general.
Example 4. In Example 3, we have
h4(1) ={0.4,0.2}, h4(a) = {0.6,0.5} and
h4(b) = {0.8,0.7} and so h§ ¢ HFF(X) because
h (1) © iy (a).
Theorem 4. Let h,hy,hy € HFF(X) and A € [0,1].
Then

(i) h]UhQEHFF(X)
(ii)) hyMh, € HFF (X)
(iii) hy ®h, € HFF(X),
(iv) h1 ®hy GHFF(X),
(v) Ah€ HFF(X).

bl
>

Proof.  (i).
x € X. Then

Assume that hy,hy, € HFF(X) and

(h1 Uha)(x) {max(y,%) :n € h(x), 7 € ha(x)}
{max(y1, ) :n € m(1),7 € (1)}

(hyUhy)(1).

I 1m

Now, we have
(hyUho)(x*y) M (hy Uhy)(x)
={max(71,%) : 1 € hi(xxy), 12 € ho(xxy)}
M{max(ni,m2) : M1 € hi(x), M2 € ha(x)}
= {max(ﬁl,ﬁz) : Bl € hl(x*y) I_Ihl(x),ﬁz S hz(x*
y)Mhy(x) }
C {max(B1,B2) : B1 € h1(y), B2 € h2(y) }
= (i Uha) ().
Therefore, hy LIh, € HFF(X).
(ii). Assume that hj,hy € HFF(X) and x € X.
Then

(i Mhy)(x) = {min(y, )N € hi(x), 1 € ha(x)}

{min(n, %) :n € (1), 1 € ha(1)}
(hMho)(1).

i1

Now, we have

(hl I_Ihz)(x*y) M (hl |_|h2)(x)

={min(y;,%) : 7 € h(x*y),n € ha(x*y)}
A{min(n,1m2) : M € hi(x), M2 € ha(x)}

= {min(B1,B2) : B1 € hi(x*y) Mhi(x), B2 € ha(x*
y)Mhy(x)}

C {min(Bi,B2) : B1 € hi(y), B2 € ha(y)}

— (h )().
Therefore, hi Mhy, € HFF (X).

(iii). Assume that hy,hy € HFF(X) and x € X.
Then (hl @hz)(x)
={Nn+r-rnr:nehx),nechx}
C{n+r-nr:memn(l),peh(l)}
=(h1 ®hy)(1).

Now, we have
(hy © 12) (o 3) 1 (O 2) ()
={n+r-nr:nehix*y),nchxxy)}
MH{Mm+m—mmn2:m € hi(x),n2 € ha(x) }
={Bi1+B2—PiB2:B1 € hi(xxy)Mhy(x), B2 € hy(x*
¥)Mha(x) }
C{Bi+B—PiB:freh(y),pecmni)}
= (I @ h2)(y).

Therefore, hy ©hy € HFF(X).

(iv). Assume that hj,hy € HFF(X) and x € X.

Then

(h @ ha)(x) nr:in€hix),r € mhx)}

nr:nem@),peh(l)}
(h1 @hy)(1).

[

Now, we have
(hy © ko) (+3) 1 (hy & o) (x)
={nr:n €hi(xxy), 1 € ha(xxy)}
M{mmn2:m € hi(x),m2 € ha(x)}
= {Bi1B2: 1 € hi(x*y)Mhi(x),B € ha(xxy) M
ha(x) }
C{BiB: B em(y), B € a(y)}
= (h1 ®@h2)(y).
Therefore, hy @ hy € HFF (X).
(v). Assume that h € HFF(X), x € X and
A €[0,1].

Ah(x) {1—(1—p*:yeh(x)
{1-(1=p*:yen(1)

Ah(1).

I 1m

Now, we have

Ah(x*xy)MAh(x) =
{1—(1=p*:yeh(xxy)}

{1 —(1—n)*:n eh(x)}
={1—(1—B)*: B € h(xxy)Mh(x)}
C{l-(1-B)*: B eh)}

= Ah(y).
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Therefore, Ah € HFF (X). O

Lemma 5. If {hi}ieA € HFF(X), then Micah;, is
100.
Proof. Straightforward. ad

Since the set HFF(X) is closed under arbitrary
intersections, we have the following theorem.

