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Abstract—In this paper, the auxiliary principle technique is
extended to study a system of generalized nonlinear mixed quasi-
variational-like inequalities in Hilbert spaces. First, we establish
the existence of solutions of the corresponding system of auxiliary
generalized nonlinear mixed qusi-variational-like inequalities.
Then based on the existence result, we construct a new iterative
algorithm. Finally, both the existence of solutions of the original
problem and the convergence of iterative sequences generated by
the algorithm are proved. Our results improve and extend some
known results.
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I.  INTRODUCTION AND PRELIMINARIES

Throughout the paper, let I={1,2} be an index set, for
each iel , let H, be a real Hilbert spaces with inner
product (-, .>i and norm ||||I , and 2™ pe the family of all
Let K, :H, — 2" be a set-valued
mapping such that for each x; € H;, K;(x) is a nonempty
closed convex subset of H, LetN,,, : H, xH, > H,,

nonempty subset of H, .

M, :H,xH, >H,, A,B:H, »>H,CH —>H,D:H,>H,

be nonlinear single-valued mappings. We consider the
following system of generalized nonlinear mixed quasi-
variational-like inequalities (for short, denoted by
SGNMQVLI): Find (u,v) € K, (u)x K, (v) such that

(N (AX,Bix) + M, (Cox, Dy),m (U, X)), +by (%, u) =, (x,u) > 0, Vu e K, (x),
<N2(A2y1 B,y) +M,(C,x, D,y). 7, (Vv Y)>2 +0,(y,v) —b,(y, ¥) 20, Vv e K,(y).
M

where b, : H, x H, — R is a bifunction, which has the following
properties:

(i) b, (,-) is linear in the first argument;

(ii) b, (-,-) is convex in the second argument;

(iii) b.(-,-) is bounded, that is, there exists a constant
C, > 0such that by (u;,v;,) < C; u;[[|[vi]}, . vu;.v; € H;;

(V) by (u;,v)=b (u;, W) <b (U, v, —w,), Yy, v, W, € H;.
In many important applications, K, (u)andK, (v)have the

following forms [1, 3]:

K (u)=m (u)+K,VueH,K,(v) =m,(v)+K,, Ve H, )

where m, : H, — H, is a single-valued mapping and K is a
nonempty closed convex subset of H_.

Noting that if H,=R" H,=R", K (x) = K,K,(y) =K,,

N,=N,=b=b=0C=C,=1,,,D,=D,=1,,,p =u-x,
n,=v-Yy,vX,ueH,;yveH,, where L,
identity mappings on H, and H, , respectively, then
SGNMQVLI(1) reduces to the following system of variational
inequalities (for short, denoted by SVI): Find (u,v) € K, x K,
such that

and are

L,

{(Ml(u,v),w—u>1 >0,YweK,,

<M2(u,v),z—v>220,VZeK2. 3)

SVI(3) was introduced and studied by Zhao et al. [3], in which
they employed the Brouwer fixed point theorem to obtain some
existence results for SVI(3), moreover, by projection technique,
they established the existence and uniqueness theorem for
SVI(3) and suggested an iterative algorithm and analysised
convergence of the algorithm. But in SGNMQVLI(1), the two
convex sets depend on the solutions implicitly or explicitly,

and b, is a nonlinear mapping, so the projection technique

cannot be applied to it. This fact motivated many authors to
develop the auxiliary principle technique to study the existence
of solutions of generalized mixed type quasi-variational
inequalities and also to develop a large number of numerical
methods for solving various variational inequalities,
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comlementarity problems and optimization problems. The
auxiliary principle technique was first introduced by Glowinski
et al. [4]. Recently, auxiliary principle technique has especially
attracted the attention of scholars in the area of variational
inequality theory, for details, see [5-8] and the references
therein.

Motivated and inspired by the above research work, in this
paper, we introduce and study SGNMQVLI(1) in Hilbert
spaces. By applying the auxiliary principle technique, we show
the existence and uniqueness theorem of solution for the
corresponding auxiliary principle relative to SGNMQVLI (1)
by minimizing sequence method. For finding the approximate
solutions of SGNMQVLI (1), we suggest an iterative algorithm
by the auxiliary problem. Under certain conditions, we obtain
the existence result of solution for SGNMQVLI (1) and prove
the convergence of iterative sequences generated by the
iterative algorithm. Our results improve and generalized many
known results.

In order to obtain our main results, we first recall some
concept and assumption.

Definition 1.1 LetH be a real Hilbert space, AB:H —> H
N,7:H xH — H, be single-valued mappings.

