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Abstract. This paper combines the advantages of the finite element method and lumped parameters
to build the dynamic model of gear system. The gear is regarded as concentrated mass while the
axis is considered as an elastic beam element and the quality of the bearing unit is ignored. Each
element is assembled by finite element method to establish full dynamic model. Compared with the
method of calculating dynamic response of gear transmission system by finite element software,
this method has high computational efficiency. In this way, it is convenient to do the subsequent
dynamic analysis.

1 Introduction

At present, many people have studied the meshing dynamic model of single stage gear pair. The
dynamic model of single gear pair simplifies the gear system and cancels the detailed modeling of
shaft and bearing. In this way, they can only get very little dynamic information and can hardly get
all the characteristics of gear system dynamics [1]. Most of the gear dynamic models are relevant to
the reducer. However, the research on the transmission with many shifts and multiple gears is less.
Based on the generalized finite element method, the dynamic model of the universal parallel shaft
gear transmission system is given by passage [2]. But it only gives out one example of single stage
gear pair. As for the transmission system with three axles, it is made up of multistage gear pair and
many shifts which can be chosen. So its structure is quite different from the ordinary reducer. This
paper gives out a description of the modeling process of a three axis transmission.

2 Dynamic modeling method for the main parts of the transmission

This chapter takes an AMT of a pure electric bus as the research object. This transmission has
three axles and its basic structure is shown in Figure 1. Gear transmission system contains 4 gear
pairs and achieves 4 shifts. The basic parameters and speed ratios are shown in Table 1.

In order to simplify the modeling steps, we only consider the main factors of gear system and
ignore the factors that have little influence on the gear dynamic characteristics. We make the
following assumptions about the gear system.

(1) The gear is regarded as the concentrated mass and its mass is concentrated in the center of
mass. The interaction between gears is simplified to a spring of which the stiffness is variable.
Stiffness of spring equals to time-varying meshing stiffness of gear pair Ignore the backlash and
friction of the gears. The influences of error and meshing impact are not considered.

(2)Each axle is dispersed and simplified as a beam element.

(3)The mass of bearing is not considered. The bearing is simplified as a spring of three directions
which has two radial stiffness and an axial stiffness. Ignore the angle stiffness and coupling stiffness
of the bearing.

(4)Ignore the effects of gravity on gears, bearings, shafts and other components.

(5)Ignore the effect of gear pairs which are not involved in the transmission of power within the
transmission.
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Fig.1. Basic Structure of the AMT
Table 1 Gear Parameters of the Transmission

Tooth Tooth Tooth
Number of ~ Number of  Number of Tooth
Shifts Constant Constant  Driven Gear Number of  Speed Ratio
Mesh Mesh on Output
Driving Driven Gear Intermediat Shaft
Gear e Shaft
1 19 47 4.432
2 24 43 29 39 241
3 38 31 1.462
4 - - - - 1
R Reverse the motor to get reverse gear

Three shaft transmission system is mainly composed of an input shaft, intermediate shaft and
output shaft, gears, bearings and gear box. Mass of the gear system distributes continuously, so its
dynamic model is difficult to be built. Each axle should be dispersed and simplified as a beam
element to build the dynamic model. The gear is regarded as concentrated mass and we use lumped
mass method to build the dynamic model of the gear pairs. Finally, the stiffness, mass and damping
matrix of each dynamic equation are assembled according to the finite element method. In this way,
we get the dynamic model of the whole gear transmission system except the gearbox. The gear
transmission system is transformed from a continuum and infinite degree of freedom to a finite
degree of freedom which is easy to be modeled, solved and analyzed. Figure 2 shows the basic
structure of the transmission gear system after discretization. The actual discretization scheme, the
number of nodes and units are determined by the actual structure and calculation accuracy
requirements of the gear transmission system.