Theorem 6. (HFF (X);C) is a complete lattice, but
it is not a Boolean algebra.
Proof. By Theorem 4 and Lemma 5, the proof is

obvious. Example 4 shows that it is not a Boolean
algebra. O
Theorem 7. Let A € HFF (X). Then the set
Xp, ={x€X :ha(x) =ha(1)},

is a filter of X.
Proof. Obviously, 1 € Xj,,. Letx,x*y € Xj,. Then
ha(x) = ha(xxy) = ha(1). Now, by Definition 9, we
have

ha(1) = ha(x) Tha(x+y) £ ha(y) E ha(1).
Hence hs(y) = ha(1). Therefore, y € Xj,, . O

Let y € p([0,1]). For a hesitant fuzzy filter A of
X, y-inclusive set which denoted by i4(h4;7) is de-
fined as follows:

ia(hasy) ={x€A:yChy(x)}.

It is obvious that if B C v, then ig (ha;y) Cig(ha;B),
forall v, B € p([0,1]).
Example 5. In Example 3, y:={0.1,0.4}, we have
iA(hA;}/) = {l,a}.
Theorem 8. Let A € HFS(X). The following are
equivalent:

(i) AeHFF(X),

(@) (vyep([0,1])) ia(ha;y) # 0 imply ia(ha;7y)

is a filter of X.

Proof. (i) = (ii). Let x,y € X be such that
x,xxy € is(ha;y), for any y € p([0,1]).
Then Y C hs(x) and ¥ C hy(x*y). Hence

Y ha(x) Mha(x*y) E ha(y).

Since hy4 is a hesitant fuzzy filter, we have
y €ialhasy).

(if) = (i). Let is(ha;y) be a filter of X, for any
v € p([0,1]) with is(ha;y) # 0. Put ha(x) =7, for
any x € X. Then x € is(ha;7y). Since is(ha;7y) is a
filter of X, we have 1 € is(ha;7) and so
hA(x) =yC hA(l).

Now, for any x,y € X, let hs(x*y) = Y, and
ha(x) = Y. Put Y =Yy % Then x,xxy € ig(ha3y),
soy €ia(ha;y). Hence ¥ C ha(y) and so

hA(x*y) |_lhA(x) = %c*yrl’yx =yC hA(y)'
Therefore, A € HFF (X). O

Theorem 9. Let A € HFF(X). Then forall a,b € X
and y € p([0,1])

(a,b S iA(hA;’}/) = A(a,b) C iA(hA;’)/)).

Proof. Assume that A € HFF(X). Leta,b € X

be such that a,b € is(ha;7y). Then y C hy(a) and
Y C ha(b). Let ¢ € A(a,b). Hence ax (bxc) = 1.
Now, by Proposition 3 (v), we have

Y E ha(a)ha(b)
C ha((ax(bxc))*c)
ha(1%c)
ha(c).

Then ¢ € is(ha;y). Therefore, A(a,b) C ia(ha;7)).
g

Corollary 10. Let A € HFF(X). Then for all

v € p([0,1]))

(ia(h;V) #0 = ia(hasy)= || Ala,b)).

a7b€iA (hA;’}/)

Proof. It is sufficient prove that

iaha;y)E || Aa,b).

a,bEiA (hA ,’)/)
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For this, assume that x € i4(h4;7). Since
x* (1%x) =1, we have x € A(x, 1). Hence

iA(hA;’}/) C A(x,l)
C |_| A(x, 1)

XEig (hA ,’J/)

L] Axy).

x,y€ia(hasy)

1M

O

Theorem 11. Let A € HFS(X). Define a Hesitant
fuzzy set hy. of X as follows

if x €ia(ha;y)

hy-: X —>p([0, 1])’ X— { n otherwise

where y,n € p([0, 1]) satisfying N T Mygi, (5o ha (x).

IfA € HFF(X), then A* € HFF (X).
Proof. Let A € HFF(X) and x,y € X. If

x*y,x € ig(ha;y), then y € ig(ha;y) by Theorem
8 (ii). Hence

has () Vg (oo y) = ha(X) Tha (e y) E ha(y) = hy ()

Ifxxy & ia(hasy) orx &is(ha;y), then by (x+xy) =n
or h;.(x) = n. Thus

Wi () MV (xey) = 11 € B ().

Therefore, A* € HFF (X). O

4. Hesitant Fuzzy implicative filters

Definition 10. Hesitant fuzzy set A of X is called
a hesitant fuzzy implicative filter if satisfies the fol-
lowing conditions:

« (HFIF1) ha(x) C ha(1),
o (HFIF2) ha(x*(y*z))Mha(xxy) C ha(x*z), for
all x,y,z € X.

