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Abstract— In this paper we consider the optimality conditions 

for the following discrete optimal control problem:   

minimize       
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The necessary and sufficient condition for all feasible solutions 

satisfying the necessary optimality condition to be optimal 

solutions of the above problem is established. 
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I. INTRODUCTION  

Throughout this paper, we always assume that 

   N k0kN,0  for any N  with 

2-N0   and the vectors are column vectors. By q  we 

denote the zero vector of the corresponding size. 
The study of optimality conditions is an important topic 

in optimization. It is the well-known necessary condition. 
Generally speaking, the functions satisfying the necessary 
condition are not necessarily optimal solutions.  Recently, 
the study of sufficient optimality conditions of the optimal 
control problems has received much attention from many 
authors (see for example [1, 2] and the references therein). 
In the same time, the study of the optimality conditions of 
discrete optimal control problems is also of interest to many 
researchers (see, for example [3-8], and the references 
therein). 

In particular, Arana-Jimenez, Osuna-Gomez, Ruiz-
Garzon and Rojas-Medar [2] obtained a characterization of 
optimal solutions of the optimal control problem: 
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In 2000, Hilscher and Zeidan [3] discussed the 

optimality conditions for following discrete optimal control 

problem  
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  (1.2) 

Motivated by the above-mentioned works, in this paper 
we consider the optimality conditions for the following 
discrete optimal control problem: 
minimize  
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 (1.3) 

where    , , : 0, , : 0, ,n n mR x N R u N R    

  ,1,0: RRRNg mn 

  nmn RRRNf 1,0:  

 and ( , , ), ( , , )g k y r f k y r  has continuous partial 

derivatives with respect to the components of the vector 

variables y and r for all  1,0  Nk . 

We will use the notation 
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to denote the gradients of g and f with respect to y and with 

respect to r respectively, where  1,2, ,iy i n  is the i-

th component of 
nRy , similar notation is used for jr  

and the superscripts denote the components of the n 
dimensional vector function. 

It is worth mentioning that we obtain the necessary and 
sufficient conditions for all feasible solutions satisfying the 
necessary optimality condition to be optimal solutions of 
the problem (1.3). 

II. THE OPTIMALITY CONDITION OF DISCRETE 

OPTIMAL CONTROL PROBLEMS  

In this section we consider the optimality condition for 
the discrete optimal control problem (1.3). 
Let 

   1 2E :[0, ] ,E :[0, ] ,n mx x N R u u N R   

 

be equipped with the norm 
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 , 

where  is some norm on 
nR  and 

mR . 

We denote by F  the set of feasible solutions of the 

discrete optimal control problem (1.3),  i.e., 

             1 2, , , , 1 , ( ) , 0, 1 , 0 ,F x u x E u E x k f k x k u k k N x x N           . 

 

Lemma 2.1 Let   nRN ,0: . If  
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where ie  is the unit vector of 
nR  in the i-th direction. 

Since     00  Ntt  , we get from (2.1) with   

replaced by t  that  

  0i

T et
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Since this is true for each i , ni 1 ,we have 
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As  2,0  Nt  is arbitrary, we get 
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         01
1

0






N

k

TT kkkk   

for all   nRN ,0:  with     00  N , then  

     2,0,  Nkkk  . 

Proof. Using the summation by parts formula 

            1
1

0

0

1

0

 








kvkukvkukvku
N

k

TNT
N

k

T
(2.2) 

on the second term under the sum we obtain 
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for all   nRN ,0:  with     00  N . 

By Lemma 2.1, we have   

     ,2,0,0  Nkkk   i.e. 

     ,2,0,  Nkkk   
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Definition 2.1    Fux 
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minimum of the discrete optimal control problem (1.3) 

provided there exists 0  such that  uxJuxJ ,, 
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Definition 2.2 Fux 






 

,  is said to be an optimal 

solution of the discrete optimal control problem (1.3) if  

 uxJuxJ ,, 






 

 

 for all   Fux , . 

Lemma 2.3 If Fux 






 

,  is a local minimum of the 

discrete optimal control problem (1.3), then there exists a 

vector function   nRN 


,0:  such that 
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Theorem 2.4 All feasible solutions satisfying (2.3) and 

(2.4) in Lemma 2.3 are optimal solutions of the discrete 

optimal control problem (1.3) if and only if there exists vector 

functions   nnmnmn RRRRRRN ,0:  

and   mnmnmn RRRRRRN ,0: ,  

such that for all   Fuxux 
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Proof.    Assume that Fux 
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Now (2.5) together with (H2), we get 
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uxJuxJ  for all   Fux , . 

Therefore, ˆ ˆ( , )x u is an optimal solution of the optimal 

control problem (1.3). 

  Let all Fux 
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,,ux satisfying (2.3) and (2.4) be optimal 

solutions of the discrete optimal control problem (1.3). 
Then we have to find vector functions 
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  nnmnmn RRRRRRN ,0:  and 
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that (H1) and (H2) are fulfilled. 
Obviously, there exist some vector functions 
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that (H1) is  satisfied. 
Next, we prove there exists a vector function 
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