Elastic Axis Element
Cutput

nput ik -

Bearing Element

Gear Meshing Element

Fig.2. Discrete Model of Gear Transmission System

2.1 Dynamic modeling of gear meshing unit
In order to establish the dynamic model of gear meshing unit, we should analyze the force of the
gear meshing process first. Figure 3 is the schematic diagram of force analysis of helical gears.
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Fig.3. Schematic Diagram of Force Analysis of Helical Gears
Ignore the friction on the surfaces of gear pairs. Due to the normal pressure anglea, of gear

tooth surface and the helix angle # when the driving gear is subjected to a torque of magnitude T

there will be a normal force F, perpendicular to the tooth surface in the meshing plane which is
tangent to the base cylinder. /, can be divided into radial force F. , axial force F, and
circumferential force = . The relationship between the three forces and normal force F, is shown in
Figure 3. The relationship between radial force, axial force and circumferential force is,

2T
F="- 1
= ®
F - F tana, @
cos
F,=Ftanp (3)
— Ft
" cosa, cos 3 4)

According to the force characteristics of helical gear pair, we project the normal force of the
helical gear pair into three directions of the space coordinate system and get the force in the X

direction F, sin fcose, (axial force),the force in the Y direction F, cos fcose, (circumferential
force) and the force in the Z direction
F sina, (radial force).

For the general three shaft transmission, the phase angle between mutually engaged gear pairs is
fixed because the three axes are arranged in the same plane. In the modeling process, if we choose a
suitable global coordinate system, we can ignore the influence of phase angle. The driving gear and
driven gear are regarded as concentrated mass respectively to analyze the six degrees of freedom of
each gear. According to Newton's second law, the dynamic equations of meshing gear pair can be
listed as below,

myX, +(k,0 +¢,0)sin Bcose, =0
m, ¥, +(k,J +¢,0)cos B, cosa, =0
m, ¥, + (K, +c,0)sina, =0
1,50, + (K, 8 +C,0) 1,c08 Bcosa, =0
o, + (K, 0 +C, O)rsin Bcosa =0
sz/p (k,0+cC 5)r sina, =0

—(k 5 +c,0)sin fcosa, =0
M, Vg —(k, 6 +¢,5)cos B, cosa, =0
m yg (k, 6+c, o)sina, =0
o0, — (K8 +c,0)r,cos Beosa, =0
N (ko +c 5)" sin fcosa =0
| gWy + (K +Cp0) 1, sina, =0

(5)
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In the type(5): M, is the mass of the driving gear, M, is the mass of the driven gear I,,,1,,,1,

are the inertia of driving gear around the X, Y, Z axis |4, I, , | are the inertia of driven gear around
the X, Y, Z axis Kk is the meshing stiffness of gear pairs along the normal plane. c, is the damping

coefficient of gear pair along the normal plane r,and I, are the pitch radius of driving gear and
driven gear o stands for projection of the vibration displacement of each direction in the gear
meshing line.
Deformation of driving gear and driven gear along the meshing line direction is
5=Vq (6)

In the type(6): q={Xp,yp,zp,Op,gop,t//p,Xg,yg,zg,eg,gog,wg}T It represents the displacement

column vector when the driving gear and driven gear are engaged. O oy represent the axial
displacement of X, Y, Z, respectively. V is the projection matrix of the vibration displacement of
each direction in the gear meshing line. It can be obtained from the force analysis of helical gear.
Formula for calculating damping coefficient matrix C, of gear pair is

_ 2
" /@m, +1/m,) ()

In the type(7):k,, is the average meshing stiffness. ¢ is the damping ratio. Generally, its range is
0.03-0.17, this article takes 0.1.
2.2 Dynamic modeling of bearing element

In order to simplify the calculation, we do not consider the variation of the stiffness with the load
in the gear system dynamic analysis. Based on the estimated values in the existing article [3], the
radial stiffness and axial stiffness of bearings are considered as constants. The mass of bearing is
generally small. For the bearings which are directly connected with the gearbox in the three shaft
transmission, one end of the outer ring of the bearing unit is regarded as fixed. At this point, the
bearing dynamic equation can be expressed by the type(8):.

k

XX

C

=F, (8)

o
| T N <« X

0|lw

In the type(8): K, is the axial stiffness of bearing K,, andk,, is the radial stiffness of bearing F,is

the force acting on the bearing [x y z 6 ¢ a//]T is translational and torsional deformation of

six directions of bearing.

