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Abstract—Surrogate-based method (SBM) is used to train a
support vector machine (SVM) for discriminating between the
elements of two classes of input points. The key idea to develop
the algorithm is to replace the minimization of the cost function
at each iteration by the minimization of a surrogate function,
leading to a guaranteed decrease in the cost function. SBM
simultaneously update all of points, which is very different from
Platt’s sequential minimal optimization (SMO) and Joachims’
SVM light. The former handles one point at a time and the latter
handles a small number of points at a time. In contrast to the
sequential methods, SBM is easy to parallelize. The proposed
algorithm has some favorable properties, including the
monotonic decrease of the cost function, the self-constraining in
the feasible region, and the absence of a predetermined step size
and any additional parameter. This paper theoretically proves
that the iteration sequence will converge to a sole global solution.
Encouraging numerical results are presented on data sets, and
SBM provides a performance comparable with that of other
commonly used methods as concerns convergence speed and
computational cost.

Keywords-surrogate; Kuhn-Tucker  (KT);  conditions;
regularization technique; sparsity/smoothness penalty

1. INTRODUCTION

Support vector machines (SVMs) are receiving in-creasing
attention in recent years, which achieve a linear or nonlinear
separating surface to separate points belonging to two given
sets. The essence of SVM is a quadratic programming
problem, and the basic problem is how to solve the quadratic
programming accurately and quickly. The problems have
close connection with optimal theory in mathematical
programming. SVM is an important example that optimization
theory applies in data mining. Before giving a detailed
discussion, We now describe our notation. All vectors are
column vectors unless otherwise specified. For a matrix or
vector, the transpose * will denote the transpose. We denote ¢
as a vector of ones in a real space of arbitrary dimension. The
identity matrix of arbitrary dimension is denoted by E. When
the two classes of points in the training set is needed to
separate by a linear hyper plane, it is natural to use the
hyperplane that separates the two groups of points in the
training set by the largest margin. Denote the training data set
in the n-

dimensional real space RN by the M x N matrix A, where
every row of A represents an point. We classify M points in
two classes as specified by a given M xM diagonal matrix D
with +1s or -1s along its diagonal. Denote w is the normal to
the hyperplane x'w =y and y determines the location to

the origin.

min %w'aﬁ pe'y
s.t. DAw+ey)+y=e )
y=>0

where S is a penalty parameter and y represent the
nonnegative slack variables because the input points aren’t
generally linearly separable. The dual to the standard
quadratic linear SVM is the following:

min %u’DAA’Du —e'u

2
s.t. pe>u>0, ¢Du=0

It can be noted that the original and dual problems are not
positive definite in general, which may lead to many solution.
Also, there is too many constraints including an equality
constraint and bound constraints, which must consume special
computational cost to handle such as SMO and SVM light. O.
L. Mangasarian et al change the 1-norm of y to a 2-norm
squared which makes the constraint y > 0 redundant and

append the term ¥ > to @ ®. This leads to a variant strong
convex SVM model:

: 1 ’ 2 [
min —(d'w+y )+
> )+ Byy 3
s.t. D(Aw+ey)=>e
The dual of this problem is:
: 1 ! E ’ r ’
min —u[—=+D(A'A+ee")Du—e'u
2 p 4)
s.t. u>0

Now we obtain a reformulated SVM with only
nonnegative constraints. The dual variables u may directly

determine the separating surface (@, ), which generate the

classification rule sign (x'@—¥).

® = A'Du, y=%, y=—e'Du )
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To develop the nonlinear kernel classifier, For 4 € R™
and BeR" , denote the kernel K(A,B) maps

R™"x R into R™", where the linear kernel and the
Gaussian kernel are two typical special cases. With the linear
kernel replaced by the nonlinear kernel product, we obtain
the same programming problem in mathematical nature with:

min %u[% + D(K (A4, A)K(A, A') +ee')Dlu

’
—eu
st. u=0

(6)

FIGURE I. GRAPHICAL INTERPRETATION OF A SINGLE ITERATION
OF THE SURROGATE-BASED ALGORITHM.

t
The surrogate o(x|x )is bigger than the original function
t
¢(X) and they are equal at ¥ =X | The surrogate-based

t+1

algorithm chooses X as new iteration, which minimizes

t
p(x|x )and guarantees the objective function to decrease in
each step.

!
For an input point X,K(x »A) is a row vector ,and the
linear classifier is replaced by the nonlinear one sign

(K(x', A)Du~2)

II. METHODOLOGY

As mentioned in many articles, a surrogate function as
defined below is useful in algorithm derivation as well as
convergence proof.

