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Abstract—Stochastic comparison on order statistics has been paid
lots of attention recently. This paper devotes to investigating the
stochastic comparison properties of residual life and inactivity
time at random time. Preserved properties of some stochastic
comparisons on the residual life and inactivity time at random
time of order statistics are established. When the number of
random variables is random, the stochastic comparison results
are presented as well.
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L INTRODUCTION

Order statistics play a central role in statistics and a lot of
work has been done in the literature on different aspects of this
problem. Let Xin < Xom < *** < Xun be the order statistics
corresponding Xi, Xz, >+, Xn, a sample of size N form the
population X. In auction theory, Xi., can be regarded as the i-th
bidding price if the valuations of bidders are independent and
identical (i.i.d.) random variables. In reliability, the i-th order
statistics Xin gives the total life of a (n-i+1)-out-of-n system
with i.i.d. components of life X. In the past decades, much
attention has been paid to investigate the properties of order
statistics. For more details of these properties, readers can refer
to Davia and Nagaraja(2003) for a comprehensive discussion.

Before proceeding to state our main results, we firstly recall
several criteria for comparison random variables and some
notions which will be used in this paper. These criteria widely
used in describing notions of aging in reliability theory. Let X
and Y be two random variables with absolutely continuous
cumulative distribution functions F(X) and G(X), and their
density functions are f(x),g(X), respectively.

Definition 1.1 (a) Y is said to be larger than X in the hazard
rate order (denoted by X <, Y ) if F(X)/ G(X) decreases
in X.

(b) Y is said to be larger than X in the reversed hazard rate
order (denoted by X <, Y )if F(X)/G(X) decreases in x.

(c) Y is said to be larger than X in the likelihood ratio order
(denoted by X <, Y ) if f(X)/g(X) decreases over the
union of the two supports.

For convenience, relations among these orderings are
presented in the following:

X< Y =X S Y = X<, Y

Assume X and Y, two component lifetimes, to be random
variables. The residual life and the inactivity time of the used
components with age t>0 are respectively defined as X=(X-
tX>1), Xy =(t-X|X<t). Series systems and parallel systems are
two familiar reliability structures. In practical situation, one
often meets used system composed of new units. Li and Zhang
(2002)[ 1] have proved that the life of a parallel or series system
composed of used i.i.d. elements is stochastically larger than
that of a used parallel or series system. Pellerey and Petakos
(2002)[2]obtained a more general conclusion, which asserts
that the life of a coherent system composed of used elements is
stochastically larger than that of a used coherent system. Li and
Lu (2003)[3] established some stochastic comparison results on
their inactivity time and residual life for parallel or series
system, respectively.

Now we briefly review the concepts of the residual life and
inactivity time of X at a random time. Let T be a random
variable with distribution function H(t), and probability density
function h(t). Further, suppose that X and T are statistically
independent. The random variable Xt = (X — T | X>T) is called
the residual life of X at random time T (RLRT). The random
variable Xr)= (T— X | X <T) is called the inactivity time of X
at random time T (ITRT). The idle time of the server in a
GI/G/1 queuing system can be expressed as a RLRT. In
reliability theory, if X is regarded as the total random life of a
warm stand-by unit with an age of T. For more details about
residual life and inactivity time and RLRT, see [4-15].

The concept of residual life and inactivity time at some
random time plays an important role in reliability, survival
analysis and life testing. In this paper, we present some results
for stochastic comparisons of residual life and inactivity time
of order statistics at random time. In particular, we establish
some stochastic comparisons the residual life and inactivity
time of order statistics at random time. Some comparisons of
the inactivity time and the residual life at random time are
presented as well.

II. MAIN RESULTS

Let Fj:n(X) be the distribution of the j-th order statistic in a
sample of n from F. Then Fj.n(X)=Bjn[F(x)] for x>0, where

Bj:n ( p)

U (1-u)" T du

n!
‘(j—l)!(n—j)!fo

for 0< p< 1. In actuarial science, Xj., can be regarded as j-th bid
price if the valuations of bidders are i.i.d. random variable X. In
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reliability, j-th order statistics Xj.n can be regarded as the life of
a (n-j+1)-out-of-n systems with i.i.d. components of life X .

