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Abstract

In this study, we offer a general view at the area of fuzzy modeling and elaborate on a new direction of system 
modeling by introducing a concept of granular models. Those models constitute a generalization of existing fuzzy 
models and, in contrast to existing models, generate results in the form of information granules (such as intervals, 
fuzzy sets, rough sets and others). We present a rationale and some key motivating arguments behind the 
emergence of granular models and discuss their underlying design process. Central to the development of granular 
models are granular spaces, namely a granular space of parameters of the models and a granular input space.  The 
development of the granular model is completed through an optimal allocation of information granularity, which 
optimizes criteria of coverage and specificity of granular information. The emergence of granular models of type-2
and type-n, in general, is discussed along with an elaboration on their formation.  It is shown that achieving a sound 
coverage-specificity tradeoff (compromise) is of essential relevance in the realization of the granular models. 
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1. Introduction

Fuzzy models and fuzzy modeling are one of the most 
visible applied manifestations of fuzzy sets.  While 
there are a number of ways to define fuzzy models and
the environment of fuzzy modeling, in general, the 
following somewhat generic definition could be offered.  
Fuzzy models can be regarded as models whose 
architecture dwells upon the constructs of fuzzy sets 
(fuzzy sets, fuzzy relations, fuzzy set operators), their 
functioning adheres to the fundamental ways of 
processing of fuzzy sets and their development is 
supported by the design methodology pertinent to fuzzy 
sets. Fuzzy models appeared quite early after the 
emergence of the discipline of fuzzy sets and have 

undergone evolution in parallel to the developments 
observed in fuzzy sets themselves.  As of now, the area 
of fuzzy modeling is enormously diversified and 
capitalizes upon the advances in fuzzy sets as well as
impacts methodologies and practices of system 
modeling. At the same time fuzzy modeling is impacted 
by the developments occurring in other areas including 
optimization.

Fuzzy models offered a new way of thinking about 
system modeling bringing interesting and innovative 
facets to the area of system modeling. The objective of 
this study is to position the area of fuzzy modeling in a 
general framework of system modeling. We also 
venture into the future directions of fuzzy models and a 
way in which further developments can be envisioned.
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The material is structured into six sections.  We start 
by casting the pursuits of fuzzy models, their design 
agenda in a certain historical context and identifying the 
key phases of the evolution of the overall area of fuzzy 
modeling. This helps us visualize the evolution of the 
area of fuzzy modeling. Section 3 provides some 
selected topics of Granular Computing central to fuzzy 
models. Granular fuzzy models are discussed in Section 
4 whereas Section 5 is devoted to granular fuzzy rule –
based models and Section 6 includes conclusions.   

2. Fuzzy modeling and fuzzy models: a retrospective

Fuzzy models and fuzzy modeling have emerged soon 
after the inception of the concept of fuzzy sets in 1965. 
They have undergone a substantial transformation and 
what we are witnessing today barely resembles the 
architectures from the beginning of the 1970s. In the 
retrospect, some essential development phases can be 
delineated. There are no specific dates of transitions 
from one phase to another but we rather witness some 
periods of time over which the transition from one 
phase to another becomes increasingly visible.   The 
evolution of fuzzy modeling and fuzzy models has been 
implied by several factors, both internal and external. 
The internal driving force is inherently associated with 
the progress occurring in fuzzy sets themselves with the 
area progressing at the conceptual, theoretical level, 
which in the sequel has triggered emergence of new 
architectures, algorithmic constructs, and ensuing 
applications. With regard to the external factors, one can 
point at the ongoing progress in the analysis and 
synthesis of intelligent systems, integration and holistic 
treatment of existing technologies giving rise to 
concepts of Computational Intelligence, autonomous 
agents, and web intelligence, to point at a few examples.  
In this interaction, one can easily witness its bi-
directional and synergistic character. On the one hand, 
fuzzy sets are influenced by various external 
developments. On the other hand, they also become an 
integral and vital contributor to the external areas such 
as this was evidently visible in the case of 
Computational Intelligence. 

The main periods of fuzzy modeling can be briefly 
characterized as follows:

Period of early studies and development of fuzzy models
This period has been initiated shortly after fuzzy sets 

have been introduced to the research community. The 
models were mostly of prescriptive character where the 
variables present in system description are described by 
means of fuzzy sets whereas the relationships among 
input, state, and output variables are treated as fuzzy 
relations. All in all, there has been a growing 

understanding of different roles of fuzzy sets, especially 
in the formation of fuzzy sets either to describe system 
variables or being used at the structural level of 
capturing the dependencies among inputs and outputs in 
a certain relational format, refer to Figure 1.