Definition 1: (Surrogate function) Denote as a surrogate
function for d(X) at x' (fixed)if @(x'|x")=¢@(X)and
o(x|x")>@¢(X). It can be concluded that (x) decreases

t+1 : t
under the update  x'~ =min_ (x| x") because of
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p(x") <g(x X)) < (x| x') = p(x") @)

Figure 1. shows the diagrammatic sketch of surrogate.
There are two simple and important properties for the
constructed surrogate functions, which will be useful for the
algorithm derivation.

o If

surrogate  function of

p(x|x") is a
is that of @(X)at x', then

@(x | x")is a surrogate function of @(X) at X'.

@, (x| x") at x'and

® If ¢(x|x")and @,(x|x") are respectively the
@ (x)and @,(x) atx’ , then
oi(x| X))+, (x[x) is a
¢ (x)+¢,(x)at x".

We will give a whole derivation idea: our object is to
create the surrogate function which is easy to minimize. As
following, we will replace the minimization of the original
cost function by minimizing at each iteration the surrogate
function to obtain a new update. Moreover, by the definition
above, the minimization of surrogate ensures the decrease of
the original cost function.

Regardless of linear and non-linear SVM, let B = A'D or
K (A, A" Dand C = ¢e'D ,we simply the notion as:

surrogate functions of

surrogate  function of

min F(u) = %u’[é+BB'+CC')]u—e'u ®

st. u=0

Then we can construct the surrogate for F(u).

The key parts are to construct the surrogates for the
following function.

F(u)= %u'B'Bu )

F,(u) Z%u'B'Bu (10)

As can be seen, they have a similar form, so that we only
give a detailed derivation for the first one.

A. Surrogate for )
We can solve this optimization problem by the proposed

method. Let B = B" — B, where B and B~ are two
non-negative matrices, then

Soa |ty = fu|u)+ fu|u)

Where:

308



ATLANTIS

PRESS

f](u|u')=%||2B+u—B+ut—B_u [&
fl(u|u’):%||2Bu—B+u’—Bu l&
(11)
It can be verified that f, ,(u|u')=F(u') . By the

convexity of F(X), we view the two coefficients with value
1/2 as the combination coefficients. It then shows that

£ (XX :in 2B u—B'u' =B u' |}
+% | 2B u+B"u'+Bu' |=G(X)
(12)

We respectively construct surrogates for ]_" (u|X") and
F(X|X") Let

Ay =Bu' [(B'u"), , Ay, =B, | (Bu'),
(13)
then we obtain the surrogate as following'

)y ==33 2=

Z,Z; ’ ﬂw (14)
~(B'u' +Bu"),T
fuluy == 3 4,220

;;ﬂ” A (15)

-(B'u'+Bu"),T
Take the first one as an example, it can be verified that

fu' \u)=f@W |u)if considering Jensen’s inequality
1 1
and the coefficients

Ay =Byl (B*u"),, (&, >OandZﬂqy )

convex combination

then j_(l(u|u’) Zj_pl(u |u")is proven by the following
inequality:
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N +
> Ay ~(B'u'+Bu"),T
J=1 A’ll]

N
20y 5,

2(B+ ), —(B'u'+Bu"),T

—(B'u'+Bu").T (16)

Thus we conclude that the surrogate of F;(u) is

Fuluy= T u)+ () a7

As can be seen, the variables of f(u|u")are separable,

so that its minimization is equivalent to some independent
optimization problems of quadratic function with one
unknown variable. So they are very easy to solve by a simple
formula.

B. Surrogate for F () .
We can construct the surrogate by the similar method. Let

C=C"—C", where C" and C ™ are two non-negative row
vectors, and let

+ vt + ¢ - ot =,
A, =Ciul [(Cu), A, =Coul [(Cu')  (18)
then we obtain the surrogate for F,(u). Note that we ignore

the subscript i because C =e'Dis a row vector, which has
no effect on the derivation process.

folu'y = Fouu)+ fou )

Where

fz(u|u)— ZAZ [2—LL Cu —(Cu' +Cu")P

A

Cu,
/g,. (19)

