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In this paper, we study a special class of constacyclic codes over a non-chain ring. Firstly,
a new Gray map is given. Then we investigate some properties of this class of
constacyclic codes. Finally, we present an example to illustrate the research results.
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1. Introduction

Since 1950s, constacyclic codes have been well studied over finite fields.
Constacyclic codes have rich practical applications and rich algebraic structures
for efficient error detection and correction. Constacyclic codes have been
studied over various finite chain rings. This has motivated the study of
constacyclic codes over non-chain rings.

Recently, the structures and some results of cyclic codes over

F, +VF, (v’ = V) were studied by Zhu et al. in [7]. In [5], optimal p -ary codes
from constacyclic codes over a non-chain ring F, +VF, (V=1 were

investigated. Shi et al. investigated cyclic codes and the weight enumerator of
linear codes over F,+VF,+V*F,(v’=V) in [6]. Mostafanasab and Karimi

studied (1-2u®)-constacyclic codes over F, +UF, +u2Fp (u*=u) in[3]. In[4],
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Raka and Kathuria discussed (1—2u®) -constacyclic codes and quadratic residue
codes over Fp[u]/(u4 —u)(u* =u). Aydin et al. studied some new binary quasi-
cyclic codes from codes over the ring F,+uF,+VF,+uvF,
(u*=v*=0,uv=wu) in [1]. Karadeniz and Yildiz investigated (1+V) -
constacyclic codes over F, +uF, +VF, +uvF, in [2]. As we know, constacyclic

codes over different alphabets form an important class of codes that include
cyclic codes and negacyclic codes as special cases. Following the above trend,

the purpose of the present paper is devoted to studying (1—2v*) -constacyclic

codes over the ring R and their Gray images.
The material of the paper is organized as follows. The next section
introduces some preliminary results on linear codes over the ring R that we need.

In Section 3, we investigate the properties of (1—2v®) -constacyclic codes

over R . In Section 4, to illustrate some results of (1—2v?) -constacyclic codes
over R, we present an example.

2. Preliminary
In this paper, let R=F,[u,v]/{u®-1v’-v,uv—vu), where u? =1,v* =vand
p are odd primes, we study (1—2v?) -constacyclic codes over R . R is a ring of
characteristic p and of size p®. For any positive integer a, if there is an
integer b(0O<b<p) such that ab=1(modp) , we writt b=a™=1/a. It
follows that v’ —v=v(v+1)(v-1). Let y,=Vv,y,=v+1, y,=v-1 and
y,=(V-v)/y, for i=123. Then there exist a,b eR[v] such
that ay, +by, =1 where R =F, +uF, . Let & =by, . Through a direct
calculation, we can obtain R=(1-Vv*)R ®2*'(v* -Vv)R ®27(v* +V)R=2"(1-
u)1-v*)F, @27 (1+u)(1-V*)F, @47 (1-u)(v’ -V)F, @47 (L+u)(v’ -v) @47 (1-u)(v*
+V)F, @47 (1+u)(v’ +V)F,. Denoted by 7,,7,.73,,77,. 75,7, respectively the
following elements of R :

7, =2 A-u)1-V?), 17, =2 @A+u)(L-V?), 77, =4 (L-u)(V* —V),

7, =4 (L+u)(V2 —V), 77, = 47 A-u)(V* +V), 7, = 47 L+ U) (V2 +V).

From a simple calculation, then we have the following direct results: (1) 7,

are non-zero idempotents in R, and nn; =0, if i= j for i, j €{L,2,3,4,5,6};

@ ZG:Ui =1
i=1
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Let o(r,h, ) =(6 4 G ho) 7(G, 0, ) = (1 o 1 o),
o, 1,1 ) =(L-2v*)r, ,, 1,1, ,), and C be a linear code of length n
over R. Then C is said to be cyclic if o(C)=C, negacyclic if »(C)=C and
(1-2v?) -constacyclic  if p(C)=C. The Euclidean inner product of
X=X, X, %) and  y=(Y,, V.- Y,4) in R" is defined as xy=
X Yo + XY, ++X,, Y, ., Where the operation is performed in R. For a code
C over R, it’sdual C* is definedas C* ={xeR|xy=0,Vvy eC}. Recall that
acode C is said to be self-dual if C=C* and self-orthogonal if Cc C*.

For (1—2v?) being unitin R, itis well known that a (1-2v?) -constacyclic
code of length n over R can be identified as an ideal of the quotient ring
R[X]/(x" —(1—2v®)) via the R -module isomorphism ¢:R" — R[x]/(x" —
(1-2v?)), namely (a,,a,,*+,8, ;) F> 8 +aX+---+a, X" (mod(x" —(1-2v?))) .