Figure 1. From numeric models to their fuzzy counterparts: a 
role of fuzzy sets played in describing variables and 
relationships in system modeling

The period has been predominantly of exploratory 
character. The ultimate objective was to understand the 
abilities offered by fuzzy sets as linguistically 
meaningful and operationally sound entities. These 
fuzzy models were often referred to as  linguistic
models with the term “fuzzy” being treated as a 
synonym of linguistic variables with the aid of which 
fuzzy models are structured. In virtue of the nature of 
the main direction present in the period, in most 
situations fuzzy models came in a tabular fashion
merely forming a collection of existing (prescribed) 
relationships existing between fuzzy sets. The models 
are mostly of prescriptive character.

First structural and identification maturity period I
While in the previous period, fuzzy models augmented 
existing models by incorporating fuzzy sets in 
describing input, state, and output variables but being 
rooted in fuzzy relational equations and fuzzy 
regression were some of the existing constructs.  The 
mechanisms of identification or parameters estimation
techniques matured in this development phase.  There 
has been a well-recognized need to engage data 
(typically numeric data) in the construction of fuzzy 
models. As a result, the models became more 
descriptive constructs adhering to the nature of 
experimental data. 

Second structural and identification maturity period II
In this period, more optimization tools and topologies 
were involved in the construction of the fuzzy models. 
Advanced rule-based fuzzy models became more visible 
and dominant in system modeling. Mechanisms of 
calibration of fuzzy sets helped enhance the quality of 
fuzzy models when it comes to their abilities to 
approximate data. The level of flexibility was 
substantially elevated by engaging logic-based 
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constructs of fuzzy sets (including t-norms and t-co-
norms).

Computational Intelligence – guided fuzzy modeling 
Along with the emergence of Computational 
Intelligence, there is a visible impact of the 
methodologies and constructs dominant there on the 
development and evaluation of fuzzy models. This is 
particularly visible when dealing with the 
characterization of fuzzy models as  universal 
approximators. A flurry of hybrid neuro-fuzzy 
architectures (say, fuzzy cognitive maps, fuzzy neural 
networks, etc.) and learning schemes associated with 
them became present. More complex topologies, 
multilevel architectures directly mimicking neural 
networks architectures while creatively adopting some 
terminology of fuzzy sets started to dominate in fuzzy 
modeling. The focus was on accuracy fuzzy models. 
Fuzzy models were constructed by guided by their 
numeric manifestation (defuzzification, decoding) so the 
numeric nonlinear characteristics play a central role and 
they are pivotal to the assessment of the quality of the 
fuzzy models. Interpretation (given that more advanced 
architectures are considered) became less visible on the 
agenda of fuzzy modeling.

Fuzzy modeling and fuzzy models with higher order and 
higher type fuzzy sets
The involvement of fuzzy sets of higher type, in 
particular type-2 fuzzy sets and interval –valued fuzzy 
sets have triggered a new direction in fuzzy modeling. A 
general motivation behind these models relates with the 
elevated generality of the concepts of fuzzy sets of 
higher type, which translates into a higher flexibility of 
type-2 fuzzy models. While this argument is valid, there 
are a number of ongoing challenges. This concerns an 
increase of complexity of the development schemes of 
such fuzzy models. A significantly larger number of 
their parameters (in comparison with the previously 
considered fuzzy models) require more elaborate 
estimation mechanisms. This has immediately resulted 
in essential optimization challenges (which owing to the 
engagement of more advance population-based 
optimization tools have been overcome to some extent 
but at expense of intensive computing). At the end, 
type-2 fuzzy models are assessed as numeric constructs 
with the chain of transformations:  type reduction (from 
type 2- to type-1) followed by defuzzification (reduction 
from type-1 to type-0 information granules, viz. 
numbers) thus resulting in a numeric construct.   

Ironically, in spite of all significant progress being 
observed, fuzzy models seem to start losing identity, 
which was more articulated and visible at the very early 
days of fuzzy sets. While one may argue otherwise, 
there is a visible identity crisis: at the end of the day 

fuzzy models have been predominantly perceived and 
evaluated as numeric constructs with the quality 
expressed at numeric level (through accuracy 
measures). 