Before stating our main conclusions, we firstly introduce
the following lemmas (See [4]) which will be used in sequel.

Lemma 2.1 Let X and Y be two independent random
variables. Let @, and ¢, be two bivariate functions. Denote

Ag, (X, Y) =, (X, Y)—4(X,Y).
Then X < Y if, and only if, E@ (X,Y)<Eg,(X,Y)
for all ¢ and @, such that A@, (X,y) =0 whenever X<y,
and Ag, (X, Y) = —Ag@,,(Y,X) whenever X< Y.

Lemma 2.2 Let X and Y be two independent random
variables. Let @ and @, be two bivariate functions. Denote

Ag (X, Y)=3,(X, Y) =@ (X, Y) )

Then X < Y if, and only if, E4(X,Y)<Eg,(X,Y)
for all @ and ¢, such that ,for each X, A@,, (X, Y) increases in
y on {y =X}, and such that Ag, (X,Y)=—-Ad, (Y,X)
whenever X< Y.

Lemma 2.3 Let X and Y be two independent random
variables. Let @, and @, be two bivariate functions. Denote

Ady (X, Y) =% Y) =4 (X Y)

Then X <y Y if, and only if, Ed4(X,Y) < Eg,(X,Y)
for all ¢ and @, such that ,for each y, A, (X, Y) decreases in
x on {y=X}, and such that Ag, (X,Y)=—-Ad, (Y,X)
whenever X< Y.

Now, we present our main results.

Theorem 2.1 Assume that X and Y are independent (not
necessarily identical), T is a non-negative random variable, and
T, X and Y are independent. If X <5 Y, then for any 1<5i<sn,

(Xi:n )t SIr (Yi:n)t.
Theorem 2.2 Assume that X and Y are independent (not

necessarily identical), T is a non-negative random variable, and
T, X and Y are independent. If X < Y, then for any 1<<i<<n,

(Xi:n)T SIr (Yi:n)T'

Proof Since X<X/Y, then

(Xi:n)t SIr (Yi:n)t )

Suppose @, (X, Y) and @, (X, Y) satisfy Lemma 1, by (1) and
Lemma | we have
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Ed (Xin)i (Vi) < By ((Kip)i> (Vi)

Hence
Ed (X )rs (Vo)) = ELE (X )r s (Vo)) 1 T]
= [T E@ (Xi)r ()| T = Dh()dt
= [ EG (X Vo) RO
< [ E@ (X0 (V) )yt

- J‘oﬂC E(d,(Xi)r, (Yi)r) | T =t)h(t)dt
= EE(A (X1 ()0 T)]
= E¢2((Xi;n)Ta(Yi;n)T)

By Lemma 1, (X)) <, (Yi,)s-

Corollary 2.1 Let X, X,,--+, X, and Y,Y,,---,Y, are

i.i.d. copies of X and Y, respectively, and T is a non-negative
random variable. If X <,/ Y , then

(maX{Xl’ x2"“’ Xn})T SIr (maX{Yl’YZ’”"Yn})T

(min{xp Xza"'a xn})T S|r (min{YlaYza"'aYn})T

Theorem 2.3 Assume that X and Y are independent (not
necessarily identical), N be a positive integer-valued random
variable which is independent of the X and Y are independent.

IEX =i Y, then (Xi ), < (Vi

Proof Since X <Y, then (X,,), <, (Yin); -
@,(X,y) and @, (X, y) satisfy Lemma 1, then

E¢1 ((X i:n )t H (Yi:n )t) < E(Dz ((X i:n )t H (Yi:n )t)

Hence
Eo (Xin e Vi )) = ELE( (K )i Vi) I ND]
= Z E((D] ((Xi:N )tD(Yi:N )t) | N = n)P(N = n)

Suppose

=3 E@ (X, () DP(N =1)
< 3 E@(Xi)s ()P =1

:JrZwE(wz((Xi:N )t’(Yi;N )t)’ N = n)P(N — n)