In the three shaft transmission, input shaft and output shaft are connected by bearing. The inner
and outer rings of the bearing are respectively connected with the input shaft and the output shaft.
The processing method of the stiffness matrix and the processing method of the bearing connected
to gearbox are different. The deformation depends on the difference between the displacement and
rotational displacement at both ends of the bearing node. When we establish the dynamic model of
the bearing between the input shaft and the output shaft, it is necessary to consider the displacement
changes of the bearings at both ends at the same time. The dynamic model of the bearing contains
twelve freedoms. Its formula is
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2.3 Dynamic modeling of elastic shaft element

In order to study the effect of shaft deformation on transmission dynamics characteristics in
transmission dynamics model, the shaft is considered as an elastic body. We use finite element
method to build the shaft model. Figure 4 shows the forces acting on the shaft element. The
coordinates of the nodes on both ends of the shaft unit are respectively represented as
(X, Y1, 20,60, 00,1, %, Y5, 2,,0,,0,,w,] . The axial element is analyzed by using the spatial beam
element theory. In this article, we use the classical Euler-Bernoulli beam element. According to the
related knowledge of elastic mechanics, the stiffness matrix of Euler-Bernoulli beam element can be
deduced. The stiffness matrix and mass matrix of Euler-Bernoulli are deduced in detail and the final
results are given in article [4]. This article directly applies these results without pushover.

]

Fig.4. Force Sketch of the Elastic Axis
The damping of shaft element is treated by Rayleigh damping. Rayleigh damping is introduced
in detail in article [5]. The formula for Rayleigh damping is

Coart = M o + BK e (10)

In the type(10): @ is the mass ratio coefficient Ais stiffness ratio coefficient. Rayleigh damping

coefficient @and fare mainly related to the damping ratio and the modal frequency of the
structure. Article [6] gives the calculation method of @ and 5.

3 Dynamic modeling of the transmission gear system

According to the dynamic modeling method of each part and referring to the assembly method of
stiffness matrix, damping matrix and mass matrix in finite element method, we can easily get the
overall dynamic equation of gear transmission system.

MX, + CX(t) + K (t)x(t) = F(t) (11)

In the type(11): M is the system mass matrix, C is the Total damping matrix of the
system, K (t) is the total stiffness matrix of the system F(t) is the vector columns of node load.

Gear system dynamics modeling steps are as follows,

(1)Get parameters of the gear system, including shaft parameters, gear parameters, bearing
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parameters, material properties, etc.

(2)Pre-process of the gear system. Discretize the axis. Determine the number of node and
element. Determine the shift to be calculated and the working gear pair. Determine the location of
the gear pair and the bearing.

(3)Calculate the stiffness matrix, damping matrix and mass matrix of shaft element, bearing
element and gear pair;

(4)Determine the working conditions, including input speed and input torque. Get the vector
columns of the node load.

(5)Refer to the finite element method to assemble the stiffness matrix, damping matrix and mass
matrix of each element.

4 Establishment and solution of dynamic equation

The dynamic equation group of gear system is a multidimensional nonlinear differential equation
system with time-varying coefficient matrix. Considering the complexity of dynamic equations, if
we use the analytic method, it is very difficult to solve the equation group. So we use numerical
method to solve the dynamic equations. Common numerical solutions for solving nonlinear
differential equations are Runge-Kutta method, backward Euler method, Newmar-beta
method.These numerical methods have their own advantages and disadvantages.