3. Perspectives of fuzzy modeling: future directions 

Obviously, it is difficult, if impossible, to precisely 
project future directions of development of fuzzy 
models. Nevertheless one can envision several 
promising and useful routes.

It is apparent that there are no ideal models. Numeric 
data are not ideally (without any error) captured by any 
model, no matter how complex such model could be. As 
usual, recalling the Ockahm’s razor principle, we strive 
to build simple models and establish a crucial balance 
between accuracy and simplicity requirements. In spite 
of the diversity of the architectures of the models, 
especially those emerging in the realm of 
Computational Intelligence, the apparent challenges 
remain.  An interesting, innovative, and promising
direction is to pursue conceptualizing and building 
models that are formed at the higher level of abstraction 
and in this way become capable of coping with the 
system to be modeled. These models are constructed in 
terms of information granules and in the sequel are 
referred to as granular models. Information granules are 
formalized in various settings as sets (intervals), fuzzy 
sets, rough sets, etc. Depending upon the nature of the 
model, we can talk about granular neural networks, 
granular regression models, etc.     

3.1. Information granules of higher type

By information granules of higher type (2nd type and nth

type, in general) we mean granules in the description of 
whose we use information granules rather than numeric 
entities. For instance, in case of type-2 fuzzy sets we are 
concerned with information granules- fuzzy sets whose 
membership functions are granular. As a result, we can 
talk about interval-valued fuzzy sets, fuzzy fuzzy sets 
(or fuzzy2 sets, for brief), probabilistic sets and alike.
The grades of belongingness are then regarded as 
intervals in [0,1], fuzzy sets with support in [0, 1], 
probability functions truncated to [0,1], etc. In case of 
type -2 intervals we have intervals whose bounds are 
not numbers but information granules and as such can 
be expressed in the form of intervals themselves, fuzzy 
sets, rough sets or probability density functions. 
Information granules of higher order are those whose 
description is realized over a universe of discourse 
whose elements are information granules. In some sense 
rough sets could be sought as information granules of 
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order-2. Information granules have been encountered in 
numerous studies reported in the literature; in particular 
stemming from the area of fuzzy clustering [3][13] in 
which fuzzy clusters of type-2 have been investigated 
[4] or they are used to better characterize a structure in 
the data and could be based upon the existing clusters 
[10].

3.2. The principle of justifiable granularity 

The principle of justifiable granularity [9][11] delivers a 
comprehensive conceptual and algorithmic setting to 
develop an information granule. The principle is general 
as it shows a way of forming information granule 
without being restricted to certain formalism in which 
information granularity is expressed and a way 
experimental evidence using which this information 
granule comes from. Let us denote one-dimensional 
numeric data of interest (for which an information 
granule is to be formed) by Z = {z1, z2, …, zN}. Denote 
the largest and the smallest element in Z by zmin and 
zmax, respectively. On a basis of Z we form an 
information granule A so that it attempts to satisfy two 
intuitively requirements of coverage and specificity. 
The first one implies that the information granule is 
justifiable, viz. it embraces (covers) as many elements 
of Z as possible. The second one is to assure that the 
constructed information granule exhibits a well-defined 
semantics by being specific enough. The specificity 
sp(A) [14] is related with the size of information granule 
with the following requirements satisfied: sp({z})=1, if 
A B then sp(A) sp(B) where A and B are two 
information granules defined in the same space.  When 
constructing a fuzzy set, say a one with a triangular 
membership function, we start with a numeric 
representative of Z, typically represented as a mean or a 
modal value (denoted here by m) and then separately 
determine the lower bound (a) and the upper bound (b). 
In case of an interval A, we start with a modal value and
then determine the lower and upper bound, Figure 2.  

(a)  (b)
Figure 2. Design of information granules with the use of the 
principle of justifiable granularity: (a) triangular membership 
function, (b) interval (characteristic function). The design is 
realized by moving around the bounds a and b so that a certain 
optimization criterion is maximized

The construction of the bounds is realized in the 
same manner for the lower and upper bound so in what 

follows we describe only a way of optimizing the upper 
bound (b). 