Expressing elements of R as a+bu+cv+duv+ev® + fuv’ =m+vl +v?q,
where m= a+bu,l =c+du and g=e+ fuare in R, . We define a Gray map
®:R—>R’> by d(a+duv+ev’ + fuv?) = d(m-+vl+v’q) =bu+cv+(-g,2m
+q) = (—e— fu,2a+e+(2b+ f)u). One can verify that @ is a linear map, which
can be extended to R" naturally, as follows: ®(r,r,---,1, )
= (=09, —=0"**» =0, 2My + g, 2M, +0,---, 2, +0, ), Where r=m +vl +
Vg, 0<i<n-1.

The polynomial correspondence of the Gray map can be defined as
@ R[X]/ (X" —(1—2v?)) = R[X]/(x*" =1y given by d(a(x)+b(x)u+c(x)v+
d(X)uv +e(x)v> + f (x)uv?) = d(M(x) +VI(x) +v>q(x)) = —q(x) + X" (2m(x) +q(x)),
where  m(x) =a(X) +b(x)u,I(x) =c(X)+d(X)u and qg(x)=e(x)+ f(x)u in
R [x].

Let C be a linear code of length n over R . For1< j<6, we define
C, ={x; eF, :3x e F, for i ={,2,3,4,5,6}\{ j} such that Zi:nixi eC}. ltis

6
easy to verify that C; are linear codes of length n overF,, C :gr)lnici and
6
C[=11/C.
i=1

3. (1-2v*)—constacyclic codes over F [u,v]/{u?—1,v* —v,uv—vu)

With the notations introduced above, the following proposition and corollary can
be obtained by similar proof as [3], so we omit it here.
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Proposition 3.1 If @ is the Gray map fromR" into R", then ®p = od.

As a consequence of Proposition 3.1, we have the following corollary.
Corollary 3.2 The Gray image of a (1—2v?) -constacyclic code over R of

length n is a cyclic code over R, of length 2n.

Proposition 3.3 Let C be a code of length n over R. Then C is a
(1—2v?) -constacyc-lic code if and only if C* isa (1—2v?) -constacyclic code.

Proof. "=" Note that p(r,,r,---,1, ;) =0, (f.h,, 1) = (A6, 1, 6,
r._,) if Cis A -constacyclic. Let C be a code of length n over R. For
xeC* and yeC. Since C is (1-2v*) -constacyclic, o .(y)eC.

n-1 2 H .

Therefore 0=xp" . (y)=(1-2v )p(lfzvz),l(x)y, i.e. p(HVZ),l(x)y:O, which
means p(Hvz)l(X)eCi. Thus, C* is closed under the P _piy: -Shift. Since
(1-2v*)™*=1-2V*, C"isa (1-2v?) -constacyclic code. " <" Obviously. [

Proposition 3.4 Let C be a code of length n over R such that
C < (R +V?R)". If C is self-orthogonal, then so is ®(C).

Proof. The proof is similar to Proposition 2.4 in [3]. U

Then we have the following theorem.

6
Theorem 3.5 Let C =_<19177ici be a code of length n over R. Then C is a

(1-2v?) -constacyclic code of length n over R if and only if C,,C, are cyclic
and C;,C,,C;,C; are negacyclic codes of length n over F,.

Proof. Note that (1—2v*)p; =7, for 1< j<2, and (1-2v*)y, =-7, for
6

3<k<6. Let r=(r,n,-r,)eC. Then r =) na,a eF,0<i<n-1
t=1

Let a'=(ay,a,,a ,), then a'eC,. Assume that C,C, are cyclic
and C;,C,,C,,C, are negacyclic codes, then o-(a‘)eci,y(aj)ecj,lsisz,

2 . 6 .
3<j<6. Thus p(r)=(AQ-2V°)r k5,1, ,) = > o(@)n + > r(@)n,
i=1 j=3
eC. Hence, C is a (1-2v?®) -constacyclic code over R. For the converse, let

6
a'=(a,a,a,)eC. For r=(r,n,-,1,)eC, let r=>na'0<i<
t=1
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2 6
n—1. Thus p(r) :z:a(ai)?]i +Zy(aj)77j €C, which implies o(@')eC,,

i-1 =3
y(@')eC;1<i<23<j<6. So C,C, are cyclic and C,,C,,C,,C; are
negacyclic. O

Lemma 3.6 Let x"—(@1-2v¥)=g(x)h(x) in R[x] and let C be a
(1—2v?) -constacyclic code generated by g(x). If f(x) is relatively prime with
h(x), then C ={g(x) f (x)).

