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Abstract. The assignment problem generally assumes that one person undertakes one
task and one task must be accomplished by only one person. However, a real task
usually calls for more than one person. In some cases, those persons are required to
work at the same time, if so, the classical assignment model will be inoperative to
describe the problem. To solve this problem, a new generalized assignment model
based on nonlinear integer programming is proposed in this paper. The new model is
available for those problems in which a single task may demand more than one person
to be engaged in at the same time, as a result, it makes up for the existing generalized
assignment models’ deficiency. Moreover, a method to convert the quadratic integer
programming model to a linear one is also presented. Thus, the generalized assignment
problem can be solved within a short time by using the existing mathematical software
LINGO. The numerical results indicate that the generalized assignment model and
method proposed are valid.

Introduction

The assignment problem requires the numbers of workers and tasks to be equal.
Besides, it assumes that one person undertakes one task and one task must be
accomplished by only one person. This type of problem is generally referred to as the
balanced assignment problem, which is a special case of the transportation problem.
The best method to solve the balanced assignment problem is the Hungarian Algorithm
[1]. There are a lot of promotions of the balanced assignment problem which are
generally referred to as the generalized assignment problem(GAP) [2]. In paper [3], a
solution to the case where one task calls for one person while one person can undertake
anumber of tasks is presented. In paper [4], the case in which both the persons and tasks
to be arranged are more than that of actual demands is discussed. The numbers of
workers and tasks are usually unequal in actual personnel assignment problem, the
existing research on GAP has already taken this fact into consideration, but it generally
assumes that each person's work is independent and makes no difference to each other.
Thus, the optimization model built from it is usually some linear integer
programming(LIP)[5]. In general, the GAP can be solved by introducing a
transformation method to translate it into a balanced assignment problem[6] . However,
the actual personnel assignment problem will be more complicated, for instance a
single task needs to be assigned with a number of persons to work at the same time.
Consider the following problem.
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In a joint exercise, there are a number of tasks to be completed for a technical
department which consists of some technicians. The differences of technicians’
specialty allow each of them to undertake different types of task. However, in order to
achieve those tasks in high quality, each technician is allowed to undertake no more
than one task. On the other hand, as the difficulty of each task may be different, some of
those tasks require more than one technician to work at the same time. Once a task is
assigned to one or more technicians, the corresponding time cost would be known. The
problem to be solved is to find a proper assignment to complete all the tasks in the
shortest time.

Manifestly, this kind of problem often appears in reality, but few of the existing
surveys have taken the fact that a number of persons have to work together at the same
time into account. As some tasks require several technicians to work at the same time,
the optimization model built from the problem of above should be a nonlinear integer
programming(NIP). Therefore, it’s not only of important theoretical significance, but
also of great application value to do some research on problems like this. To deal with
the case where a number of persons have to work at the same time to complete a single
task, a new type of generalized assignment model will be proposed in this paper. What’s
more, for the case of binary quadratic programming, a linearization method is
introduced. The numerical results indicate that the generalized assignment model and
method proposed are valid.

Generalized Assignment Model

The generalized assignment problem presented in this paper can be described as follows:

n technicians are to be assigned to complete m tasks, each technician can undertake no
more than one task, and each of the tasks requires at least one technicians to work at the
same time.

Obviously, due to the reason that more than one technician must work at the same
time for a single task, there should be a lot of collocation cases of personnel. That
means, the number of variables that we must take into consideration is very great in
quantity. For instance, in the case that a single task requires no more than 2 technicians
to work at the same time. s and t respectively represent the numbers of tasks to be
accomplished by one and two technicians, where s+t=m. Then the number of

collocation cases of personnel for all the m tasks will be (sxn+txC?), which will be

of large value even if m and n are small. Thus, it’s of great significance to present a brief
and suitable optimization model for the proposed GAP.

We noticed that in a real-life situation, since the technicians are likely to be different
in specialty, each technician is usually able to complete only part of but not all the tasks
in cooperation with others. Then the GAP’s model can be simplified. With this in mind,
a new type of generalized assignment model will be presented in this paper. For the sake
of the expedience of model description, several notations will be introduced as follows:

m and n are respectively the numbers of tasks and technicians to be arranged. k is the
sequence number of the task. L, denotes the number of technicians required to

accomplish the k-th task. I, denotes the set of technicians that are able to complete
the k-th task in cooperation with other (L, —1) technicians. N, represents the number
of technicians that are able to participate in the k-th task, which is the number of

elements in set Ik,Lk. C iy represents the time cost by the k-th task if it is

i, .
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completed by technicians chosen from the set I, that are numbered as i, i,,...,i -

For the k-th task, we can choose these technicians in C,hkk different ways. x, is 1 if the
i-th technician is assigned to participate in the k-th task, 0 otherwise. Apparently, x, =0
ifiglh .