2 n 1S

Sr(ulu )=—lej[2
455

—(C*u' +Cu" T

C. Derivation of Update rule
Let

f(u|u’)=%+fl(u|uf)+ﬁ(u|u’> _eu o)

then it is the surrogate of F'(u).
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We can minimize it by taking the partial derivative and set
to zero:

of (ulu) _u;  0f(ulu’) ofulu’)
ou, p ou, ou,

Where

%'ut) 2B Y BT + (B YB Y,
J U

~[(B"+B)(B" +B '],

Gl 5" fierye +eyewy,

J J

<

—[(CT+CY(C+C '],
ey

The partial derivative Of (u | u)/ 814_/ =0is a linear

equation with one unknown variable, which is easy to solve.
Then we obtain the following updating algorithm:

o 1+(L1ut)j+(L2ut)j
! Tl 2Ly, +2(Lau'),
Where:
L=(B"+B)(B"+B)
L,=(B")B +(B)B"
L=(C"+C)(C"+C)
L =(C")C"+(C)'C

(22)

If considering C =¢e'D, where ¢ is a column vector
consisting of 1s and D is a diagonal matrix consisting of 1 or

-1,  and C" =max(0,C) and
C™ =-min(0,C) ,then

denoting

(Lu"), =[(C* +C Y(C" +C '], = eu’
(23)

(L"), ={[(C*YC" +(C)C '}, =€'u’
(24)

we obtain a simple special example:

w 1+(L1u’)j+(e'u’)j

u =u 25
! Tul ) fA2(Lu') +2(e'u'), 25)

Advances in Computer Science Research, volume 58

The formula is very flexible and easy to implement, which
we will give the MATLAB code for it.

Matlab code for (25):
function u = SVM(A, D, Beta, IterNum)
[RowNum, ] = size(A);
u = ones(RowNum, 1);
B=A’*D;
PB = max(0,B);
NB =— min(0,B);
AB = abs(B);
fori=1:IterNum;
t  =sum(u);
N = 1+AB’*(AB*u)+t ;
D = u/Beta + 2*PB’*(PB*u) ;
D =D + 2*NB’*(NB*u) + 2*t ;
u=u*N./D;
end
Return

In the next section, any decomposition of B and C will not
have an effect on the result of the proposed. The update rule is
flexible and easy to implement since it results from the current
image multiplied by a factor. The update rule has two
important properties: 1) the iterations are non-negative if the

initial estimate satisfies u? >0 for any j, and 2) the cost

function monotonically decreases with increasing iteration
number.

When we analyze the derivation process, we can make the
following observation: the key step is to replace the
minimization of F(u) by minimizing at each iteration the

surrogate function f(u|u') whose variables are separable.
Moreover, f(u|u')>F(u) and f(u'|u')=F') ;
thus, the minimization of f(u|u') ensures the decrease

of F(X).
III. CONVERGENCE

We will prove that the sequence {u'} converges to a

global minimum. In theory, a global solution must meet the
Kuhn-Tucker (KT) conditions, and vice versa if the cost
function is convex. It is easy to see the strict convexity of F(u).
By Theorem 2.19, the KT conditions are as follows:

FW _o i u; =0 (26)
auj
@ _o i u =0 27)
ou .

J
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We entertain a important and reasonable assumptions.
Assumption 1: For the iteration sequence {X'}, we
assume that the algorithm starts from a positive image.

The assumption forces the iterations to be positive, but the
limit may be zero. Now, We begin to prove the global
convergence. First, we give several useful lemmas.

Lemma 1:The set of accumulation points of a bounded
sequence {Z'} with {|| Z"' —=Z" ||} = Ois connected and
compact.

Proof: This is Theorem 28.1 from Ostrowski. The reader
is kindly referred to this paper for the proof .

Lemma 2: The iteration sequence {u'} is bounded.

Proof: We assume that u’ is the sole minimum, then
expand F on u by Taylor series.

Fu)-Fu")

1 avpr . N
=Z(u—u ) [E+D(AA +ee)D](u—u)
>w—u)w—-u)/(48) (28)

LetL, = F(u’)-F(u’),
then {u'} c{u:(u—u")(u—-u)<pL,},

because
bounded.

Lemma 3: The sequence.

{F(u")} monotonously decreases, so {u'} is

Proof: Take into account that

V2 fuluy= Lo LV X BB W,
s ;

eye+eycwy, 1

+2 >—
u; p
(29)
Since Vf(u'"" |u')=0 ,then
Fu)=F@™)> f(u'[u)~f"" |u)
=%(ut _Xt+l)!vzf(ut+l |ut)(ut _ut+l)
ZLH Xt _Xt+1 ||2
2p
(30)
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t
Because Fw); monotonically decreases and it is

(F)=F™)}—>0

boundedfrom below, then SO
{llu' ="} >0
Lemma 4: If a subsequence {u"“}—u , then

{u"Y = u” as well.