The coverage criterion is expressed as follows

cov(A) = 

where f is a decreasing linear portion of the membership 
function. For an interval form of A the coverage is a 
count of the number of data included in [m, b],

cov(A) = 

The above coverage requirement states that we reward 
the inclusion of zi in A. The specificity sp(A) is one of 
those specified in the previous section. As we intend to 
maximize coverage and specificity and these two 
criteria are in conflict, an optimal value of b is the one, 
which maximizes the product of the two requirements

Q(b) = cov(A)*sp(A)

Furthermore the optimization performance index is 
augmented by an additional parameter used in the 
determination of the specificity criterion, sp(A) and 
assuming non-negative values. It helps control an 
impact of the specificity in the formation of the
information granule. The higher the value of , the more 
essential is its impact on A. If is set to zero, then the 
only criterion of interest is the coverage. Higher values 
of underline the importance of specificity; as a result 
A is more specific.  The result of optimization comes in 
the form bopt = arg maxb Q(b).   The optimization of the 
lower bound of the fuzzy set (a) is carried out in an 
analogous way as above, aopt = arg Max Q(a).

4. An emergence of granular models: structural 
developments

Granular Computing [14][15][16][17] with its coherent 
framework of representing and processing information 
granules gives rise to the emergence of granular models. 
To introduce a concept of granular fuzzy models along 
with their design strategies, it could be instructive to 
start with a notion of granular spaces, namely spaces 
composed of information granules. In the context of 
fuzzy models we distinguish between granular 
parameter spaces and granular input spaces. The first 
category of spaces associates with a construction of 
granular fuzzy models whereas the second one help 
establish functioning of fuzzy models in the presence of 
granular data. There is an option in which both granular 
parameter and granular input spaces are involved. 
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4.1. Embedding fuzzy models in granular parameter 
spaces

The concept of the granular models form a 
generalization of numeric models no matter what their 
architecture and a way of their construction are. In this 
sense, the conceptualization offered here are of general 
nature. They also hold for any formalism of information 
granules. A numeric model M0 constructed on a basis of 
a collection of training data (xk, targetk), xk Rn and 
targetk R comes with a collection of its parameters 
aopt where a Rp. Quite commonly, the estimation of 
the parameters is realized by minimizing a certain 
performance index Q (say, a sum of squared error 
between targetk and M0(xk)), namely aopt= arg Mina
Q(a). To compensate for inevitable errors of the model 
(as the values of the index Q are never equal identically 
to zero), we make the parameters of the model 
information granules, resulting in a vector of 
information granules A = [A1 A2… Ap] built around 
original numeric values of the parameters a. In other 
words, the fuzzy model is embedded in the granular
parameter space. The elements of the vector a are 
generalized, the model becomes granular and 
subsequently the results produced by them are 
information granules. Formally speaking, we have 
– granulation of parameters of the model A = G(a)

where G stands for the mechanisms of forming 
information granules, viz. building an information 
granule around the numeric parameter;

– result of the granular model for any x producing 
the corresponding information granule Y, Y= M1(x, 
A) = G(M0(x))= M0(x, G(a)).

Information granulation is regarded as an essential 
design asset. By making the results of the model 
granular (and more abstract in this manner), we realize a 
better alignment of G(M0) with the data. Intuitively, we 
envision that the output of the granular model “covers” 
the corresponding target. Formally, let cov(target, Y)
denote a certain coverage predicate (either Boolean or 
multivalued) quantifying an extent to which target is 
included (covered) in Y.

The design asset is supplied in the form of a certain 
allowable level of information granularity which is a 
certain non-negative parameter being provided in 
advance. We allocate (distribute) the design asset across 
the parameters of the model so that the coverage 
measure is maximized while the overall level of
information granularity serves as a constraint to be 
satisfied when allocating information granularity across 

the model, namely = . The constraint-based 

optimization problem reads as follows

subject to 

= and 

The monotonicity property of the coverage measure is 
obvious: the higher the values of , the higher the 
resulting coverage.  Hence the coverage is a non-
decreasing function of .

The underlying idea of the allocation of information 
granularity can be succinctly displayed in Figure 3.

Figure 3. From fuzzy models to granular fuzzy models: a 
formation of a granular space of parameters

Along with the coverage criterion, one can also 
consider the specificity of the produced information 
granules. It is a non-increasing function of . The more
general form of the optimization problem can be 
established by engaging the two criteria leading to the 
two-objective optimization problem. The problem can 
be re-structured in the following form in which the 
objective function is a product of the coverage and 
specificity:
– determine optimal allocation of information 

granularity [ 1 2,…, p] so that the coverage and 
specificity criteria become maximized.