(1) 77 is said to be § — Lipschitz continuous, if there exists a
constant s > o such that

[7(x, Y| < 5|x=y||, vx,y € H;

(2) A is said to be @ — Lipschitz continuous, if there exists
a constant > 0 such that

|[Ax=AY|<wlx-y

VX, yeH,
(3) N is said to be (x,v) - Lipschitz continuous, if there

exists a pair of constants 4z, v > Osuch that

NG YD) = NG, V)< % = %o+ V] Y = Ve

V¥, %, Y1, Y, € H;

(4) N is said to be & — relaxed Lipschitz with respect

to Aand B in the first argument and second argument, if there
exists a constants £ >0 such that

(N(Ax, Bx)— N(Ay, By),x—y)s—f"x—y"2 VX, yeH;

(5) N is said to be o+ Lipschitz continuous in the first
argument, if there exists a constant ¢ > 0 such that

IN(x,2)=N(y, 2)| < | x-y], ¥, Y,z e H;

In a similar way, we can define the Lipschitz continuity
of N in the second argument.
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Assumptionl.1  The mapping 7,N,:H,xH, > H,
A,B:H,>H,C:H, > H,D:H,>H, satisfies the
following conditions:

O, v) =1,(U;, ) +7,(2,,v,), YU, v, Z € H;

(Z)Ui(ui +Vi’\Ni) :_Ui(Wi —Ui,Vi),Vui,Vi,Wi € H|1

(3) The functions

u— (N, (A, B,x)+M,(C,x,Dyy),7,(u, X)), ,
v _><N2(Azy’ Bzy)+ Mz(szl DZY)J]Z(V, Y)>2

are both continuous and linear for all (u,v) e H, xH,.

Remark1.1 It follows from Assumptionl.1 (1) that
7 (u;,u;) = 0,77, (u;, v,) =_77i(vi’ui)’ dop aklui’vi € Hi'

Il.  AUXILIARY PROBLEM AND ITERATIVE ALGORITHM
For eachiel , given (u,v) e K (u)xK,(v), we consider
the following problem:

find (p,q) € K, (u)x K, (v) such that

<p,u - p>1 2 <X,U - p>1 _p1<N1(A1Xv B1X)+ Ml(C1X’ D1Y)1771(u1 p)>1
+ pu[B (%, p) b, (x, )], VU € K, (%),
(4)

<QrV_q>2 2 <Y:V_Q>Z P2 <N2(A2y, B,y)+M,(C,x, DZY),UZ(V,Q»Z
+p,[b,(y,0) = b, (¥, V)], YV e K, (y),

where p,, p, >0 are constants. This problem is called the

system of auxiliary generalized nonlinear mixed quasi-
variational-like  inequalities, for  short, denoted by
SAGNMQVLI (4) related to SGNQVLI (1).

Theorem 2.1 For eachie |, letk, : H, — 2" be set-valued
mapping such that for each x < H_, K, (x;) is @ nonempty closed
convex subset of Hi. N7 H xH, > H, M, :H,xH, > H,,
A.B:H, >H,C:H —>H,D :H,>H, be nonlinear single-
valued mappings, andb, : H; x H, — R be a bifunction such that
for each given (x,y) e H, x H,, the functions u - b, (x,u) and

v b, (y,v) are proper convex and lower semicontinuous. If
Assumptionl.1 holds, then for any given (x,y) e H, x szdefine
the functions 5 : K (x) >R and J,: K, (y) - Ras follows:

3,(u) =§<u,u>1+ L), 3,(v) =§<v,v>2 +5,),

Where
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jl(u) =P <N1(A1X' B1X) + Ml(C1X' D1Y)r771(uv X)>1 +p1b1(X,U)—<X,U>1,
LM =p, <N2(A2y, B,Y) +M,(C,x, D,Y), 1, (v, Y)>2 +p2b2(yvv)7<y1V>2-

Then we have:
(1) J, has a unique minimum point p € K, (x), and J, has a
unique minimum pointq e K, (y) -

(i) J,and J, have unique minimum points p € K, (x) and

qeK,(y) . respectively, if and only if (p,q) is a unique

solution of SAGNMQVLI (4).

Proof Similarly argument in Theorem 2.1[8], the
conclusions are immediately obtained, so are omitted,
completing the proof.

Based on Theorem 2.1, we suggest an iterative algorithm
for solving SGNQVLI (1).

Algorithm 2.1 For given (u,,v,)eH,xH,, let the
sequence {(Un:Vn)}EKl(Un)X K, (v,) satisfies the following
conditions:

<Xn+l’ u-— Xn+1>1 2 <Xr| U— Xn+1>1
—p1<N1(Aan, B.x,) +M,(C.x,, D,y, ), m(u, Xn+1)>]_
+pl[b1(xn’Xn+1)_b1(xn'u)]’vu € Kl(XrHl); (5)

<yn+1’v_ yn+1>2 2 <ynlv_ yn+1>2
— P> <N2(A2)’nl B,Y,)+M,(Cx,,D,Y,),7,(v, yn+1)>2
+P2[bz(yn: yn+1)—b2(yn,v)],VVe Kz (Vo) (6)

forevery n=0,1,2,3:--, where p,, p, > 0 are constants.