There is a Runge-Kutta method toolbox in MATLAB software. The algorithm can change the
computation step adaptively, but the convergence speed is slow and the computational resources are
consumed. Variable step size algorithm is not conducive to the calculation results in frequency
domain analysis. The backward Euler method has good stability, fast calculation speed, but low
precision, and needs to reduce the step to make up the problem of low precision. The advantage of
Newmar- beta method is that when the algorithm parameter is reasonable, the calculation result is
unconditionally stable. The results obtained by this algorithm are independent of step length, and
the calculation precision is high. According to the advantages and disadvantages of several
algorithms, taking the specific conditions of the listed dynamic equations into consideration, we use
Newmar- beta method to solve the dynamic equations. The dynamic response of the gear
transmission system is obtained, and the frequency domain response of the bearing unit is obtained
by Fast Fourier Transform (FFT) which transforms the result from time domain to frequency
domain .

The following is a brief introduction of Newmark- beta method.

For the differential equation,

MX+Cx+Kx=F (12)
Taylor expansion of X, at t moment,
X, = X + XAt +@At2 (13)
In the formula above, & e[t t+At].
(&) =(A-2a)% +2aX,. (14)
Use the type(13) and type(14),we can get
1 1 1
;oo L N S ST 15
Xow =7 K =X) =X = (-~ D% (15)
In the same way, Taylor expansion of X and we can get
Xeoa = % +X(S)At (16)
x(é:):(l_ﬁ)xt+ﬂxt+At (17)
Use the type(16) and the type(17),we can get
Xeoar = % + (1_ﬂ)AtXt + A, (18)
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The specific steps of Newmar- beta algorithm are as follows,

(1) ForthegivenX, and X,, use the type(12) to work out X,
X, = M 7 (F— Kx, —CX,) (19)

(@) Determine integral step size At , use the given algorithm parameters o .
(B =05,a>0.25(0.5+ S)*) to work out the integral constant

N N - SN WS S . 7= JP N
Al_aAtz’Az_aAt'AS_aAt'A4_2a LA 2(a 2 A a .

(3) When we calculate t+At, we can deduce the equivalent stiffness matrix by using the
mass matrix M, stiffness matrix K and damping matrix C of the dynamic equation,

K=K+AM +AC (20)
(4) Calculate the payload at the moment t+At,
Fooae = Foae FIAX + A%+ AXIM +[AX + AX + AX]C (21)
(5) Calculate the displacement, velocity and acceleration at the moment t+ At
Xioat = K71E+At (22)
Xiont = Al(Xt+At - Xt) - A% — AX (23)
XH—At = XI + (1_ﬂ)AtXI + :BAtXHAt (24)

We can write programs in accordance with the above steps in the MATLAB software to solve the
dynamical equations and analyze the dynamic response of each position of the gear system. The
FFT function can be called directly in the MATLAB software. So it is easy to transform the result
from time domain response to frequency domain response.

5 Calculation method of each part

5.1 Calculation method of gear pair unit parameters

When the input shaft speed is 1500r /min, according to the basic parameters of gear and the
speed relation in table 2, the time-varying meshing stiffness of the constant meshing gear pair and
the gear pairs of each shift can be calculated. The stiffness matrix of gear pair is calculated
according to the dynamic modeling method of gear meshing unit described by 2.1.

The shape of gears is irregular, and its mass and inertia are very complex to be calculated. Since
we already have a three-dimensional model of the gear transmission system, we can view the
estimated values of inertia and mass of gears in the software by just giving the gear material
attributes in 3D software. The geometric parameters and mass parameters of the constant meshing
gear pair and the gear pair in the third shift obtained from the three-dimensional software are shown
in table 3. According to the parameters in the table, the mass matrix of the two gear pairs working in
the third shift can be calculated. The mass matrix is used to establish the dynamic model of the gear
pairs in the third shift.