Plotting these two characteristics in the coverage –
specificity coordinates offers a useful visual display of 
the nature of the granular model and possible behavior 
of the behavior of the granular model as well as the 
original model. Several illustrative plots shown in 
Figure 1 illustrate typical changes in the 
specificity/coverage when changing the values of 
information granularity . One can consider those 
coming as a result of the maximization of coverage 
while reporting also the obtained values of the 
specificity. There are different patterns of the changes 
between coverage and specificity. The curve may 
exhibit a monotonic change with regard to the changes 
in and could be approximated by some linear function. 
There might be some regions of some slow changes of 
the specificity with the increase of coverage with some 
points at which there is a substantial drop of the 
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specificity values. A careful inspection of these 
characteristics helps determine a suitable value of –
any further increase beyond this limit might not be 
beneficial as no significant gain of coverage is observed 
however the drop in the specificity compromises the 
quality of the granular model. Furthermore Figure 4 
highlights an identification of suitable values of the 
level of information granularity.   

             (a)         (b)  (c)

Figure 4. Characteristics of coverage-specificity of granular 
models: (a) monotonic behavior of the relationship with the 
changes of , (b) increase of coverage and retention of 
specificity with the increase of , (c) rapid drop in specificity 
for increasing values of 

The global behavior of the granular model can be 
assessed in a global fashion by computing an area under 
curve (AUC) of the coverage-specificity curve present 
in Figure 1. Obviously, the higher the AUC value, the 
better the granular model. The AUC value can be 
treated as an indicator of the global performance of the 
original numeric model produced when assessing 
granular constructs built on their basis. For instance, the 
quality of the original numeric models M0 and M0’ could 
differ quite marginally but the corresponding values of 
their AUC could vary quite substantially by telling apart 
the models. For instance, two neural networks of quite 
similar topology may exhibit similar performance 
however when forming their granular generalizations, 
those could differ quite substantially in terms of the 
resulting values of the AUC. 

As to the allocation of information granularity, the 
maximized coverage can be realized with regard to 
various alternatives as far as the data are concerned: (a) 
the use of the same training data as originally used in 
the construction of the model, (b) use the testing data, 
and (c) usage of some auxiliary data. 

4.2. Granular input spaces in fuzzy modeling

The underlying rationale behind emergence of granular 
input spaces deals with an ability to capture and 
formalize the problem at the higher level of abstraction 
by adopting a granular view of the input space in which 
supporting system modeling and model construction are 
located. Granulation of input spaces is well motivated 
and often implied by the computing economy or a 
flexibility and convenience they offer to they offer when 

capturing the. Here we would like to highlight some
illustrative examples, especially those commonly visible 
in some temporal or spatial domains.

Temporal domain
Values of time series recorded in several successive 
time moments are arranged together to form an 
information granule. Information granules are built over 
temporal interval or temporal information granules such 
as fuzzy sets. The size of the temporal segment could be 
associated with the level (scale) of temporal horizon 
being of interest in the problem under discussion, say a 
day, month, etc., see Figure 5. The numeric data falling 
within some time segment give rise to a single 
information granule. These information granules are 
then used later to construct a fuzzy model and use it for 
e.g., prediction purposes.  

Figure 5. From numeric data of time series to information 
granules; T - temporal segment

Spatial domain Data located in some region (say, city, 
county, province) are arranged together and described in 
the form of a single information granule. In image, 
identified are regions and pixels present there form an 
information granule. Further modeling relies on 
information granules developed at this level. Again, it 
becomes clear that the number of data has been reduced, 
which facilitates the design of the fuzzy model and also 
supports better, more focused and problem-oriented 
analysis of the results. 

One can encounter spatiotemporal information 
granules formed jointly over segments of time and 
regions of space. In all these cases, numeric data are 
transformed into a collection of information granules 
and result in a certain granular input space (i.e., a space 
of information granules). 

Granular input spaces deliver an important, unique, 
and efficient design setting for the construction and 
usage of fuzzy models: (i) information granulation of a 
large number of data (in case of streams of data) leads 
to a far smaller and semantically sound entities 
facilitating and accelerating the design of fuzzy models, 
and (ii) the results of fuzzy modeling are conveyed at a 
suitable level of specificity suitable for solving a given 
problem.  In the sequel, information granules used to 
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construct a model, viz. a mapping between input and 
output information granules.