Denote the set of all hesitant fuzzy implicative
filters on X by HFIF (X). It can seen that every hes-
itant fuzzy implicative filter is a hesitant fuzzy filter.

Note. If |4 (x)| = 1, for all x € X, then &y is an
implicative fuzzy filter. In fact in this case we put
“<:=C"”and “min :=1".

Example 6. Let X = {1,a,b,c} with the following
table:

*‘labc
1|1 a b ¢
all 1 b c
b|l a1l ¢
c|1l 1 b 1

Then (X;*,1) is a BE—algebra. Let r; = {0.6,0.9},
t» ={0.2,0.3} and t3 = {0.5}. Define A as

ha(1) =11, ha(a) = 13 and ha(b) = ha(c) = .
Then A is a hesitant fuzzy implicative filter.

Theorem 12. Let X be a self distributive BE-
algebra. Then every hesitant fuzzy filter is a hesitant
fuzzy implicative filter.

Proof. Let A € HFF(X). Obvious that
ha(x) © ha(1), for all x € X. By using self distribu-
tivity and (HF F2), we have
ha(xx(y*z))Mha(xxy) =

ha((x*y)* (x*2))Mha(xxy) Cha(xx2).
Therefore, A € HFIF (X). O

In the following example shows that the condi-
tion self distributivity of Theorem 12, is necessary.

Example 7. (Rao [°]) Let X = {1,a,b,c,d} with the
following table:

*x|1 a b ¢ d
1|1 a b ¢ d
all 1 b ¢ d
b|1 a1 b a
c|l a1l 1 a
di1 1 1 b 1

Then (X;*,1) is a BE-algebra but it is not self dis-
tributive because,

ax(bxd)=axa=1%# (axb)*(axd)=a.
Let r; = {0.8,0.7} and 7, = {0.4}. Define A as

hA(l) = hA(a) =1t; and hA(b) = hA(C) = hA(d) =1.
Then A is a hesitant fuzzy filter, but it is not a hesi-
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tant implicative filter because,

ha(bx(dxc))Mha(bxd) = ha(1)Mha(a)
= 1
3 ha(bxc)
= ha(b)
= bh.

Theorem 13. Let F be a (implicative) filter of
X. Then there exists a hesitant (implicative) fuzzy
filter ha of X such that ia(ha;y) = F, for some

vep([0,1]).
Proof. Define hesitant fuzzy set h4 as follows

B ifxeF
halx) = { ® otherwise

where y € p([0,1]) is a fixed subset. Since 1 € F,
we have hy(x) C ha(1) =7, for all x € X. Now, we
consider the following cases.

Case 1. If xxy,x € F, then y € F. Hence

ha(xxy) Mha(x) =y = ha(y).

Case2.Ifxxyc Fandx ¢ F, Then hy (xxy) =F
and 4 (x) = 0. Hence

hA(x*y)l_lhA(x) =ynd=0 EhA(y).

Case 3. Ifxxy ¢ F and x € F, Then hy(x*y) =0
and h4(x) = F. Hence

ha(x*y)Mha(x) =01y =0LC hy(y).

Case4.If x+xy ¢ F andx ¢ F, Then hy(x*y) =0
and /14 (x) = 0. Hence

hA(x*y)l_lhA(x) =0rN0=0LC hA(y).
Clearly iy (ha;y) =F. O

Theorem 14. Let X be a self distributive BE-
algebra and A € HFF (X). Then the following con-
ditions are equivalent:

(i) A€ HFIF(X),
(ii) ha(y* (y*x)) C ha(y*x),

(iii) ha((z* (y* (y*x)))Mha(z) C ha(y*x), for all
x,v,z€X.

Proof. (i) = (ii). Let A € HFIF (X).
(HFIF1) and (BE1) we have

ha(yx(yxx) = ha(y=(y*x))ha(1)
= ha(y*(y*x))Mha(y*y)
C ha(y*x).

By using

(i) = (iii). Let A be a hesitant fuzzy filter of X
satisfying the condition (ii). By using (HFIF2) and
(i) we have

ha(2x (yx (yx)))TTha(2) E ha(y* (y+x)) E ha (y+).
(iii) = (i). Since
xx(yxz) =y*(xxz) < (xxy)* (x* (xx2)).

Hence hp(x* (y*z)) C ha((x*xy) * (x* (x*2))), by
Proposition 3 (i). Thus

ha(xx(y*z))Mha(x*y)

= (e y) % (o (1 5.2))) Mg ()

C ha(xxz).

