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Abstract. This note makes a comparative study of multigranulation rough set model and
generalized rough set model. It is pointed out that the pessimistic multigranulation rough set model
(PMGRYS) is a kind of generalized rough set model, it is induced by a reflexive and symmetric
relation on the universe. On the contrary, the optimistic multigranulation rough set model (OMGRS)
is not a generalized rough set model. In other words, OMGRS can not be induced by a binary
relation in general. Furthermore, some mistakes in the existing papers are pointed out.

1 Pessimistic multigranulation rough sets

Rough set theory, proposed by Pawlak [1], is a well-established mechanism for dealing with
vagueness and uncertainty in data analysis. Rough set model is constructed on the basis of an
approximation space (U,R), where U is a non-empty set of objects (also called the universe of

discourse) and R is an equivalence relation imposed upon U . An arbitrary subset of the universe
(or target concept) is approximated by a pair of lower and upper approximations constructed by the
equivalence classes associated with the equivalence relation R. The concepts of upper and lower
approximations in rough set theory allow us to discover the knowledge hidden in information
systems and express it in the form of decision rules.

In Pawlaks rough set model, equivalence relation is a key and primitive notion. The equivalence
classes are building blocks for constructing the lower and upper approximations. This equivalence
relation, however, seems to be a very stringent condition that may limit the application domain of
the rough set model. To solve this problem, Pawlak’s rough set model has been generalized to
arbitrary binary relation based rough set model, covering based rough set model, fuzzy rough set
model, etc, to meet the needs of some real application problems. Yao [2] proposed generalized
rough set model and investigated the constructive and algebraic approaches in the study of rough
sets. In the constructive approach, one starts from a binary relation on the universe and defines a
pair of lower and upper approximation operators using the binary relation. In the algebraic approach,
one defines a pair of dual approximation operators and states axioms that must be satisfied by the
operators. The axioms of approximation operators guarantee the existence of certain types of binary
relations producing the same operators.

Definition 1 [1] Let U be a finite universe and R an equivalence relation on U. The pair
(U,R) is referred to as a Pawlak approximation space. For any X c U, the lower approximation

R(X) and the upper approximations R(X) of X are defined by
R(X)={xeVU;[x], = X} 1)
R(X) ={x eU;[x], " X = 2} 2)
where [x], ={y €U;(x,y) € R} is the equivalence class with respect to R which containing x.
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Definition 2 [2] Let U be a finite universe and R a binary relation on U . The pair (U,R)Is
referred to as a generalized approximation space. For any X cU, the lower approximation
R(X) and the upper approximations R(X) of X are defined by

R(X)={xeU;R (x) c X} ©)
R(X)={xeU;R (x) " X =2} (4)
where R (x)={yeU;(x,y) eR} is referred to as the successor neighborhood of xwith respect
toR.
In this definition, forany X c U, we have
~R(~ X)=~{xeU;R (X)n(~ X) 2T} ={xeU;R (X)X =2}=R(X)
where ~X =U-X is the complement of X . Thus, R and R are dual to each other.
Additionally, if R is an equivalence relation, then R (x)=[x].. Thus, Definition 2 is a

generalization of Definition 1.
Theorem 1 [2] Suppose U is a non-empty set andL,H :P(U) — P(U) are dual unary operators,

i.e., L(X)=~H(~X) for each X cU . There exists a binary relation R on U such that
L(X)=R(X) and H(X)=R(X) forall X cU,ifandonlyif L and H satisfy the properties:

(L1): LU)=U,  (L2): L(XAY)=L(X)NL({Y);

(H1): H@)=2, (H2): H(XUY)=H(X)UH().

Additionally, there exists a transitive relation R on U such that L(X)=R(X) and
H(X)=R(X) forallX cU, ifand onlyif L and H satisfy (L1),(L2),(H1),(H2) and

(L3): LX) L(L(X)),  (H3): H(H(X)) cH(X).

In this Theorem, L and H are referred to as approximation operators induced by R .

Knowledge representation in the rough set model is realized via information systems. An
information system is an ordered triple S=(U,AT,f), where U is a finite non-empty set of

objects, AT is a finite non-empty set of attributes, f ={f;ae AT} and f :U —>V_ for any
ae AT with V, being the domain of an attribute a. For any Pc AT, P determines an

indiscernibility relation P on U as follows:
P={(x,y)eU’;vaeP(f,(x) = f,(y))} ()
Clearly, Pis an equivalence relation. We denote by[x]. the equivalence class containing x.