As one technician is allowed to be involved in no more than one task, a constraint is
formulated as

> % <£Li=12,..,n 1)

k=1
Because the k-th task must be accomplished by L, technicians, there is another
constraint

> xe=L.k=12..,m (2)

i€l L,

If the technicians chosen from the set Ik,Lk whose numbers are il,iz,...,iLk
assigned to achieve the k-th task, the time consumption of it can be written as

are

m
> D City i, kX XX i ®3)
K=L iy ip iy €l

Then the total time consumption of all tasks will be

m

Z Z Ciliz...iLk K Kige KX i 4)

k=1 iy iy €l

The optimization objective of GAP is to complete all the tasks in the shortest time.
Above all, its integer optimization model in a minimization sense can be formulated as

m \
minimize > > G XXXk
K=L g €l
m
subjectto » "x, <1 i=12,.,n
k1 > )
> =L k=12,..,m
ielkvLk
Xiicr Xigor Xigeroon Xi_ i {0 =0, =...=1, )

The above model gives a unified description of the generalized assignment problem
that one or more persons are required to work at the same time to complete a single task.

If max{L,L,,..,L} =1, it appears to be the balanced assignment model. If
max{L,L,,...,L,} =2, it turns into a binary quadratic integer programming [7] [8]
model. If max{L,L,,...,L .} =k, the GAP model becomes a k-order integer
programming.

As we know, the nonlinear integer programming [9] [10] is NP-hard, to optimally
solve this problem within a limited time may not be possible for large-sized problems.
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A general branch and bound algorithm [11] or heuristic algorithm [12] [13] is usually
used to obtain the approximate optimal solution.

Note the following facts:

(1) The case that max{L,,L,,..., L.} =2 exists extensively in our real lives.

(2) If max{L,L,,...L,} > 2, the time consumption of a single task might be
k-dimensioned, where k > 2. In this case, it will be hard to represent the constant
Ciliz---iLk « Intwo-dimension plane accurately.

(3)Since the binary quadratic integer programming is too hard to be solved directly,
it’s of great significance to find an applicable method to handle it.

Taken these facts into consideration, in this paper, we will focus on finding a proper
solution of the GAP proposed on the situation where max{L,, L,,..., L, }=2. In this case,

the optimization model of the proposed GAP can be formulated as:

S m
minimize chikxik+z Z Ciuip kX Xk )

k=1 i€l k=s+1j,Jp€lk 2

subjectto D “x, <1 i=12..,n
k=1

> %=1 1<k<s >(6)

icl

> %e=2 s+1<k<m

i€l ,

Xicr Xk Xk <{0.1 = J, J

Solving Method of The Model

As we know, the quadratic integer programming is too hard to be directly solved with a
limited time, especially when it is of large scale. Nevertheless, for the linear integer
programming(LIP), we can either use some well-known algorithms such as
branch-and-bound [14], cutting plane [15] or some mathematical softwares based on
these algorithms to solve it precisely. Hence the linearization method will be a good
way to solve the model.

Here we will import a new binary variable Y, ; ., defined as y,;; , = X;,X;, then

the quadratic integer programming can be remodeled as the following linear integer
programming
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S m
minimize > > X+ > D> € Yiik A

k=li€el, k=s+1j;,jp€lx 2

subjectto Y “x, <1 i=12...,n
k=1

icl ,
Vi = Xjge + X —1
ik = X
Yiok = X
Xik ! lek ! Xj2k1 yjljz,k 6{071}’ j1 > jz ]
Now we will prove that this LIP model is equivalent to the proposed binary quadratic
integer programming model.

To prove the equivalence of these two models, we just need to prove that the

equation  “ Yy, =X, X, 7 is equivalent to the  constraints

: yj1j21k = Xj1k + ijk _l' yj1j2xk - Xj1k ! yj1j2vk < ijk ! yjljzxk =0or lJl a JZ E
We first prove the sufficiency: since both x;, andx;, are binary, we can easily get
il I2

that (X —1)(x;x—1)=0 , unfold this inequality we can get the result that
Yiiok = XixXjx = Xjx + X« —1. Due to the fact that x;, <1,x;, <1, the following
inequalities y;; \ <X, Y}« < X« are knowable.
Then, the necessity will be proved: the necessity means that the relationship between

Y,k and Xk Xk in constrains
) thz k = XJk + XJ K -1, thz Jlk ! thz < ijk ! yhjz,k =0or le * j2 * are the same as
that in the equality Y, ; , = X, X; - Here we will define a new two-dimensioned vector
as (X, X, ) Since both x;, and x; , can only be valued at 0 or 1, there are 4 possible
values for (x;,,X;), they are (0,0),(0,1),(1,0),(1,1).

