ATLANTIS
PRESS

Advances in Computer Science Research, volume 58

Modeling, Simulation and Optimization Technologies and Applications (MSOTA 2016)

Persistence of Global Well-Posedness for Fractional
Dissipation Boussinesq System

Xing Su*?" and Yuming Qin?
!College of Information Science and Technology, Donghua University, Shanghai 201620, P. R. China
2College o f Mathematics and S tatistics; Hebei University Economics and Bousiness; Shijiazhuang Hebei 050061, P: R: China
®Department of Applied Mathematics, Donghua University, Shanghai 201620, P. R. China
“Corresponding author
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l. INTRODUCTION

In this paper, we study the Cauchy problem for the 2D
Boussinesq equations with fractional dissipation. The model
readsas follow

Uy +VA%%U +Uu-Vu+VP =6k,
divu =0,

O, + kA0 +u-vH =0,

u(x,0) =uy(x), 8(x,0) =6, (x).

1)

where U= (uy,up) is the velocity vector field. € and P
denote the scalar temperature and pressure of the fluid,
respectively. The positive constants ¥ and X denote the

viscosity and thermal diffusivity. & =(01) is the unit vector in
the vertical direction. For the sake of simplicity, we denote

A=N=A the square root of the negative Laplacian.

The Boussinesq system is nonlinear partial differential
equations models the thermal convection and geophysical
flows, which plays an important role in the atmospheric
sciences and oceanographic turbulence (see, e.g., [1, 2]). Our
main focus of the research on the 2D Boussinesq system has
been on the global regularity issue when only fractional
dissipation is present. So far, there has been a lot of literature
about this model.

II.  MAIN RESULT

The following is the main result of this paper which asserts
the the global existence and the uniqueness of solution to the
2D fractional dissipation Boussinesq system (1).

2 2
Theorem 1 Let V> 0,x>0 a’ﬂe(3’l) and a+,6>3.
(U0,90)6H1+SXH1+S
(u,0)

S€ 0D Then there exists
of the Boussinesq system (1),

Assume that

a unique global solution
such that, for any T >0

ueC(0, T HY)NL2(O,T;HS+),
e C(O0,T;HY )N L2, T;HY4).

I1l.  PROOF OF THEOREM

The proof is divided into two main parts: the global
existence and uniqueness.

A. The Proof of Gglobal Existence

Taking L* inner product of the third equation of (1) with 0
we can get

%||5r||2 2xwef =0 2)

Similarly, from the firest equation of (1) we know that

i||u||2 + 2‘/”A”‘u“2 = Iééz -udx

dt : . @3)
2 2

<Ljof + L.

Summing up (2) and (3), we have

9 (uff +of? ) 2v]au
dt

“ 2w < %||9||2 +%||u||2. ()

Applying the Gronwall inequality to (4), we can get, for all
te[0,T]
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Jof? + 16l +2v [ |acu de+ 2x [ ]a%d] de<c. ®)

€ =C(luol- Jouh 7)

where is a positive constant.

Next, taking the curl of the Boussinesq system (1), we
obtain that

, +V1\2”‘a1+u-Va):49><1 , (6)

w = axluZ —6X2U1

where . Multiplying (6) by ? and
interating the result equation by parts, we have

Lol +2vce] = o, -oox

2y
+_
2

< i”&*“e A’
2v

By the condition, and use the emmbedding inequality, it
follows that

d 2 1
Self + ol < v e ®)

Taking L* inner product of the third equation of (1) with
A8 e obtain

%"V o +2x A1+/”9”2 =0. ©)

Summing (8) and (9) tigether, and applying the Gronwall
inequality, we can get, for all tefo,T

el + Vel + VI; Ao Al*ﬁHHZ dr<C, (10)

2d1+ ZKJt‘
0

€ =Cljuol, - [éol::T)

where is a positive constant.