Therefore, A € HFIF (X). O

Let f: X — Y be a homomorphism of BE-
algebras and A € HFS(Y). Define a mapping
hyr 2 X — p([0,1]) such that hys(x) = ha(f(x)), for
allx e X.

Then £,/ (x) is well-defined and A/ € HFS(X),
in which A/ = {x € X : f(x) € A}.

Theorem 15. Let f: X — Y be an onto homo-
morphism of BE-algebras and A € HFS(Y). Then
A€ HFF(Y)(resp. A€ HFIF (Y)) if and only if
Af € HFF (X)(resp. AY € HFIF (X)).

Proof. Assume that A € HFF(Y). For any x € X,

we have
har(x) = ha(f(x)) Eha(ly) = ha(f(1x)) = har (1x).-
Hence (HFF1) is valid. Now, let x,y € X

har(x*y)Mhyr(x) = ha(f(xxy)) Mha(f(x))
= ha(f(x)*f(y)) Mha(f(x))
(f(»)
f

I
>

A(f(y))
)

I
N
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Therefore, A’ € HFF (X).
Conversely, Assume that A/ € HFF(X). Let

y €Y. Since f is onto, there exists x € X such that
f(x) =y. Then

ha(y) = ha(f(x))
= hy(x)
C har(1x)

ha(f(1x))

ha(ly).

Now, let x,y € Y. Then there exists a,b € X such
that f(a) = x and f(b) =y. Hence we have

ha(xxy)ha(x) = ha(f(a)=f(b))ha(f(a))
= ha(f(axb))Mha(f(a))
= hAf(a*b)l_lhAf(a)
C har(D)

ha(f(b))

ha(y).

Therefore, A € HFF(Y). O
Let A € HFS(X). Denote

T :=1—sup{sup{ha(x) :x € X}}.

Then for any 8 € [0, T], define
hag(x) :=ha(x) + B ={a+ P : a € ha(x)}, for all
xeX.

Obviously, A4, is a mapping from X to [0, 1], that
is, Ag € HFS(X). ha(x) is well define. Assume that
B €10, T] and x; = xp. Then hs(x1) = ha(x2) and so
hag(x1) = ha(x1) + B = ha(x2) + B = hay(x2).

Hence hy, is well define. Let B1,B2 €0, T] be
such that B; < ;. Then hAﬁ1 C hABz'

Example 8. In Example 6,
sup{sup{fa(x) : x € X}} =sup{0.9,0.3,0.5} = 0.9
andso T=1—-09=0.1.

Theorem 16. Let B € [0, T]. IfA € HFF(X) (resp.
HFIF (X)), then

hay € HFF(X) (resp. HFIF (X)), too.

Proof. Letx,y € X. Then

xxy) +B) 1 (ha(x) +B)
xxy)Mha(x)) + B

hag (X ) Mhag(x) = (
= (hA
C (
= hA

Also, hAﬁ(X) = hA(X) + ﬁ - hA(l) + ﬁ = hAﬁ(l)-
Therefore, ha, € HFF(X). O

Theorem 17.  If there exists B € [0, T] such that
ha, € HFF (X)(resp. HFIF (X)), then hy € HFF (X)
(resp. HFIF (X)), too.

Proof.  Assume that hy, € HFF(X), for some

B €10, T]. Letx,y € X. Since
hag (x*y) Mha, (x) © hay (v), we can see that

hag (cxy) Mhag (x) = (halxxy) +B) 1 (ha(x) +B)
= (ha(xxy)Mha(x)) + B
C (ha(y)+B)

Now, by canceling 8 we have

ha(xy) Mha(x) © ha(y).

Also, by a similar way, hs(x) C ha(1). Therefore,
hy € HFF(X). O

5. Conclusion

Uncertainty usually appears in many real world
problems. Fuzzy sets and its extensions have pro-
vided successful results dealing with uncertainty in
different problems. We have paid attention to one
of them, HF'S, that manages hesitant situations that
often appear when the membership degree of an ele-
ment to a set must be established. Additionally, it is
known that many operators for hesitant fuzzy sets
and their extensions have been introduced to deal
with such a type of information in different appli-
cations where decision making has been the most
remarkable one.

In this paper, we applied the theory of hesitant
fuzzy sets to BE-algebras and introduced the notions
of hesitant fuzzy (implicative) filters and y-inclusive
sets in BE-algebras and many related properties are
introduced.
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