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By adding special conditions, Jean Berstel in 2012 proposed some new codes, for
example: F- prefix codes, F - maximal prefix codes, F - maximal codes etc.. In
this paper, we discuss the properties of F- completeness, F - denseness of those
codes. At first, we present some sufficient and necessary conditions for F - maximal

prefix codes. Then, we show if F - dense and F - thin sets are closed under the
operations of union and the production of two languages.
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1. Introduction

Various kinds of algebraic codes such as prefix codes, comma-free codes, codes with
finite deciphering delay etc. are playing very important role in many fields of science,
for example in computer science, biology, and mathematics. These codes with
specific algebraic properties have been motivated and defined for different purposes
in theory and applications. The study of prefix codes has researched saturation point,
because many scholars from different angles and different aspects to start studying
special prefix codes, for example, infix code, outfix code, maximal prefix code and
so on. In [2], F- prefix code, and F - maximal prefix code are given. Since they
are new codes, in this paper, we are interested in investigating the algebraic
properties of F- prefix code and F- maximal prefix code.
In section three, we will show F-maximal prefix codes through F-

completeness and the F - denseness. Then we construct some F - dense sets
and F - thin sets.

2. Preliminaries

At first, we introduce some basic definitions which will be used later. Let A
be a finite set of symbols, which is called an alphabet. An element a€ A is
called a letter. Any finite sequence of letters in A is called a word. We often
denote a word by X=a,a,---a, where & € A forany i=12,---n. Let
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A" be the set of all words. We can equip A" with an associative operation
called the concatenation of two sequences. If w=aa,---a, and
v=Dbbh,---b, are two words, then the product of them is the word
Z=wW=4aa,...a,bb,---b . The empty sequence is called the empty word,
and denoted by 1. It is the word containing no any letter and it is the neutral
element for the concatenation. So the set A~ is a free monoid generated by A.
Let X=a,,---a,, where @ € A for i=12---n be a word. The number
of letters occur in X is called the length of the word X, which is denoted by
|X| . We let m =0. Then |X| =n forthe formerword X=2a,a,---a,.

For any U,v,we A", U is called a prefix of v if v=uxw for some
X € A", which is denoted by u Sp vV, and w is called a suffix of v,

denotedby W< v Let A" =A" \{1}. Anonempty set X < A" or the set
{1} is called a language. A language X is called a prefix code (or a suffix

code) it ANAX* =@ (or ANX"A=2).

Let X be a set of some words or let X< A*. We call aword X isa
prefix (or suffix) of X if X isa prefix (or suffix) of some word in X The
set X iscalleda prefix-closed (or suffix-closed) set if the prefixes (or suffixes)
of all its words are in X . The set X s called a factorial set if the factors of
all its words are in X . The set X is called a recurrent set if X is a

| uwe X , there exists a word V€ X such that

factorial set and for al
UWeE X et X be a word, we call the right (or left) order of X with
respect to the set X is the number of letters such that xae X

r X
(O axe ) The set X is called a right essential set if X is a

prefix-closed set and every X€ X has right order at least 1. Then we know if
X isa right essential set, then for any X € X and any integer n 21, then
there exists a word V' of length N such that XVeX Theset X is called

a left essential set if X is a suffix-closed set and for all X € X . X has left
order at least 1.

Let FcA and XcF . The set X s called right dense in F , or
simply right F —dense, if for every word in U € F , Uisa prefix of X
The set X s called right complete in F , or simply right F —complete, if

X is right dense in F . Theset X iscalled thin in F,orsimply I:'thin,
if there exists a word UEF such that U is not factorial of X . Let
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PcF be a prefix code. The prefix code P is called maximal in F , or

simply F —maximal, if there exist a prefix code YCF , then Y=P,

The notions mentioned above and other notions which did not mentioned
here can find in [1,2,16,18]. In the following, we cite some results proved in
[1,2].

Lemma 2.1.[2] Let FcA be a set and XcF be a prefix code.
Then the following statements are equivalent.

(i) For every word in U € F there exists awordin WE X sych that U
is a prefix-comparable with W

(ii) The prefix code X is F-maximal.

Lemma 2.2.[2] Let FcA be a factorial set and X CF be a
nonempty set. Then the following statements are equivalent.

(i) For every word in U € F | there existsaword in WE X sych that U
is a prefix-comparable with W

(i) XA" isright F-dense;

(i) X isright F-complete.

Lemma 2.3.[2] Let FcA be a recurrent set and XcF be F-thin.
Then the following statements are equivalent.

(i) X isan F-maximal prefix and suffix (or simply bifix code) code;

(i) X isaleft F- complete prefix code;

(ii" X isa right F- complete suffix code;

(iii) X isan F-maximal prefix code and an F — maximal suffix code.

Lemma 2.4.[1] A maximal code is complete.