From the examples provided above, it is apparent 
that a construction of input granular spaces has to be 
supported by a sound mechanism of building 
information granules. The principle of justifiable 
granularity offers here a sound alternative.

5. Rule-based models – schemes of allocation of 
information granularity

These functional rules (Takagi-Sugeno format of the 
conditional statements) link any input space with the 
corresponding local model whose relevance is confided 
to the region of the input space determined by the fuzzy 
set standing in the input space (Ai). The local character 
of the conclusion makes an overall development of the 
fuzzy model well justified: we fully adhere to the 
modular modeling of complex relationships. The local 
models (conclusions) could vary in their diversity; in 
particular local models in the form of constant functions 
(mi) are of interest 

-if x is Ai then y is mi

These models are then equivalent to those produced by 
the Mamdani-like rules with a weighted scheme of 
decoding (defuzzification). There has been a plethora of 
design approaches to the construction of rule-based 
models, cf. [1,2,5,6,7,18,19].

Information granularity emerges in fuzzy models in 
several ways by being present in the condition parts of 
the rules, their conclusion parts and both. In a concise 
way, we can describe this in the following way (below 
the symbol G(.) underlines the granular expansion of the  
fuzzy set construct abstracted from their detailed 
numeric realization  or a granular expansion of the 
numeric mapping). 

(i) Information granularity associated with the 
conditions of the rules. We consider the rules coming in 
the format

-if G(Ai) then fi

where G(Ai) is the information granule forming the 
condition part of the i-th rule. An example of the rule 
coming in this format is the one where the condition is 
described in terms of a certain interval-valued fuzzy set 
or type-2 fuzzy set, G(Ai).

(ii) Information granularity associated with the 
conclusion part of the rules. Here the rules take on the 
following form

-if x is Ai then G(fi)

with G(fi) being the granular local function. The 
numeric mapping fi is made more abstract by admitting 
their parameters being information granules. For 
instance, instead of the numeric linear function fi, we 
consider G(fi) where G(fi) is endowed with parameters 
regarded as intervals or fuzzy numbers. In this way, we 
have fi(A0, A1, …, An) =Ai0+ Ai1x1 + … Ainxn with the 
algebraic operations carried out on information granules 
(in particular adhering to the algebra of fuzzy numbers).

(iii) Information granularity associated with the 
condition and conclusion parts of the rules. This forms 
a general version of the granular model and subsumes 
the two situations listed above. The rules read now as 
follows 

-if G(Ai) then G(fi)

The augmented expression for the computations of the 
output of the model generalizes the expression used in 
the description of the fuzzy models (3). We have 

Y = (G(Ai(x) G(fi))

where the algebraic operations shown in circles and 
reflect that the arguments are information granules 

instead of numbers (say, fuzzy numbers). The detailed
calculations depend upon the formalism of information 
granules being considered. Let us stress that Y is an 
information granule. Obviously, the aggregation 
presented by (9) applies to (i) and (ii) as well; here we 
have some simplifications of the above stated formula. 
The two commonly used formalisms already reported in 
the literature are interval-valued fuzzy sets and type 2 
fuzzy sets [14].

The role of fuzzy sets of higher type becomes visible 
when compressing the originally available collection of 
fuzzy rules with intent to make the collection of rules 
easier to interpret. For instance, it is easier to 
comprehend 10 rules than a collection of 40-50 rules 
present in the original model. To compensate for their 
lower number, the reduced rules are made more abstract 
by admitting information granules in their formation. 
This is one of the compelling reasons behind the 
emergence of rule-based models of granular character, 
refer to Figure 6.
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Figure 6. From fuzzy rules to granular fuzzy rules: a process 
of granular abstraction of rule base resulting as a result of rule 
compression

6. Conclusions

We have proposed a new direction of granular modeling 
engaging information granules and effectively resulting 
in the emergence of granular parameter spaces and 
granular input spaces. Granular fuzzy models constitute 
an intuitively appealing generalization of fuzzy models 
and are developed on their basis.  We offered a number 
of compelling reasons behind the formation of granular 
counterparts of existing models. 