If (X Xx) = (00), we can get y,; =0 from the constraints
ik S Xjger Vi S Xpp “and * yy =00 1%

If (X, X) = (01) or (1,0), we can get y;; , =0 from the constraints
Yk S X Vi TOOF 1200 Yy S X Y =000 1%

If (X X,) = (1), we can get y;; =1 from the constraints
“Yink =Xkt X —1cand “y;,; =0or 1<

Obviously, the relationship between vy, , and X;,,X;, in these two different
ways are the same.Q.E.D.
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The transformation increases the number of constraints, that is, the scale of the
problem. But for the existing software to solve large data, the expansion of the scale of
the problem has little impact on the solution. Thus, the cost is acceptable.

Numerical Experiment

For the above linear integer programming model, there are some good mathematical
softwares can be used to solve it, such as LINGO, LINDO, CPLEX, MATLAB, in
which LINGO is the mainstream one of the domestic. LINGO is such a mathematical
software based on the branch-and-bound algorithm, characterized by directly using the
LINGO language to describe the model itself. The prominent advantages of LINGO are
rapidity and accuracy, what’s more, it can meet the requirements of the integer variable.
The latest version of LINGO is able to precisely solve the LIP which involves hundreds
of integral variables. The numerical experiment in this paper is run on a notebook
equipped with CPU of Intel (R) Core TM 4710 MQ 2.50G HZ and 4.00GB memory.
The solver is LINGO of version 11.1.

Since there is no actual data to be referred to, the values of the constants in the LIP
model are assigned randomly in this paper, where N, €[6,15], c, €[5,15](1<k <s),

C; i,k €[15,30](s+1<k <m). The value of the scale of numerical instance(mxn) is

set from (5x10) to (10x15), and the result is shown as TABLE 1.

Where “Original variable number” represents the number of variables we should
take into account in the original GAP, while “Actual variable number” denotes the
number of variables we need to care about in model (6).

Table 1. numerical results

mn s i Original variable Actual variable Optimum  Computing
number number solution time
4 1 85 60 46 1.41
5x10 3 2 120 80 49 0.83
7 1 169 115 55 1.56
8x13 6 2 234 150 67 1.45
5 3 299 195 77 1.03
9 1 240 135 70 1.66
10x15 8 2 330 170 79 1.63
7 3 420 215 90 1.55

As shown in TABLE 1, we can draw some conclusions:

1. The dimension of the actual calculation is much smaller than the number of
variables in the original generalized assignment problem. This indicates that the new
model proposed in this paper is very effective to optimize the generalized assignment
problem.

2. The computing time keeps very short as the scale of LIP grows. Owing to the
simple structure of the linear integer programming model. On the other hand, it thanks
to the fact that LINGO software is very powerful in solving integer programming.

As we can see, in the actual assignment problem, the optimal allocation scheme can
be quickly obtained after the optimization model is established, which meets the
requirements of the actual production management. So we can come to the conclusion
that the generalized assignment model proposed in this paper and its solution method
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are effective in solving the GAP that more than one persons are required to work at the
same time to complete a single task.

Conclusions

Generalized assignment problem is some promotion of the classical assignment
problem. However, the existing research on the generalized assignment problem does
not take into account a practical situation which often occurs in actual personnel
assignment problems. That is the case in which more than one persons are required to
work at the same time to complete a single task. To solve this kind of personnel
assignment problem, a new generalized assignment model based on nonlinear integer
programming is proposed in this paper. As a result of comprehensive consideration of
some kinds of actual conditions, the main research of this paper focuses on the case
where a single task demands at most two persons to be engaged in at the same time. The
optimization model built from it is established for the multi-constrained binary
quadratic programming, then a linearization method is introduced to solve it. The
results of numerical experiments indicate that the generalized assignment model and its
solution method proposed in this paper can meet the requirements of actual production
management. Therefore, the GAP in cases where a single task demands more than two
persons being engaged in at the same time exists extensively in our real lives as well. In
that case, the optimization model will be more complex with multiple integer
programming. Thus, future research will focus on finding the effective way to solve this
kind of generalized assignment problem.
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