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In this paper, the author studies an inverse two-phase Stefan problem obtained from a one-dimensional
model of ice melting. This problem can be reduced to solve two hot-conduction equations. One is
posed, so we can use the difference approximation method to solve it. The other is ill-posed. We first
need to translate it into an integral equation, then use Tikhonov's method to regularize the integral
equation.
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1.Introduction

Problems with free boundaries concern a large number of physical phenomena of which
many can be encountered in thermal industrial processes, such as casting, welding,
purification by metal beams or laser machining by beams. In this paper, we consider an
inverse two-phase Stefan problem which is from the following model.

The melting of a thin block of ice occupying an interval b < x < L is described by the
one-dimensional two-phase Stefan problem

ot Ox?

U, _ 2 o’u,

ot 2 ox? i, s <x<Lt>0
along with boundary conditions

U, (s(t), t) =u,(s(t),t) =0 (3)
au,

1 au,
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in 0<x<s(t),t>0 €h)
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u, (0,t) =v(t) t>0, (5)

ou,
2 (L) =0
and initial data

s(0)=b, O0<b<L,

u,(x,0)=u’(x), 0<x<b,

u,(x,0) =u3(x), b<x<L, @

in which 2 represent the state functions of process and S the position of free

boundary, a,8,, 4,4, are positive constants and & #a,h* 4 .

Given the initial distributions ulo, ugwith compatible conditions
0 o
u(b) = () =0, 32D =" @
the so-called inverse Stefan problem is to find, for a prescribed interface S ,a time
dependent function V such that the problem (1)-(8) has continuous solutions
U,u,on0 < x < s(t),t >0ands(t) < X < L,t >0 respectively.

We have a lot of numerical methods to solve the inverse one-phase Stefan problem .In
paper[2],the problem is reduced to a system of integral equation. Jochum considers the
inverse Stefan problem as a problem of nonlinear approximation theory(see[3,4]).In
paper[5],the author use Adomian decomposition method to solve this problem .In
paper[6],for solution of one phase two-dimensional problems, authors use a complete
family of solutions to the heat equation to minimize the maximal defect in the initial-
boundary data.

There are few numerical methods to solve the inverse two-phase Stefan problem. So
the purpose of this paper is to construct a numerical method to the inverse two-phase
Stefan problem. The problem (1) - (8) can be reduced to solve two heat-conduction

u,,u

equations.
2
%: Za—uzl, O<x<s(),t>0
ot OX
u,(x,0)=u’(x), 0<x<b=s(0)>0
u, (0,t) = v(t), t>0
u, (s(t),t) =0, t>0
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2

%:azz%, s(t)<x<Lt>0

u,(x,0) = u3 (x), b<x<L,

Mz (| ty=0, t>0

OX
u, (s(t), t) -0, t>0 w0
s'(t) = 21 . (s(t),t)+ ﬂz X (s(t),t), t>0.

(11)

2.Main Calculation Process

We first need to translate Eq. (11) into an integral equation, Then the inverse problem (9)-
(11) can be translated to an integral equation problem.
Let G(x,6:¢,7) =E(x—&,a/(t-7) —E(x+&,a/(t 7)),
G(xt;&,7)=E(x=&,a(t - 7))+ E(x+&,a/ (t - 7))..

InO<e<r<t—7,0<&<s(r) mtegratlng Green identical equation, the following

equation can be obtained. —( aul 6G
Jds 0¢ 05

let & — 0.Through a simple calculation, it is rewritten as

0, (1) = [Gx.t:£,0ul (£)dé +af j;v(r)%(x,t;o,r)dr

)—i(Gu1)=0, And then
or

+ afj;g_?(s(r)’f)c;(x’t;S(T)’T)dT O<x<s(),0<t<T (12)

Eq. (12) about X derivation on both ends, and let x — s(t) — 0.1t can be rewritten
as

a; [[V(r)G.(s(0.£0.7)d7 = 1 a0 - [ W (AB(0.L:£0)d

—a? j;wl(t)%(s(t),t; s(z),r)dr

Let

(13)
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K (t,7) =G, (s(t),t;0,7),

00 = - -1 )~ [ (©6(s0). 5008

2t oG .
-a [ () (50 ts(r), 7]
So Eg. (13) can be written as
jo K (t,7)v(z)d7 = g(t) ”

In order to solve the inverse problem (9)-(11), we just need to work out V(t) from the
above integral equation.