* +

Lemma 2.5.[1] Let WE A" be aword and XcA be a maximal code.
Then X WA" N X ;t@_

Lemma 2.6.[1] Let M be a monoid and P.QRcM Cf PUQ is

thin, then P and Q are all thin. If R is dense, and P is thin, then

R\P is dense.
Lemma2.7.][1] Athin and complete code is maximal.

+
Lemma 2.8.[1] Let XcA be a code. If X s complete, then X s
dense or maximal.

Lemma 2.9.[1] If X , Y are prefix codes, then XY isa prefix code. It
is also hold for maximal prefix code.

Lemma 2.10.[1] Let XcA JF X =Y \YA' is a prefix code, then
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XA =YA"
3. F-codes

Proposition 3.1. Let Fc A" and X F be a code. If the following
conditions hold:

(i) For every word in uek , there exists aword in X € X such that U
is a prefix-comparable with X ;
(i) XA" isright F- dense;
(iii) X isan F-maximal prefix code;
then we have the following results:
(i) and (ii) are equivalent;

@)1t X isa prefix code, then (i), (ii) and (iii) are equivalent.
Proof. (1) (i) = (i) Since UEF such that U can be

v,we A such

prefix--comparable with some word X € X 5o there exist
that W=XWeXA" Then U s a prefix of XA . Therefore, by the
definition of right I:'dense, weknow XA" s right F- dense.

(i) = (i) Since XA" s right F-dense, then for every word U€F

we have U is a prefix of XA" 5o there exist V"W E A and X€ X gych
that UV =XW _Thys U can be prefix-comparable with the word X € X |
That is to say, every word in Fois prefix-comparable with some word in X,

2 If X is a prefix code, by lemma 2.1, we know (i) and (iii) are
equivalent. So the condition (i), (ii) and (iii) are equivalent.

Theorem 3.2. Let FcA be a suffix-closed set, and XcF be a code.

Then the following statements are equivalent.

Q) XA" isa right F- dense set;

(i) X isa right F- complete set.

Proof. (i) = (ii) For any word ue F, we want to prove that U is a
prefix of X" since XA" s right I:‘dense, by lemma 3.1, we have every
word in F is prefix-comparable with a word in X . Then there exist W,
W e A"and X € X such that UV=XW' |t U jsa prefixof X,then U is
a prefix of X . Otherwise, X is a prefix of U . So there exists U € A" such
that U=XU" since UEF and F s a suffix-closed set, then U €F
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r< .
u |u| Similarly, we have XA" s right F- dense

because X #1. Then
by proposition 4.1. So every word in Fois prefix-comparable with a word in

X . Therefore, there exist Wi, Wi €A , and X € X such that
!

1, _ ’ *
UW, = XW, Xl, then U is a prefix of X" . Otherwise,

! — Xlu”

1f U'is a prefix of

! " *
X isa prefix of U . Then there exists U = A" such that U . Since

Fois suffix-closed, then U"EA*. Since X has nonempty word, then

14 !

X'#1 Thus . By induction, we know the word U’ is a prefix of

X" so U is a prefix of X" Hence X is right I:—complete.

(i) = (i) Since X s right F-complete, then for any word U € F, we
have U is a prefix of X*, because X C XA" Then U is a prefix of
XA" By the definition of right I:'dense, we know XA” s right F- dense.

Proposition 3.3. Let F SA beasetand X SF be a code. Then the
following statements are equivalent.

Q) X isan F-maximal prefix code;

(i) XA" isright F- dense.

Proof.(i) = (ii) Since X isa F-maximal prefix code, then for any word
ueF\X , U is prefix-comparable with some prefix of some word of X
Otherwise, X U{u} is a prefix code, and X U{U}C F

that X isa F —maximal prefix code. So U is prefix-comparable with some

. This contradicts

prefix of some word of X If there exists WE X , such that Y s
prefix-comparable with W then we consider the following two conditions. If

U jsaprefixof W, then Uisa prefix of XA, This is a contradiction. If W
is a prefix of U, there exists W € A" such that U=WW € XA" g5 U js
a prefix of XA"  From all above, we know Y is a prefix of XA"  Thus for
anyword U € F , U is a prefix of XA , we know XA™ s right F- dense.

(i) = (i) Since XA is right F- dense, then for any ueF\X , Uisa
WWeA g xe X such that
uw = xw'. So U is prefix-comparable with some prefix of some word of X

prefix of XA" Thatis to say, there exist

Therefore X U{u} is not a prefix code, thus X is a F-maximal prefix
code.
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From the above proposition, we have the following corollary.

*

Corollary 3.4. Let FcA be a suffix-closed set, and XcF be a
prefix code with nonempty words. Then the following statements are equivalent.

(i) Every element of F s prefix-comparable with some word of X ;

(i) XA" isright F-dense;

(iii) Xisan F-maximal prefix code;

(iv) X s right I:'complete.

Proposition 3.5. Let FcA be a suffix-closed set, LcF which

+
contains nonempty words, and X =L\LA" Then the following statements
are equivalent.

Q) L is right I:'complete;

(i) X isan F-maximal prefix code.