In view of granular computing, an equivalence relation on the universe can be regarded as a
granulation. The set of related equivalence classes forms a granulation space. It can thus be
concluded that Pawlak’s rough set model is based on a single granulation [3]. Qian and Liang
extended Pawlak’s single granulation rough set model to a multigranulation rough set by using
multi-equivalence relations. The optimistic multigranulation rough set model and the pessimistic
multigranulation rough set model are presented [4, 5]. Recently, more attentions have been paid to
multigranulation rough sets [6, 7, 8, 9, 10].

Definition 3 [4] Let S=(U,AT,f) be an information system, A,---,A < AT, X cU. The

pessimistic lower approximation ZLA"(X) and the pessimistic upper approximation

> " A’(X) of Xwithrespectto A,---,A are defined by
2o A (X)={xeU;[x], = X A alX]l, =X}
LA == YA EX)
The ordered pair (3" A’(X),Y." A’(X))is called the pessimistic multigranulation rough sets of
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X . Here, the word pessimistic means that all granular structures are needed to satisfy with the
inclusion condition between an equivalence class and a target concept when multiple granular
structures are available.

We have the following properties of pessimistic multigranulation rough sets:

1) ZLAW=U=3"AWU).

@ 2 AN@=0=3"ANO)

(3) X AX) XD A(X).

(4) X cYimpliesthat > " A*(X)c D" A'(v)and > " A"(X) <= D" A'(Y).
(6) L A)=NLAX) X7 A (X) = UL AX).
(6) 2L A LX) =N AKX DAL X) =V ATX).

We consider the connections between pessimistic multigranulation rough sets and generalized
rough sets. Let S=(U,AT,f) be an information system, A, A cAT . We

denote A={A,---, A }and define binary relation R, on U as follows:

R, ={(% y);Fi((x,y) € A)} ©6)

e., (x,y)eR, if and only if there exists i such that f (x)=f (y) for each aeA. Clearly,
R, is a reflexive and symmetric relationon U .

Theorem 2 Let S=(U,AT,f) be an information system, A,---,A < AT ,A={A,---,A}. For
any XcU,

1) 2LA(X)=R,(X).

2 27 AT ) =R, (X).
Proof. (1) For each xeU, we have R, (x)=[x], U---U[x], . In fact, for anyyeR, (x), it

follows that (x,y)eR, and thus there exists i such that (x,y)e,ai . Therefore,
yelx]ly clxly v --Ulx], . Conversely, if ye[x], u---U[x], , then there exists i such that

y €[x], and hence (x,y)eg,i.e., (x,y)eR, and yeR, (X).

For any X cU, yeU, we have yez A’ (X)if and only if [y], < X A---aly]l, <X if and
only if [y], w--ulyl, X if and only if R,(x)c X if and only if y € R, (X). Thus
Z. (A’ (X) =R, (X) as required.

(2)Forany X c U, by the duality of lower and upper approximation operators, we have

DA () = 2 A = X) =~ Ry(~ X) =R, (X).

This theorem shows that pessimistic multigranulation rough set model is a kind of generalized
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rough set model in the sense of Definition 1. It is induced by the binary relation R, .

Example 1 Suppose that S=(U,AT,f) is an information system, where
U ={e,e,,-,e,}, L, P < AT determine indiscernibility relations L, Pon U. The partitions induced

by LandPare as follows L ={{e,.e,}.{e, e, ¢,,e,¢e.}.{e.}} P ={{e,,e,}.{e,.e,,e.}.{e,.€,,e,}}. Let
A={L,P}. A induces binary relation R,.According to (6), the successor neighborhood of xeU
with respectto R, are as follows:

Ra(e)={e,.&,6}, Ry(&)={e e, 6,8, 6,6} R,(e)=R,(e)=R,(&)={e, 6, 6,6},
R (e) {62' 37 4 5' 7’ 8} R (e) { eG’e7’e8}’ RAS(EB):{eG e7’ 8}
Let X ={e,,e,,e,}. By direct computation, we have

2LA =R (X)={g} 2L A QLA (X)) =R (R(X)=2.

Additionally, we notice that X e P, 3" AP(X)=R,(X)=U.Thus, 3" A"(X)=X = 3" A’(X).

This example shows that, in pessimistic multigranulation rough set model,

YIAX) =" A A (x)and YT Ap(z LA (X)) = > A’(x)do not hold in general. Thus,

(6PMH), (9PML) and (9PMH) in [6] (Page 105) and Proposition 2(3) in [9] (Page 83) are not
correct.