= E[E (X )i () IN)]
=Ep, (Xin ) Vi)
By Lemma 1, (X )y < (Yin ;-
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Theorem 2.4 Assume that X and Y are independent (not
necessarily identical), T is a non-negative random variable, N
be a positive integer-valued random variable which is
independent ofthe Xand Y, and T, X and Y are independent. If
X <y Y, then

(xi:N )T SIr (Yi:N )T .
Proof Since X<XY, by theorem 2.3 (X, ), <,y (Yin ;-

Suppose @, (X, ) and @, (X, Y) satisfy Lemma 1, by Lemma 1
we have

Ed (Kin)es Yin D) < By (Xigy )e> (i )0

Hence
E(Xian e (ia ) = ELEG(Kip (Vo)) [ T))
= [ E@ (X (V) | T =Dh(t)ct
= [T E@ (X g ) DD
< [T E@ (X)) )N

= [ E@ (Xi)r> (i) I T = Dh(tydt
= E[E(((Xin)r: Yin)r) [ T)]

=E¢, (Xi)r>Min 1)

By Lemma 1, (X )r < (Yin )y -

Corollary 2.2 Let X, X,,---,and Y,,Y,,"

copies of X and Y, respectively. Let N be a positive integer-
valued random variable which is independent of the X and Y. If
X <\Y, then

(max{X,, X -+, X Py <, (maxy{y,,Y,, -, Y });

(min{X;, X,,++, Xy P S (mindY,, Y, Y by

Theorem 2.5 Assume that X and Y are independent (not
necessarily identical), T is a non-negative random variable, and
T, X and Y are independent. If X <y Y, then

(min{xlaxw'“’xn})T Shr (min{YlaY2:""Yn})T'
Proof For fixed 0, LetM, = (min{X,, X, X }),
N, = (min{Y,,Y,,---,Y,}),, then

-, are i.i.d.

P(M, > x) = Ifm_(x+t) _ If“_(x+t)’
F.. () F'(1)

PN, > X) = Glﬂ(x+t) _ G”_(x+t)
G (D) G"(t)

Since X <p Y , then G(X)/ F(X) is increasing in x. Thus
P(N, > X)/ P(M, > X) is increasing in X, hence

(min{X,, X,, -+, X, }) <, mindY,,Y,,--,Y, }),
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Suppose @, (X, Y) and @, (X, Y) satisfy Lemma 2.2, then

Eo(M,N)<Ep,(M;,N,)
Let M; =(min{X,,---, X, }); ,
Ny = (min{Y,,---,Y, });
Hence

Ep,(M;,N;) =E[Eg,(M1,N;)|T)]
= [T E(@ (M, N ) [T =Dh(tydt
= [ E(g(M,, N h(tyet
< jo”" E(g,(M,, N,)h(t)dt

= [ E(@.(M7,N) [T =Dh()dt

=E[E(p,(M7,N;)) [ T)] =E@,(M;,N;)
By Lemma 2.2, M; <, N, thatis

(min{xla Xz:"': Xn})T Shr (min{YlaYza'“aYn})T )

Corollary 2.3 Let X, X,,---,and Y,,Y,,""
copies of X and Y, respectively. If X <, Y, then

(min{X,, Xy, X §)p S (MIngYy, Y, Y, 1),

Theorem 2.6 Assume that X and Y are independent (not
necessarily identical), T is a non-negative random variable, N
be a positive integer-valued random variable which is
independent ofthe Xand Y, and T, X and Y are independent. If
X <Y, then

(min{X,, Xy, -, Xy} S (min{YlﬂYD“.’YN})t.

Theorem 2.7 Assume that X and Y are independent (not
necessarily identical), T is a non-negative random variable, and
T, X and Y are independent. If X <5 Y, then for any 1<5issn,

(Xi:n )(T) 2|r (Yi:n )(T) .