Eg. (14) is a Volterra integral equation of first kind. Solving this kind equation is an
ill-posed problem. So we need to use Tikhonov's method to regularize the integral equation.

~ K(t 0 t<T
LetK(t,7) = (o), O<r<t<
0, O<t<z<T
Defining J is an integral operator form L, (0,T) to L,(0,T).
W(t) = j; K (t, /)v(z)d 7, where v(t) € L,(0,T).

Therefore Eq. (14) can be written as: Jv(t) = g(t).
Assuming ‘g‘s - g(t)‘ < 0, s0 Eq.(14)can be translate to the following equation:
) M0 _ 190
aov, +JJv, =JG°, (15)
Where « is a given constant. J' is an adjoint operator of J .
T ~
Jv(t) = jo K(t,7)v(r)dz, where v(t) € L, (0,T).
In this calculation, the operator of regularization solution and the regularization
solutionare R, = (al +JJ)™*J', v0 =R §° = (ad +JJ)JG°.
Regularization equation is

T pE — T _
av(t) + [ [T K(£DK(E )u(r)dwdé = [ K(z,t)g(r)de .
This equation is a posed Volterra integral equation of second kind. From this equation,

the approximate solution of V(t) can be solved asV? (t) . This problem is posed. In order

to solve Eq. (16), we translate the double integral equation to a repeated integral equation.
It can be rewritten as:
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av(t) + j; K, (t, 7)v(z)d 7 + L 'K, (t,2)V(z)d7 = g,(t) -

Then divide the interval [0, T].t, =KkAt, k =0,1,2,..., N. To apply the left
rectangle formula to Eq. (17), then the following equation can be obtained.

k-1 N-1
av + Y KOvAt+ > KAvAat=g?, k=012...,N-1,

. :(j)=0 j=k+1
since K (t,7) = G(s(t),t;0,7) , s0
= 1 s*(t,)
Kt t;)= 37 P [——— ]
et 2a,\Jar(t —t,) ol 4a; (t, —t;)
1 s*(t,)

- 57 EXP—"—
saar () a1

Kot = [ RELRELAE = D RE IR E)A =K

i=k+1

K,ty) = [ KERIRE)IE > DR AIKE)A = K

i=j+1

T —
The right rectangle formula for g, (t,) = J.t K(z,t,)3(z)d 7, we can obtain
k

N _
g = Z K(t,t)gAt,

i=k+1
By discretization

50 = 5z (1= - [ WEB60.L 0z

RARICECOREORIE

0, is obtained as
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0 = [0 207 - S 2656, 4,2, 0D
~a2$ @G, (st 5(t,).,)A7]
Where p =%,Zi = JAZ.
SN C OB
aft, P
SN CORED
i

Gx(s(ti)1ti’s(tj)!tj) =

G(s(t).t,2;,0) = 5

(s(t) = s(t,))’
46‘12 (ti _tj)

s(t;) - s(t;)
B 2a12(ti _tj)

xp[ I( )

1
ZQJEG—H)E
1 . [_(S(ti)"'s(tj))z](_S(ti)+S(tj)
Zaim)(p 4al(t; —t;) 2a’(t, -t,)

Here we seek the value of U, .Since the value of V(t) is obtained so from Eq. (12) the

value of U; can be obtained. In order to obtain the discrete value of U, , we make a section
of the rectangular area A={(X,t)|0 <X<L,0<t<T} From Eq. (9), we can obtain

. b
the original value of U, is ul(xj ,0) = uf(xj), j=12,....n= {A—} The boundary
X

value ofu, is u,(0,t,) =v(t,), u,(s(t,),t,) =0, k=012, ..., N.
When (X;,t,) € C ={(X,t)|0 <X<5s(t),0<t<T}, the left rectangle formula is
applied to Eq. (12).The following result can be obtained

n k k
0 = A GG + a2atYy, _aig G 1+ a?AtY GG
i=0 1=0 1=0

Where 0 =u’(&) G;-(”iI=G(Xj,tk;Cfi,T|) , G =G(x;,4;s(t).7)

1,8

iné :Ggy(xj,tk;O,rl) i=01 ..,n, 1=01 .., k.So TX is the difference
o& !

approximation of U, (X;,t,).
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