Proof. (i)= (i) Since FC A s suffixcclosed and L F | and L
has nonempty word, then we know L s right F- complete.

< since LA™ is right I:'dense, then XA" = LA" 5o XA" js right
F- dense. Therefore X isan F-maximal prefix code.

(ii)= (i) Since X is an F- maximal prefix code, then we know
XA" s right F- dense. Then we have XA" =LA" go LA™ js right F-
dense. By proposition 3.2, we know L is right F- complete.

Corollary 3.6. Let FcA be a suffix-closed set, and XcF be a
prefix code. Then the following statements are equivalent.

Q) X s right I:'complete;

(i) X isan F-maximal prefix code.

_ +

Proof. Let L =X sSince X isa prefix code, then X = X/XA . So
it satisfies the conditions in proposition 3.5. Thus (i) is equivalent with (ii).

Proposition 3.7. Let A contain more than two letters and Fc A be a

{uab‘“‘ ‘u IS A+} cF _ _
set. If , and F is a suffix-closed set, then for all

UEF thereexists VEF  suchthat U €F s an unbordered word.
b=A\a} |

Proof. Assume & be the first letter in U, and

u
w = uab" is an unbordered word, and U is a nonempty prefix of W which

. . . . ti=|u
begins as the letter & and & is not the suffix of W. Otherwise | | | |
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u * S =
put t=sab ‘, which S€ A" andt= uab® Therefore we have i |u|

so =W Hence W=UV jsan unbordered word for W€ F .
From the above proposition, we have the following result.

Lt FSA  pe

Corollary  3.8. a suffix-closed set and

{UabuUEAJr}CF. i« XCcF

is an F- maximal code, then

*

Let FcA be

Proposition 3.9. suffix-closed and

uab |u e A*} cF
{ I XcF is an F- maximal code, then X s
I:'complete.
Proof. Since FcA is a  suffix-closed code, then
{uab‘“‘ ue A+}C F
, and XcF is an F- maximal code. So by

corollary 3.8, we know for any W€ F, X'WA N X" %D Then for any
WeF wehave AWA N X" =D 1hys X is F-complete.

Proposition 3.10. Let Fc A be a recurrent set, and P.QRcF CIf
PUQ is F-thin, then I:)’Qis F-thin. 1f R is F-dense and P is
F - thin, then RAP s F- dense.

Proof. C) Since P.Q are F-thin, then there exists M€ F such
that AMA NP =D 5o there exists M€ F such that A*nA*mQ=®.

since F s recurrent, then there existt WEF such that MWNeF
Therefore  AMWA NP =( . and AWNA NQ=C S

A mwnA m(PuQ)=®. Hence MWN s not complete in PUQ .
Hence PUQ is F - thin.
:>)If PUQ is I:'thin, then A mwnA m(PuQ):® for some

meF oAMA NP=C 4 AWA NQ=D 1rereore PQ s

F-thin.1if R is I:'dense, and P is I:'thin, then R\P is not possible
F-thin. suppose R\P is F-thin, then R=(R\P)UP 4 F- thin,

which contradicts R is F-dense.
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Proposition 3.11. Let FcA . Then every finite subset of Fis F-
thin.

Proof. Let XcF and X Dpe a finite set. Let meF , and
|m| > maXﬂX”Xe X}. Then MeF , and A'MA" N X =D Hence X
is - thin.

Proposition 3.12. Let FcA be a recurrent set and X\YcF be
X, Y
X, Y

nonempty sets. If are I:'thin, then XY is F-thin.

are F —thin, then there exists M€ F such that
AmA N X = That is to say, m em’ there exists N€F , and
APA NY =0 . Therefore "€ ﬁﬂ , because F < A" is recurrent.
Then there exists WEF such that MVNEF | pecause mem_

Therefore ~ MWE F(X) . Then  MWNEF Xy - Thus
A*mWnA* N XY = @ . Hence XY is F'thm

Proof. Since

Proposition 3.13. Let Fc A be a suffix-closed set, and XcF be
F-thinand X doesnt contain the empty word.

Q) X isan F-maximal code and a prefix code;

(i) X isan F-maximal prefix code;

(iii) X is aright I:‘complete code.

Then we have (i) = (i) = ().

Proof. (i) = (ii) Since X is an F-maximal code and a prefix code,
and X is I:'thin, then X isan F-maximal prefix code.

(i) = (iii) Since X isan F-maximal prefix code, by proposition 3.3,
we know XA” js right F- dense. Because F < A" s a suffix-closed set,
by proposition 3.2, we know X s right F- complete.

4. Conclusion

After the presentation of the definitions of F- prefix codes, F - pifix codes,
F- dense sets, F- thin sets and I:‘complete sets, we mainly discuss the
equivalent conditions for F - maximal prefix codes. In the future, we are going
to consider the relationship among maximal I:'codes, maximal F - infix
codes, maximal F- comma-free codes and maximal F- prefix codes. We
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want to give some structures of finite F- maximal prefix codes.
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