Corollary 2.4 Let X,, X,,---, X, and Y,Y,,---,Y, are

i.i.d. copies of X and Y, respectively, and T is a non-negative
random variable. If X </ Y , then

(maX{Xl, Xza"'a Xn})(T) er (maX{YpYza“'aYn})(T)

(min{X,, X,,--, Xn})(T) 2y, (min{YpYz""sYn})(T)

Theorem 2.8 Assume that X and Y are independent (not
necessarily identical), T is a non-negative random variable, N
be a positive integer-valued random variable which is
independent of the Xand Y, and T, X and Y are independent. If
X <\ Y, then

-, are i.i.d.

(Xin)my 2 Cin)r) _
Proof Since X<<irY, then (X)) ) 2y Vi) -
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Suppose @, (X, Y) and @, (X, Y) satisfy Lemma 2.1, then (max{X, X,, -+, X Py Spe (max{Y;,Y,,--,Y )
Theorem 2.10 Assume that X and Y are independent (n;)t
Ep (Xin)iys Mia) ) 2 E@ (X)) Vi) r)) necessarily identical). If X <Y, then
Hence
(max{X,, X,, -+, Xy })(t) 2y, (max{Y,Y,,---,Yy })(t)
B (Xin)e> Vi )(‘)) =E[E( (Xiy )(t)’Wi’N )(t))| N)] Theorem 2.11 Assume that X and Y are independent (not
doo necessarily identical), T is a non-negative random variable, and
= Z E(@ (Xin) s Yin) o) | N =n)P(N =n) T, X and Y are independent. If X <Y, then
n=l
_iE( (X ) () PN = 1) (max{X,,X,, -, xn})(T) Zpy (maX{YpYza""Yn})(T)
Z. P Ain)y> i )y Proof Let A = (max{X,, X,,"--, X, D)
2 Z E(q)z ((Xi:n)(t)’(Yi:n )(t)))P(N = I"l) BT = (maX{Yl’YZ" ) "Yﬂ})(T)’
flj A:(max{xlaxza"'axn})(t)’
= Z E((OZ((Xi:N )(1)a(Yi;N )(t)) ‘ N = n)P(N = n) Bt = (maX{YpYza' ",Yn})(t) >
n=l1
i <mY, .10, 2>
= ELE@ (X > i ) IN)] Since X <. by theorem.10.we have 4 2y B
=Eo, (Xin) > Yin )oy) Suppose @, (X, Y) and @, (X, Y) satisfy Lemma 2.2, then
By Lemma 2. 1, (Xin )y 2 (Yin ) Eq.(A.B)>Egp,(A.B)
Suppose @, (X, Y) and @, (X, Y) satisfy Lemma 1, by (3) and Hence
Lemma 2.1 we have Eq (A By) = E[E(@ (A, By)T)]
B ((Xin > Yin) ) = B (Xin )y Yin D)) = Iom E(p, (A, Bp)) [T =th(t)dt
Hence +o0
=| E ,B))h(t)dt
EAX O = EEEG (X o)) T =l EACABIRO
+00 >
~ [ B (X s o)) I T =DCDYGE 2], E@.(A BNt
= [T B (i) (o) DY = [ E(@: (A, BT =th(tydt
- =E[E(2, (A, B ) [T)]
2 J‘O E(¢2 ((Xi;N )(t)a (Yi:N )(t)))h(t)dt — E(”z(Ar , BT)
= J.o E(d, (Xin) ) Y ) e D [ T = th(t)dt By Lemma 2.3, A; >, B;, thatis
=E[E(4 (Xin) 1y Yin) ) [ T)] (max{X,, X,, -, X, D, Zp max{¥,,Y,,-Y, ),
=Ed (Xin)ry» Yin)r)) Theorem 2.12 Assume that X and Y are independent (not
' ' necessarily identical), T is a non-negative random variable, N
By Lemma 1, (X, )(T) 2, (Yin )(T)' be a positive integer-valued random variable which is

independent ofthe Xand Y, and T, X and Y are independent. If
Corollary 25 Let X, X,,---,and Y,,Y,,---, are iid. X <Y, then

copies of X and Y, respectively. Let N be a positive integer-
valued random variable which is independent of the X and Y. If (maX{XD XZ’ e, X N })(T) Shr (max {Yl ’Yz (A ’YN })(T)

X<y Y, then
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