Table 2 Geometric Parameters of Transmission Gears

Normal
Helix Width of
Parameters Tooth Module Pressure Helical Modification
Angle Tooth
of Gears Numbers m Angle «, Direction Coefficient
n [mm]
[mm]
Driving
Gear of 24 4 22.5° 25° L 39 0.1989
Constant
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Meshing
Driven Gear
of Constant 43 4 22.5° 25° R 37 -0.162
Meshing
Driving
Gear of 19 4.25 22.5° 19° R 46 0.198
Shift 1
Driven Gear
47 4.25 22.5° 19° L 45 -0.2755
of Shift 1
Driving
Gear of 29 4 22.5° 21° R 40 0.39
Shift 2
Driven Gear
39 4 22.5° 21° L 38.5 0.2137
of Shift 2
Driving
Gear of 38 4 22.5° 22° R 36.5 -0.0364
Shift 3
Driven Gear
31 4 22.5° 22° L 36.5 -0.17
of Shift 3
Table 3 Parameters of Gears in the Third Shift
Pitch Hub Width of Rotary Rotary
Tooth Area Mass
Diameter  Diameter Tooth Inertia 1 Inertia 2
Numbers [m?] [kg]
[m] [m] [m] [kg-m?] [kg-m?]
24 0.096 0.072 0.039 0.003167 0.97690 0.003641  0.007034
43 0.172 0.07 0.037 0.019387 5.67392  0.049562 0.09783
38 0.152 0.072 0.0365 0.014074 4.06347 0.029188  0.057474
31 0.124 0.083 0.0365 0.006666 1.92448 0.010926  0.021424

5.2 Calculation method of shaft unit parameter

Discretize the input shaft, intermediate shaft and output shaft. The discrete gear system model is
shown in Figure 5. The input shaft is divided into 5 segments, the intermediate shaft is divided into
11 segments and the output shaft is divided into 10 segments. The model consists of 32 nodes and
192 degrees of freedom. Torque input is at nodel and torque output is at node 20. Node 2, node 20,
node 22, node 31 is for the bearing. Node 7 and node 8 are used for the input shaft and the output
shaft connecting the inner and outer rings of the bearing. Node 4 and node 30 are used for constant
meshing gear pairs. Node 24 and node 15 are used for the gear pair in the first shift. Node 27 and
node 12 are used for the gear pair in the second shift. Node 29 and node 11 are used for the gear
pair in the third shift.

According to the section 2, we can calculate the geometric parameters of each axis element,
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including the inner diameter of the shaft, outer diameter of the shaft, inertia, polar inertia and
sectional area. According to the geometric parameters of shaft and the calculation method of the
shaft elements in 2.3 section, we can obtain the mass matrix, stiffness matrix and damping matrix of
the shaft.

N
Ml — .
5= 1wl

Fig.5. Discrete Model of the Shaft Segments

THHR

5.3 Calculation method of the bearing unit parameter

Table 4 gives the detailed parameters of each bearing. Bearing 1 is for the input shaft. Bearing 2
and bearing 3 are for the intermediate shaft. Bearing 4 is for the output shaft. Bearing 5 is used for
connecting the input shaft and the output shaft. According to the parameters in Table 4 and the
calculation method of bearing stiffness in the second chapter, we can get the axial stiffness and
radial stiffness of the shaft element. Then, we can list the stiffness matrix of the bearing. In order to
simplify the calculation, the bearing stiffness is not considered with the change of load. According
to the estimated stress condition of the bearing seat, the axial stiffness and radial stiffness of the
bearing are selected.

Table 4 the Parameter of the Bearings
Contact Length of

Bearing Bearing Designation Numbers of Rolling Elements ) Contact Angle
Rolling Elements

1 NUP314R 13 22
2 32209JR-1 18 15.8 15°
3 32209JR-1 18 15.8 15°
4 NUP314R 13 22
5 15 18

6 Conclusion

The finite element method and the lumped parameter method are used to establish the dynamic
model of the bearing, the dynamic model of the shaft element and the meshing dynamic model of
the gear pair. Based on the idea of finite element modeling, the mass matrix, stiffness matrix and
damping matrix of the equations of the three models are assembled. The dynamic equations of the
gear system in the third shift are established and solved.
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