In this example, (e,e,)eR,, (e,,6;,)eR, and (e,e;)R,. It shows that R, is not transitive

in general. Therefore, it is also concluded that, by the axiomatic approach presented in [2] (Theorem
6, Page 31), the idempotency of pessimistic multigranulation rough approximation operators does
not hold in general.

2 Optimistic multigranulation rough sets
In this section, we consider optimistic multigranulation rough set model.
Definition 4 [5] Let S=(U,AT,f) be an information system, A,---,A < AT, X cU. The

optimistic lower approximation Zml A’(X) and the optimistic upper approximation ZL'A\O(X)
of X with respectto A,---, A, are defined by
YA X)) ={xeUilx, € X vvix, =X}

SIAC) = X0 ACX)
The ordered pair (ZLN(X),ZLA"(X)) is referred to as the optimistic MGRS. Here, the word

optimistic means that only one granular structure is needed to satisfy with the inclusion condition
between an equivalence class and a target concept when multiple granular structures are available in
problem processing.

Let S=(,AT,f) be an information system, A,---,A < AT. Forany X,Y cU, we have the
following properties of pessimistic multigranulation rough sets [5]:

D 2LAW=U=3"AU
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2 2L A@=0=3A®).

©)

M

A0S XS AX).

(4) X cYimpliesthat >" A(X)cz A(vyand D" AN(X) S DT A(Y).

G) 2LAX) —U_lA(X) DA (X)—ﬂ_lA(X)

6) LLACLAC)=2IAXK) XA A= A X).

Example 2 We consider the information system S=(U,AT,f) given in Example 1.
LetX ={e,e,,e,}, Y ={e,.e,,e}. By direct computation, we have

ZLAO(X):{e1'e7 es} Z,lA. (Y)= {ee* 8}’
2ZLAXAY) =27 Ade e ={e}

It follows that D" A’(X)nY" A'(Y)= D" A(X AY).

This example shows that the optimistic lower approximation operator »'" A’ does not preserve
set intersection in general. By Theorem 1, there may not necessarily exist a binary relation Ron U
such that Y " A’(X)=R(X)and " A(X) - R(X) for each X cU. In other words, the optimistic

multigranulation approximation operators can not be induced by a binary relation in general.

Zhang [10] proposed an algebraic approach for the rough approximation operators in the multiple
approximation spaces. Four kinds of constructive methods of rough approximation operators from
existing rough sets are established, and some important properties are investigated.

Let U be a nonempty set, apr” and apr. some mappings from P(U) to PU), i=1--,n.
Four pairs of new mappings from PU) to P(U) as defined follows: forany X cU,

(1) (U, N)-type operators:

") =Aapr (X).

l_I n

apr " (X) = oyapr” (x), apr,.

(u r\)

(2) (N, U)-type operators:

i <i<n — (i)
(X) =p,apr?(X), aprtw)(X) ulapr (X).

l_l n

(ﬁ)

(3) (N, N)-type operators:

l_l n

T (X)=~apr”(x), a " (X) =AM apre (x

(4) (U, U)-type operators:

1<i<n

(x)=lapr” (X), apr, ) (X)=Ul,apr (X).

l_l n

oo
Let S=(U,AT,f) be an information system, A,--,A c AT.It is noticed that [10], if apr"”

and a_prm are the lower and upper approximation operators induced by equivalence relation E :
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that is apr”(X)= A(X) and apr (X)=A(X) for each X cU. Then we conclude that (N,
U)-type operators is a kind of pessimistic multigranulation rough approximation operator. Thus, it
can be induced by a reflexive and symmetric binary relation on the universe. In other words, it is a
kind of generalized approximation operators. On the other hand, (U, N)-type operator is a kind of
optimistic multigranulation rough approximation operator. It follows that (U, N)-type operator can
not be induced by a binary relation on U . As for (N, N)-type operators and (U, U )-type operators,

we noticed that they are not dual to each other. Thus, they are not generalized rough approximation
operators in the sense of Definition 2 .

3 Conclusion

This note makes a comparative study of multigranulation rough set and generalized rough set
induced by binary relations. It is pointed out that the pessimistic multigranulation rough set model
(PMGRYS) is a kind of generalized rough set model induced by a reflexive and symmetric relation.
On the contrary, the optimistic multigranulation rough set model (OMGRS) is not a generalized
rough set model. It can not be induced by a binary relation in general. Furthermore, some mistakes
in the existing papers are pointed out.
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