
Copyright © 2017, the Authors. Published by Atlantis Press.
This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

 

 

The numerical solution of an inverse two-phase stefan problem 

Ting-Ting Li1,* He Yin2,* and Quan-Gang Wen2 

1 Public Foundation Center, Zhuhai College of Jilin University Zhuhai, Guang Dong, China 
2Computer Department, Zhuhai College of Jilin University, Zhuhai, Guang Dong, China 

E-mail: tingtingli1982@126.com, yinhe702@163.com, wen_sir_125@163.com 

*Corresponding author 

In this paper, the author studies an inverse two-phase Stefan problem obtained from a one-dimensional 

model of ice melting. This problem can be reduced to solve two hot-conduction equations. One is 

posed, so we can use the difference approximation method to solve it. The other is ill-posed. We first 

need to translate it into an integral equation, then use Tikhonov's method to regularize the integral 

equation. 
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1.Introduction 

Problems with free boundaries concern a large number of physical phenomena of which 

many can be encountered in thermal industrial processes, such as casting, welding, 

purification by metal beams or laser machining by beams. In this paper, we consider an 

inverse two-phase Stefan problem which is from the following model. 

The melting of a thin block of ice occupying an interval Lxb  is described by the 

one-dimensional two-phase Stefan problem 
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and initial data 
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in which 21,uu represent the state functions of process and s the position of free 

boundary, 2121 ,,, aa
 are positive constants and 2121 ,   aa

. 

Given the initial distributions 
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the so-called inverse Stefan problem is to find, for a prescribed interface s ,a time 

dependent function v such that the problem (1)-(8) has continuous solutions 

21,uu on 0),(0  ttsx and 0,)(  tLxts  respectively. 

We have a lot of numerical methods to solve the inverse one-phase Stefan problem .In 

paper[2],the problem is reduced to a system of integral equation. Jochum considers the 

inverse Stefan problem as a problem of nonlinear approximation theory(see[3,4]).In 

paper[5],the author use Adomian decomposition method to solve this problem .In 

paper[6],for solution of one phase two-dimensional problems, authors use a complete 

family of solutions to the heat equation to minimize the maximal defect in the initial-

boundary data. 

There are few numerical methods to solve the inverse two-phase Stefan problem. So 

the purpose of this paper is to construct a numerical method to the inverse two-phase 

Stefan problem. The problem (1) - (8) can be reduced to solve two heat-conduction 

equations.  
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2.Main Calculation Process 

We first need to translate Eq. (11) into an integral equation, Then the inverse problem (9)-

(11) can be translated to an integral equation problem. 
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Eq. (12) about x derivation on both ends, and let 0)(  tsx .It can be rewritten 

as 
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So Eq. (13) can be written as 
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In order to solve the inverse problem (9)-(11), we just need to work out )(tv from the 

above integral equation. 

Eq. (14) is a Volterra integral equation of first kind. Solving this kind equation is an 

ill-posed problem. So we need to use Tikhonov's method to regularize the integral equation. 
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This equation is a posed Volterra integral equation of second kind. From this equation, 

the approximate solution of )(tv can be solved as )(tv . This problem is posed. In order 

to solve Eq. (16), we translate the double integral equation to a repeated integral equation. 

It can be rewritten as: 
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Here we seek the value of 1u .Since the value of )(tv is obtained so from Eq. (12) the 

value of 1u  can be obtained. In order to obtain the discrete value of 1u , we make a section 
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