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Abstract. The main goal of this paper is to consider the necessary conditions of wave packet systems to
be frames in higher dimensions. The necessary conditions of wave packet frames are established, which
include the corresponding results of wavelet analysis and Gabor theory as the special cases. The existing
results are generalized to the case of several generators and general lattices.

Introduction

Frames were first introduced by Duffin and Schaeffer[1]. Outside of signal processing, frames did
not seem to generate much interest until the outstanding work of Daubechies et al. [2]. Since then, the
theory of frames began to be more widely studied. Frames have been used in signal processing, image
processing, data compression and sampling theory.

An important example about frame is wavelet frame, which is obtained by translating and dilating a
finite family of functions. Wavelets were introduced in the 1980s. They attracted considerable interest
from the mathematical community and from members of many diverse disciplines in which wavelets
had promising applications. Another most important concrete realization of frame is Gabor frame [3].
They are generated by modulations and translations of a finite family of functions.

In paper [4], authors introduced wave packet systems by applying certain collections of dilations,
modulations and translations to a family of functions. In fact, Gabor systems and wavelet systems are
special cases of wave packet systems. Wave packet systems have recently been successfully applied to
harmonic analysis and operator theory.

The main goal of this paper is to consider the necessary conditions of multiwave packet frames in
higher dimensions. We generalize the existing results of the single generator [5] to the case of several
generators and general lattices. We establish some necessary conditions for the wave packet frames of
the different operator order, which is a generalization of classical wavelet frame and Gabor frame. Of
course, our way combines with some techniques in wavelet analysis and time-frequency analysis. Also,
we discuss necessary conditions for other wave packet frames with the different operator order. Also,
we fuse some ways in wavelet analysis and Gabor theory and we mainly borrow some thoughts in
classifying the sufficient conditions of the wavelet frame in existing papers such as [5-8].

Preliminaries

In this section, some notations and some results which will be used later are introduced.
Let us recall the definition of frame.
Definition 1. Let H be a separable Hilbert space. A sequence {f.}._, of elements of H is a frame

for H if there exist constants 0 < C < D <o such that for all f € H ,we have

ClIf[F <X [e. )] <D fIF. (1)
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The numbers C,D are called lower and upper frame bounds, respectively (the largest C and the
smallest D for which (1) holds are the optimal frame bounds). Those sequences which satisfy only the
upper inequality in (1) are called Bessel sequences. A frame is tightif C=D. If C=D=1, it is called
a Parseval frame.

In this paper, we will work with three families of unitary operators on L*(R"). Let AcE, and

B,C e GL, (R). The first one consists of the dilation operator D, :L*(R") — L*(R") defined by

1

(D,)(x) =02 (AX) with g =|detA|. )
The second one consists of all translation operators

T, LR > L(R"),kezZ", 3)
defined by (T, f)(x) = f (x—Bk). The third one consists of the modulation operator

E., :L’(R") - L*(R"),meZ", 4)

defined by (E.,, f)(x) =" *f (x).

Let PcZ and Q= R". Let S=PxQ. Then, we have S cZxR". Again, let

{A,:A,eP}cE and BeGL,(R).

For the functions y' € L?(R"),1 =1,2,---,L, we will consider the wave packet system ¥ defined
by the following

¥ ={Dp ETenl (0} is s (omcs (5)

Let A = Al(jeZ),S =7 =x{0}. Then, we obtain the wavelet systems. On the other side, we can get
the Gabor systems when the set {A, : A, € P} only consists of the elementary matrix E. This simple

observation already suggests that the wave packet systems provide greater flexibility than the wavelet
systems or the Gabor systems.

Then, we will give the definitions of wave packet multiwavelet frame and the frame wave packet
multiwavelet.

Definition 2. We say that the wave packet system defined ¥ by (5) is a wave packet multiwavelet

frame if it is a frame for L*(R"). Then, the functions w = (y*,w°,---,w") is called a frame wave

packet multiwavelet.
In order to prove the main results to be presented in next section, we need the following lemmas.

Lemma 2.1 Suppose that {f,},; is a family of elements in a Hilbert space H such that there exist
constants 0< C < D < +oosatisfying (1) for all f belonging to a dense subset D of H . Then, the
same inequalities (1) are true for all f e H ; that is, {f,},7, is a frame for H.

For proof of Lemma 2.1, people can refer to the book [6].
Therefore, we will consider the following set of functions:

D ={f e ?(R"): f el”(R") and f has compact supportin R", {O}}. (6)

The following result is well known, we can find it in [6].
Lemma 2.2 D is a dense subset of L?(R").

The following useful facts can be found in paper [5].
Lemma 2.3 Let AcGL, (R), y,zeR" and f e L*(R"). Then the following holds:

(1) T, =E-yf (£ 1) =T,f, (D,f) =D, f;
@ TEf=e*"ETf, D,Ef=E,D,f DT f=T,D,f;
@) (T,Ef) =e*TE f;

z——y

(4) (DATy f )A(f) = E_Aﬁy DA‘: f(f) :| detA |_% f(Aﬁg)e*ZHiA’ly 3
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Main Results

In this section, we will consider constructing symmetric Gabor frames with any invertible matrices
Motivating by the fundament works [5-8], we will give a necessary condition of wave packet frame ¥
defined by (5) for higher dimension with an arbitrary expansive matrix dilation in the following.

Theorem 3.1 Suppose that wave packet system

{DAp EV-I-Bm‘//I (X)}|:l‘2'm’|_’ mez",(p,v)eS (7)

defined by (6) is a frame with frame bounds A and A,, then we have
L

bA < Z Z ! (Aﬁa)—v) F<bA,, ae o, (8)
1=1 (p,v)eS

where b =|det B|.