Taking L* inner product of the third equation of (1) with
A2+25€ R
, We obtain

i‘AlJrsH

? + ZK"
dt

A“S*ﬂe“z = —zj(u Vo) A 2adx. (11)

Since U is divergence free, then U'VH:V'(UH), using
the Kate-Ponce inequality from [3] (see also, e.g., [4, 5]), we
have

Advances in Computer Science Research, volume 58

- [(w-vo)- A *aux

<

[w-ve) A2+259dx‘ (12)

<[z Lol + ol -)

Applying the fractional embedding theorems and the Young
inequality, we arrive at

A2+S*ﬂ€

A1+s+ﬁ9“

- I(u -V O)- N ax

sl e Sl ef Fliblbivel v
where
P = A < oo o )

is an explicit polynomial. Inserting (13) into (11), we can
get

%‘Ahse

s%‘

2 +K‘Al+s+,6"9”2

o (14)
aered”+ F(ll Jol vl v o)

Applying the operator A" 10 the first equation of (1), and

. 12 L ALy . .
taking inner product with , then, integrating by parts,
we obtain

2 2
Asul” + 21/‘ Altstay,

il
dt

(15)
= —2] A“S(ujajuk ) AU, dx + ZJA1+S(6EZ )AYSudx.

Using the Kate-Ponce inequality again, and applying the
fractional embedding theorems and the Young inequality, we
can get

—IA1+s(uj6juk)- A*cu, dx

<

IA“S(ujajuk ) A“Sukdx‘

l+s—a 2+s—a l+s+a (16)
<o vl +ful, a2, el
<2 o+ ol fvul)

where
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2(2s+2a+1)(1+s)
Vu"(Zs +2a+1)(1+s)—(s+a)(2a-1)

2(s+a)(2a-1)
G= C("u"(zs 2arl)(Lis) (sta)(2a 1)

sta 251804\ L. . .
+Jul[* [vu 52 j is an explicit polynomial. Using the

Holder inequality and the Cauchy inequality, we have

J-A1+S

Inserting (15) and (16) into (14), we obtain that

+]
2

2 2
de, )AYSudx < ;‘A“SH Ayl @)

E‘Ahsu 2 + Al+s+o:uH2
dt

= CU +‘ 2J+G.

Summing (14) and (18) together, we get

%U 4 j\
2

= CU +‘ j+ F+G.

Applying the Gronwall inequality, and by (5) and (10), we
find that, for all t<[0T]

5]
2

(18)

A1+50 2 A1+su

2 2
ALSy AL+sg A1+s+au“ +K‘ A1+s+ﬁ0“

(19)

A1+30 2 Al+su

2 2 t 2 t 2
‘A“Su +‘A1+50 +VJ. ‘A“smu“ dr+KI ‘A1+5+'36’” dr
0 0
= C’
C :CQA1+SUO ‘,‘A“SHO ‘,V,K,S,T) _ .
where ISa pOSlthe constant.

B. The Proof of Uniqueness

For any fixed T>0
(U, 6, ) and (Uz, &2, PZ)to the Boussinesq system (1) Setting
U=u—u,, 6= - Hland P_ul U, , then @9, P)SatISerS

suppose there are two solution

0, + VAT ++U, - VI +0 - Vu, + VP = ey,
divu =0,

6, + kA0 +u,-VO +T -V, =0,
G(x,0)=0,8(x,0) =0,

(20)

Taking the L inner product of the first equation of (20)
with U and the third equation with 0 respectively, we have
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%("auz <[]y + 2v|va + 2o o
s‘[éez -de—jﬁ-Vu2 -de—IG-Vezédx.

Using the Holder inequality and the Cauchy inequality, we
can get as follows

(g, -aox< 2o + e (22)

— |0 -vu, -udx<|-|U-Vu, ~de‘
fg v o [ N
~ 19 ~
< Clvu, ]+ val,
and
—.[G -V, - 0dx
Q
- |G-V, 6dx (24)
Q
-2 ~ - -
<c|ve[|é] + 2 |ve|+clvefal, + S val”
Inserting (22)-(24) into (21), we arrive at
d ~i2 |52 ~12 ~112
—(uf” +|1@|| ) +o|Vu|” +x||VE
GO Py olvor e

<c(vay|* +|vu,|? +1)(“§“2 +[a).

Using the Gronwall inequality and the estimates for 0 and

u2, (25) implies that, for any t20,

e (fal* +|o “Z) <@ (0)”2 o), (26)

ie,0=00=06=6,u=
Boussinesq system (1) is unique.

Y2: 5o the solution of the
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