There are a number of promising directions of granular 
modeling. In particular, one can envision hierarchical
granular system modeling. In this mode of modeling, 
one is engaged in system modeling in a successive way 
leading to the formation of granular parameters of type-
1, type-2 etc. and successively producing models of type 
M1, M2,…. The containment relationship holds in the 
design of the series of models – starting from M0 they 
are developed to enhance the functionality of the 
successively constructed models by engaging 
information granules of higher type. Along with the 
realization of the models, one can also identify potential 
outliers, which depending at the level of modeling they 
arise, can be labeled as type-0, type-1, type-2  (granular) 
outliers.

Acknowledgments

Support from the Canada Research Chair (CRC) and 
Natural Sciences and Engineering Research Council 
(NSERC) is also fully acknowledged.

References

1. R. Alcala, M. J. Gacto, and F. Herrera, A fast and 
scalable multiobjective genetic fuzzy system for linguistic 
fuzzy modeling in high-dimensional regression problems, 
IEEE Trans. Fuzzy Systems 19 (2011) 666–681.

2. J. M. Alonso, L. Magdalena, and S. Guillaume, Linguistic 
knowledge base simplification regarding accuracy and 
interpretability, Mathware Soft Comput. 13 (2006) 203–
216.

3. J.C. Bezdek, Pattern Recognition with Fuzzy Objective 
Function Algorithms (Plenum Press, N. York, 1981)

4. C. Hwang, F.C. H Rhee, Uncertain fuzzy clustering: 
Interval Type-2 fuzzy approach to C-Means, IEEE Trans. 
on Fuzzy Systems 15  (12) (2007) 107-120.

5. Y. Jin, Fuzzy modeling of high-dimensional systems: 
complexity reduction and interpretability improvement, 
IEEE Trans. Fuzzy Systems, 8 (2000) 212–221.

6. T. A. Johansen and R. Babuska, Multiobjective 
identification of Takagi-Sugeno fuzzy models, IEEE 
Trans. Fuzzy Systems, 11 (2003) 847–860.

7. R. Mikut, J. Jäkel, and L. Gröll, Interpretability issues in 
data-based learning of fuzzy systems, Fuzzy Sets & 
Systems, 150 (2005)179–197.

8. W. Pedrycz, Granular Computing - The emerging 
paradigm, Journal of Uncertain Systems 1(1)(2007) 38-61

9. W. Pedrycz, Granular Computing: Analysis and Design 
of Intelligent Systems (CRC Press/Francis Taylor, Boca 
Raton, 2013)

10. W. Pedrycz and A. Bargiela, An optimization of 
allocation of information granularity in the interpretation 
of data structures: toward granular fuzzy clustering, IEEE 
Trans on Systems, Man, and Cybernetics, Part B,  42 
(2012) 582-590.

11. W. Pedrycz, W. Homenda, Building the fundamentals of 
granular computing: A principle of justifiable granularity, 
Applied Soft Computing, 13 (2013) 4209-4218.

12. W. Pedrycz, Knowledge-Based Fuzzy Clustering (John 
Wiley, N. York, 2005).

13. R. R. Yager, Ordinal measures of specificity, Int. J. of 
General Systems, 17(1990) 57-72. 

14. J.T. Yao A.V. Vasilakos, W.  Pedrycz, Granular 
Computing: perspectives and challenges, IEEE 
Transactions on Cybernetics, 43(6)(2013) 1977 – 1989. 

15. L.A. Zadeh, Towards a theory of fuzzy information 
granulation and its centrality in human reasoning and 
fuzzy logic, Fuzzy Sets and Systems, 90(1997) 111-117. 

16. L.A. Zadeh, Toward a generalized theory of uncertainty 
(GTU)––an outline, Information Sciences, 172 (2005) 1-
40.

17. L. A. Zadeh, A note on Z-numbers, Information Sciences
181(2011), 2923-2932.

18. S.-M. Zhou and J. Q. Gan, Low-level interpretability and 
high-level interpretability: a unified view of data-driven 
interpretable fuzzy system modelling, Fuzzy Sets & 
Systems, 159(23)(2008) 3091–3131.

19. B. Zhu, C.-Z. He, P. Liatsis, and X.-Y. Li, A GMDH-
based fuzzy modeling approach for constructing TS 
model, Fuzzy Sets & Systems, 189(2012) 19–29.

Co-published by Atlantis Press and Taylor & Francis
Copyright: the authors

42



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