Proof. The proof is similar to that of Lemma 2 in [1]. U

Theorem 3.7 Let C be a (1—2v?) -constacyclic code of length n over R,

then we have
(1) C =m,0,(X),717,9,(X), 17,95 (X), 7,9, (X), 7595 (X), 77,96 (X)), Where g;(x)
6
are monic and C,=(g;(x)),1<i <6, respectively. Further g(x) = ngi (x) is
i=1

the unique polynomial such that C = (g(x)). Moreover, |C| = p* L0,

(2) Suppose that g;(x)h;(x) =x"-11<j<2 and g, (x)h (x)) =x"+1,
3<k<6.Let h(x) = ini h (x), then g(x)h(x) = x" —(1—2v?);
(3) If ged(f, (x_),hi (x))=1 for 1<i<6, then gcd(f(x),h(x))=1 and

C=(g()F () where ()= 7f,()

i=1
6
4 C'= E_)l’]iciL = <771hlL ()()1772hzL ()()1773}‘]3l ()()1774h4l ()()1775hSL (X)l%hel (x) =
6
(h*(x)), whereh*(x) =>"mh*(x),h"(X) is the reciprocal polynomial of h,(x),
i=1
and h'(x) is the reciprocal polynomial of h(x),1<i<6. Moreover
|CL| _ pZLdemg.(xn,

(5) Let t, denote the number of irreducible factors of x" —1over F, and

t, denote the number of irreducible factors of x" +1 over F,. Then the number
of (1—2v?) -constacyclic codes of length n over R is 416%.

Proof. (1) By Theorem 3.5, C; =(g;(x)) < F,[x]/(x" -1) for 1< j<2,

6
C, =(9.(x)) < F,[x]/{x" +1) for 3<k <6. Since C = gr)lnici, then C ={c(x) |
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() =2, fi00, i) Ch Thus  C < (7,0,(0,77,9, (0, 7,85 (%), 7,8, (),
17595 (X), 759 (X)) = R, = R[X]/ (X" = (1—2v*)). Conversely, suppose f(x)=
Zﬂigi QN (X) € 17,9,(X), 17,9, (X); 7595 (X), 7,94 (X), 17595 (X), 7,96 (X)), where
r(x)eR,, for 1<i<6. There exist & (x),b(x),c (x),d;(x),&(x), f;(x) € F,[X]
such that r; (x) = 7,8, (X) + 72,1, (X) +7,¢, (X) + 17,0, (X) +77:€; (X) + 77, T, (x). Note that
= 1y =01<i= j<6. Then f(x)= i’]igi (x)a (x) €C, thus (7,0,(X),
77,95 (X): 77595 (%), 72,9, (X), 7,95 (X), 77,94 (X)) = C. Hence C =(7,09,(X),7,9,(X),
7,95 (X),77,9, (X), 77595 (X), 7795 (X)).  Since 7,9, (X) =7,9(x), then C=(g(x)).
Clearly |C|=|C,|C,||C,||C,]|Cs]|Co| = penfz‘ildeg(g'(x». This proves (1).

(2) By assumption we have that

900N = g(x)(zmhi(x)J = 2 718,00000 = 2, 0¢ =+ Y, (" +1)

6
=[277in” — (41, =1 =11, =115 = 17) = X" —(L=2V).
i=1
Hence, g(x)h(x) = x" —(1—-2v?).

(3) Suppose that ged(f,(x),h(x))=1 for 1<i<6 and f(x)=26177i f, (x).

Thus there exist a,(x),b (x) e R[X] such that a (x)f,(x)+b (x)h(x)=1. Set

a(x):iniai(x) and b(x):inibi(x). Then we have a(x) f (x)+b(x)h(x) =

ze:m (& (x) f,(x) +b (x)h (x)) =1, which implies gcd( f (x), h(x)) =1. According

i=1
to Lemma 3.6, we have C =(g(x) f (x)).
(4)-(5) can be similarly proved. ]

Similar to Theorem 6 of [4], we have the following theorem.
Theorem 3.8 Let C be a (1-2v?) -constacyclic code of length n over R

6
generated by g(x) :Zryigi(x), where g;(x) € F,[x] are the monic generator

i=1
polynomials of C,. Then the Gray image ®(C) of C is a cyclic subcode of
(9,(X)@(x),0,(X)g,(x)y of length 2n over R, where a@(X)=

9cd (g, (x), 9, (%), 95 (%), 95 (x)) In F,[x].
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In the following, we study (1—2v?) -constacyclic codes over R when n is
odd by introducing the following isomorphism from R, to T,.