Proof: By contradiction, if {u""'} diverges, then it must

t, +l1 ok *
have a convergent subsequence {u" }—>u #u
because of the boundness by Lemma 2. Let
g =|u" —u" |~ 0 ,and we consider the two convergent

t, t, +1
sub-sequences {# " }and {u“ }, then there must be a
.. . ti. *
positive integer T to make {||u" —u ||} <&,/4 when
I, = T By the triangle inequality, we can obtain the

contradictive result to {[|u' —u""" ||} = Oas

txg tfs +1 tsY * tss +1 sk
lu> —us " [+ |lu> —u [+ |lu> —u ||
Sl —u” =) u —u |-, /2

31

Lemma 5: At each iteration, we know that

+1
u” =u’ —a [VFu")],

a; =

t

u;

W1 B+2A[(BYB +(B VB W'}, +2c )i

(32)
Proof: We consider that
I 18y B+ (BB W,
Ou, '
~[(B"+B Y(B" +B '],
—o(B - B, = ) @) (33
ou,

J

L) 5% oyt (e ye wh,
auj u;
~[(CT"+C)(C" + C’)u’]j

_OR()

=2[(C"-C '], 34)

J
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It is easy to verify the correctness of (32) if replacing
VF,(u')and VF,(u") by (33) and (34). By the three
theorems below, the global convergence will be proven.

Theorem 1: Let {u"}—>u be any convergent
subsequence, then u” meets the first KT condition (26).

Proof: When u; >0, it is easy to obtain that

[VFu )], =[Vf(u |u)], . In addition
t.? —_— [S *
OF(ulu*)/ou;|, =0 ,and {u"}—>u so that
{u"“"Y > u" (Lemma 4), then
) W), - _o  35)
auj u auj us+

Theorem 2: The whole sequence {u'} converges.

Proof: According to Lemma 1, 2 and 3, the set of
accumulation points of {ut} is connected and compact. If we

can prove that the number of accumulation points is finite,
then the desired result follows because a finite set can be
connected only if it consists of a single point.

To prove the existence of a finite number of accumulation
points, we consider any accumulation point . Given an integer

set Q= {1, 2, ..., T } where T is the total number of
components of u, then Q" ={;: uj =0} is a subset of Q.
Let F - be the restricions of F to the set

{uiu;=0,je Q"}, which is a strictly convex function of

the reduced variables. It follows that F o has a unique

minimum (Theorem 1: 8f(u*)/auj =0 if uj =0). It

means that an accumulation point must correspond to a subset
of Q . The number of subsets of Q is finite, so the number
of accumulation points is also finite. In Theorem 1, we prove
that every accumulation point meets the first KT condition, by
which the full sequence convergence is provided in Theorem

2. Naturally, the limit of { X"} satisfies the first KT condition.

As below, we will show that the second KT condition is
satisfied.

Theorem 3: The limit X" of {u'} meets the second KT
condition (27).

Proof: When ut =0, by contradiction, we assume that
there is an uj. =0 satisfying [VF(M*)]j <0 . Since

{u'y > X, there exists an £ <0 and a positive integer T
such that [VF (u*)]j <& fort>T, then

Advances in Computer Science Research, volume 58

u —u' =—a [VF ()], »—a,6 >0

(36)

(by Lemma 5)

. 1 . .
Thus , we can obtain that u? >—u; , which is

contradicted to {ui} —0.

IV. SIMULATION

The experiments were performed on HP Compaq PC
with3.00 GHz Core i5 CPU and 4 GB memory. The
algorithms were implemented in MATLAB 7.0. All of the
algorithms were initiated by the same vector e for a fair
comparison.

A. Verification Testing

First of all, two classical SVM algorithms 1ib-SVM and
SVM"#"  were chosen as comparison. Then different data
sets were used to verify the reliability of the new algorithm.
Finally, in biomedical application, we analyzed the data set
of diabetes in 130-US hospitals for years 1999-2008. The
data set represents 10 years (1999-2008) of clinical care at
130 US hospitals and it includes over 50 features representing
patient.

Experiment 1: The size of data sets in the experiment
differs from 4192 to 581012. When working on the same data
set, the time and accuracy of classification are different by the
three algorithms.