Proof. Because wave packet system {DAp EVTBmU/I(X)}|=12...L nez (p)es is a frame with frame

bounds A and A,, forall f e *(R"), we have
AITE<Y S 3 k.0, ET,p! sP<Al I 9)
1=1 (p,v)eS

Let feCC(R) and f have compact support.
Let g, = detA, |. According to Lemma 2.3 and Plancheral theorem, we have

Z ZmeZ" |< f’DAp Ev-erl//I >|2 = Z Zmez” |< Ff y F DAp EVTBml//I >|2

(p,v)eS (p,v)eS
c - y VN 7iBm(AZo—v

> Zmdn |< f,DAgTVE_Bmt//' >F=>q 1ZZM | f o W' (Ao—v) ™" o
(p,v)es peP  p veQ

=30, 1) F (K (@0 v) v (@ ol (10)
peP veQ

where we change variables by o' = Aﬁa)—v in the last equality.

We assert:

Sa,52 1 A @y (@ do

peP veQ

-y B B f (A (0+B*s+V))  v'(0+B%)F do (11)
(s b T P '

sezh
For fixed (p,v)eS, we have

J.Ba([oyl]n) Zsez“ | f(A;(co+ Bs+v))y'(w+B%)|dw
= Zsezn J‘Bﬁ([ovl]n) | f (A (0+B*s+v)y' (0+ B%s)|do
X v F A @ @ 1do =] 1 £ (& 0+ ) (@) | do

1 - 1
S(.[Rn | f (A (@+v))[* dw)? (.[Rn |y (@) P dew)?. (12)
where the fourth inequality is obtained by using Cauchy-Schwarz's inequality.
Thus we can define a function F :R — C by
Fo(@)=2_. f(A(0+Bs+1) y'(0+B%),ae o (13)
F, () is B*T"-periodic, and the above argument gives that F_ (&) € L'(B“[0,4]") . In fact, we even
have F (w)e L*(B“[0,1]"). To see this, we first see that
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IF (@) P< 2

o F(A(@+Bs+v)E 2. v (@+B%) L. (14)
Since f eC_(R), the function co—)ZSEzn | f(A;(co+ B*s+v))[* is bounded. According to above
argument, we easily get F (x) e L*(B*[0,1]").
Then, according to the definition of F (w), we have

IRn f(A: (aH'V))‘//I (a))ezzziem”da) = ZSEZ“ J‘Bﬁsm“([o,l]") f(A; (a) + V))l//' (a)) eZﬂiBmwda)
- Zsel” J. voary T (A (@+B's+v))y' (0+ B's)e”™™dw

= J.B“([o,qn) (Zsez“ f(A;(CU-I- B + V))l//' (a)+ Bﬁs)) p27iBmoy

=Ly Fol@e™do (15)
Parseval's equality shows that

siBmoy @ _ L
Yo o @ dof =] o IR (@F do (16)

Combining (15), (16) and the deflnltlon of F_(w), we obtain that
p
zmezn J.Rn f(A; (CO+V))WI (a))eZ;riBm(uda)|2
1I Z N # - Fay 2
= e | 2, f(A(0+B's+V)) y (0+B%) [ de. (17)

So, we obtain (11). Thus, we complete the assertion.

Choose @, R to be Lebesgue point of the function > |y (Alw—v)[.

(p,v)eS
Letting B(b) denote the ball of radius 6> 0 about the origin and o be sufficiently small, define f,

ﬁz%{ w) = ()|ZB()(w_a)o)-

Therefore, we obtain
P =11 f 1P =1.
Thus, we have

> W Ko -nf=liml, s 3 W (K- do (18)
(

(p,v)es p,v)es

From the definition of f, (9),(10) and (11), we have

i, Z W (Ko do
_z Z J‘B“([()l])'f(a))'|l//(Aﬂa) V)l dw

I=1 (pv

—ZL) Z dp fu(m])lZsezn f(A (0+ B+ )y (@+BS) [ do

1=1 (p,v)

DIDIPIN

1=1 (p,v)eS

< f. DAp E,Touy' > <DA,, (19)

Where the third equality is obtained by changing variables o' = A;(a)+v) .
Let 60— 0, using the definition of Lebesgue point, we get

672



ATLANTIS
PRESS Advances in Computer Science Research, volume 59

L

2 2 W (e, -v)[<bA, (20)

I=1 (p,v)eS

According to the definition of Lebesgue point, we obtain
L

> 3 W (Ko, —v)F2bA, (21)

I=1 (p,v)eS
Comparing with (20) and (21), by changing variables by = @, , we have (8).
Therefore, we have completed the proof of Theorem 3.1. 0
Remark 3.1. In particular, let A the elementary matrix E in the Theorem 3.1, then, we obtain the
necessary condition of the Gabor frames as the following, which is a generalization of the known result
[6] in higher dimensions.
Corollary 3.1 Let B,C e GL,(R) . Suppose that the Gabor system

{EeTont/' (0}, s
Is a frame with frame bounds A and A, , then

bA <2 . [y (@-CK)P<bA,, ae.o,
where b =|det BJ..

On the other side, let

P={Al:jeZ AecGL (R)}

And Q ={0} in the Theorem 3.1, then, we obtain the necessary condition of the wavelet frames as
the following, which is a generalization [6] in higher dimensions.

Corollary 3.2 Let AcE,,BeGL, (R). Suppose that wavelet system {D)T, w(x)}. IS a

jez,mez"

frame, then bA < ly' (A w) <bA,, ae.w, where b=|detB|.

jez
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