Proposition 3.9 Let ¢: R =R[x]/(x" 1) - T, =R[x]/(x" —(1—2v?)) such
that #(c(x)) =c((L-2v*)x). If n isodd, then ¢ is a ring isomorphism from R,
toT,.

Proof. The result follows from @(x"—1)=1—2v*)"x"-1=(1-2v%)
(x" —(1-2v?)) =0. O

According to Proposition 3.9, we obtain the following corollaries.
Corollary 3.10 Let n be an odd number. Then we have: (1) | is an ideal of

R, if and only if (1) is an ideal of T ; () A (1—2v?) -constacyclic code of
length n over R is equivalent to a cyclic code of length n over R by the ring
isomorphism @ .

Let ¢:R"—>R" be defined as ¢(c,,c,C,,)=(C,A-2v")c,
(L-2v*)°c,, -+, (1-2v*)""c,,). In the light of the definition, we have the

following corollary.
Corollary 3.11 C is a cyclic code over R of odd length n if and only if

#(C) isa (1-2v?) -constacyclic code of length n over R .

Proof. "=" Let C be a cyclic code over R of odd length n. Then
5(00,01:‘ ”1Cn-1):(co7 (1—2V2)Cl, (1_2\/2)202’ T (l_zvz)nilcn—l) = (Coa (1_2V2)C11
CZ"“'Cnfl) E&(C)’qz(cnfvCO’Cl""’Cnfz) = (Cn—ll (l—ZVz)CO, (1_2\/2)2(:1’"'1 (l_zvz)nilcnfz) =
(Cnil,(1—2V2)C0,Cl,"',0n72)€¢(C). So p(¢(CO,-”,Cnfl))=p(CO,(1—2V2)Cl,CZ,'”,
a-2v3)c, ,.¢, ) =(@-2v%)c, ,,C,, A—2v2)c,, -, (1—-2V?)c, ,) € #(C). Hence
Eﬁ(C) is a (1—2v?) -constacyclic code of length n over R. "<" We can use
the similar way to prove. O

Definition 3.12 Let 7 be the following permutation on {0,1,---,2n—1} with
n being odd such thatz=@n+)B,n+3)---(2i+L,n+2i+1)---(n—2,2n-2).
The Nechaev permutation is the permutation z defined by 7z(c,,c,, -, C,, )
=(C.i0):Coiyr™* "1 Cogan-ny)-

According to Proposition 2.16 and Corollary 2.17 in [3], we can get the
following similar results.
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Proposition 3.13 Let 5 be defined as above. If 7 is the Nechaev

permutation and n is odd, then we have: (1) dg=D; () If y is the Gray
image of a cyclic code over R , then z(y) is a cyclic code.

4. Examples

In this section, we present an example to illustrate the main results obtained in
previous sections.
Example 4.1 For p=3,n=5/(x*-1) and (x°+1) can be factorized

asx® —1=(x=D(x* +x® + x> +x+1), x> +1= (x+D(x* + 2x% + x* + 2x +1), which
give 4 cyclic codes, 4 negacyclic codes over F, and thus 4°16° (1-2v°) -

4
constacyclic codes over R . Letg,(x) =g,(x)= in and g,(x) = 9,(x) = g5(x)

i=0
=0s(X) =X + 2% + X* + x* +2x+1, then C =(12,0,,7,95,7:95 7,947 95 77U )
is a (L—2v?) -constacyclic code of length 5 over R. C,=(g;(x)), ]=12 are
the repetition codes of length 5 and C, =(g, (X)), k=3,4,56 are negacyclic
6
codes of length 5 over F,. Then g(x)=> 70;(x)=(x*+x°+X* +x+1)+
i=1
(x> +x)v*and (g(x)) isa (1—2v*) -constacyclic code of length 5 overR . C is

2 6 4
equivalent to a cyclic code generated by > 7,9,(X)+ Y 7,9, (-X)=>_X.
=1 k=3 i=0

Further ®(g(x)) = —x* —x+x°>(-x* = x* =x* = x=1+x* +x) = —x* = x" = x* =%
—xand ®(C) is a cyclic subcode of (x* + x>+ x> +x+1Lx® +x® +x* +x* +1) of
length 10 over F, +ukF;.
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