The result in figure 2(a) shows the classification accuracy
of three algorithms on different data sets. When training data
sets, we choose the loss factor (from 20 to 2'),
corresponding to the different classification accuracy. With
the data size increasing, the precision is different. LibSVM

. . . light
and SBM are similar, the classification rate of SVM"
is lower.
100 T T T
: : : : : —p— SurSVM
o | —@—1ibsvm ||
—#— SVMIight
90
=
= |
§ 85 — ————N\N-—— -
3 |
2 gl LN [ N W
5 |
© |
é 75 e — 1 — 4
@ |
3 |
70 e _—_—_—_
|
|
] e e I 4
| | | | | |
60 I I I I I I
0 50 100 150 200 250 300 350

Different Datasets

FIGURE II. (A). THE CLASSIFICATION ACCURACY OF TEST
ONE
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14000 ————————7————
—p— sunsvMm
—@— libsvM
120000 _y SVMIight
10000————: ——————————— T e

8000~ — — — - — — —

60001 — — —

4000 — — —

Classification Time (sec)

2000~ — — —

|
|
0 o .f:) % /1.% 50 60 70

Different Datasets

FIGURE II. (B). THE CLASSIFICATION TIME OF TEST ONE

Graphical interpretation in Figure 2(b) shows the
classification time of different data sets in these three
algorithms. When the size increases, SBM classifies the data
faster significantly.

experiment 2:On the basis of the experimental one, we
select NDC(Normally Distributed Clusters) data generator to
get some sets of NDC data to study the influence of data
dimension on the classification efficiency. The experimental
results are shown below:

T T

—p— sursvm

_ | —@—libsvm

—4%— SVMIight
T

Classification Accuracy( % )
®
&
&

- -t - —l- - £

- - T

5F—+—-—

|

|
L— - —

|

T
|
|
o - q- -

|

1
20 25 30
NDC Datasets

FIGURE III. (A). THE CLASSIFICATION ACCURACY OF TEST TWO

=
@

10000

—p— sursvm :
9000 | —@— libsvM ‘
—#— SVMiight |

8000

7000

6000

5000

4000

Classification Time (sec)

3000

2000

1000

NDC Datasets

FIGURE III. (B). THE CLASSIFICATION TIME OF TEST TWO

Figure 3. Graphical interpretation shows for the same data
set, when data dimension increases(the size of data sets from
left to right are respectively 20 thousands,100 thousands,200
thousands,300 thousands and 500 thousands),SBM could keep

Advances in Computer Science Research, volume 58

classification accuracy steady and reduce the classification
time.

experiment 3:In order to study the impact of data
dispersion degree to the classification efficiency, we made the
third proof test. By adjusting parts of the data generator
parameters, data sets with different discrete degree were
obtained. As the name implies, the greater discrete degree, the
more scattered data. The experimental results are shown
below:

100

T T
—)— sursvM | | | | |
95| —@— libSVM

—+— SVMiight

Classification Accuracy( % )

NDC Datasets

FIGURE IV. (A). THE CLASSIFICATION ACCURACY OF TEST

THREE
1200 — — - - - - -
| | | | | —p— sunsvm
[ [ [ [ [ —8— libsVM
1000 — — b — L —-—-L - -1 - — | —%—svmight {
| |
|
|

Classification Time (sec)

NDC Datasets

FIGURE 1V. (B). THE CLASSIFICATION TIME OF TEST THREE

Figure 4. Graphical interpretation shows that the
classification accuracy in three algorithms are similar but the
time for classification has a large difference. Compared with
other two methods showed a dramaticlly advantage.

B. Application Testing

By Verification testing, we can see that SBM has a better
performance in large-scale data classification. This section is
mainly to research in the field of practical application. The
data we use is 10 years (1999-2008) of clinical care at 130 US
hospitals, which includes over 50 features representing patient
and hospital outcomes. After data processing, we kept the
information that reflect patients characteristics. Then we use
1ibSVM, SVM"€" and SBM to classify the processed data and
obtain the following result:
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TABLE I. THE CLASSIFICATION ACCURACY OF THE DATA SET

orithm
SBM libSVM SVMlight
Data se’
Accuracy 99.98 99.92 99.87
(Persent) : ’ :

TABLE II. THE CLASSIFICATION TIME OF THE DATA SET

lgorithm
SBM libSVM SVMlight
Data set
(Sg;g;;s) 36.43 518.35 273.90

From the results above,we can get that the new algorithm
shows a high classification efficiency in the practical
application.

V.CONCLUSION

This paper mainly introduces a new kind of SVM
algorithm:Surrogate-based SVM  method  (SBM).By
theoretical derivation, we find that SBM has many favorable
properties and it is easy to parallelize. We choose classical
SVM algorithms 1ib-SVM and SVM"" as comparison.
After simulation of different perspectives, the algorithm we
proposed showed a strong advantage in large-scale
classification. SBM not only makes classification accuracy
stable, but also greatly reduces the classification time.
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