I1l.  EXISTENCE AND CONVERGENCE THEOREM
Theorem 3.1 For eachiel, let H be a Hilbert space,
and K, : H, — 2" be set-valued mapping such that for each
x, € H,,K;(x) is a nonempty closed convex subset of

Hi. Let N, :HxH —>H M HxH, >H A B:H >H,
C,:H, > H,, D, :H, - H, be nonlinear single-valued mappings.
Let m :H, - H, satisfy (2), and b :H,xH, »R be a real-

valued functional satisfying the properties in Theorem 2.1 and
properties (i)-(iv). Assume that following conditions are
satisfied:

(1) m; is z; -Lipschitz continuous;

(2) N, is &, -relaxed Lipschitz with respect to A and B, in the
first and second arguments, and N | is ; -Lipschitz continuous

in the first argument and is /3, -Lipschitz continuous in the
second argument, respectively;
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(3) M, is (#4,V;) -Lipschitz continuous and M, is K; -
Lipschitz continuous in the first argument and isli -Lipschitz
continuous in the second argument, respectively;

(4) Ais@;-Lipschitz continuous;
(5) B,isy; -Lipschitz continuous;
(6)C, is A, -Lipschitz continuous;
(7) D, is 0, -Lipschitz continuous;

(8)7;, is o, -Lipschitz continuous.

If Assumptionl.1 holds and there exist constants

P, P, > 0such that

P20Y,0, <1

1
o7 |:1+ AC+6,C +\/17 2p+ pllago + Br) + pl/ulj'l:| +

A 1-27,
1 (AN
|:1+po2 +3,C, +\/1*2p2‘§z +1022(0526‘)2 +ﬂ272)2 *%ﬂz%}* PO <1
1-2z, 1-27,
(7)

Then there exists (u,v) e K, (u) x K, (v) is a solution of SGNQVLI
(1), and the sequence (U, v,)} generated by Algorithm2.1
strongly converges to (U, V).

Proof First, it follows from (5) in Algorithm 2.1 that, for
anywe K, (u,),

<Xn’u =X, >1 2 <an1vu _Xn>1 —p1<N1(A1Xn71, BX,1) + M, (Cx,;, Dy, ). (U, Xn)>1
+p1[bl(xn—1'Xn)_bl(xn—lvu)]'
(8)

and forany z e K, (u,,,)

<Xn+1vu - Xn+1>1 2 <Xnvu - Xn+1>1 7p1<N1(A;an len) + Ml(clxn’ D1Yn)v771(uv Xn+1)>1
+0 [hl(xn ' Xn+1) - bl(xn ’ U)]
€))

Adding (-m, (u,),w—u,), to the two sides of inequality (8)
and then takmg W= ml(un) + un+l - ml(un+1) € Kl(un)!we get

<Xn - ml(xn)’ ml(xn) + X0~ ml(xn+1) - X, >1

2 <Xn—1 - m1(Xn)v m1(xn) + Xn+1 - ml(xn+1) - Xn >1
=N (AX, 1 B, )+ M (CX, 5, DYy ) 3 (M (%) + Xy =My (%,0), %)),
+0 [b1(Xn711 Xy) =By (X g M (X)) + X — m1(Xn+1))]-

(10)

Adding <—m1(Un+1):W—Un+1>1t° the two sides of inequality (9)

and then takmg W= ml(un+1) + un - ml(un) € Kl(uml)v we gEt
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(X =M () M (X 0) %, =My (%) = X, ),

2 (%, =M (%), M 0% 0) X, =M (%) =X,
= ANy (AX,, Bx,) +M, (Cx,, DY, ) 72 (M, (%) %, =M (%), %)),
+ 1 [0 (% %5,2) =B 0% M (O6,0) X, =My (%))

(11
Adding (10) and (11), by properties (i) and (iii) of bi and

Assumptionl.1 (2), we have

(Uy =Upy =My (u,)+m, (U, ), U, — U, —my(U,) +my (),
< Uy = Uy =My (Uy) + My (Uy,) Uy — U =My (U) + My (U, ),
+p (N, (AU, Bu, )= N, (Au,, Bu,),
(M, (U,) + Uy =M (U,,0),4,)),
+p,(M,(Cu,,, Dy, ;) - M, (Cu,,Dy,),
(M (U,) + Uy =M (U ), U,)),
= [ (Uy 4, U ) =By (U (U,) + Uy — My (U ,0))]
- [by(uy,u,,) =By (U, M (u,,) +u, —my(u,)]
< Uy = Uy =My (Uy) + My Uy, Uy — U =My (U) + My (U,,)),
+p (N, (AU, 4, Bu, )= N, (Au,, Bu,),
(M (U,) + Uy =My (U, ), U,)),
+p (M, (Cu,,, Dy, ;) - M, (Cu,,Dy,),
(M (U,) + Uy =My (U ), U,)),
+pob (U, —u, ,u,—mu,)-u,,+mu,,)).

(12)

By property (iii) of bi , (12) implies that

[[%, = Xpos =My (X,) + ml(xml)"l2
<%y =%, —my(x,) + ml(xn+1)||1 1%, = Xy =My (x,) + ml(xn+1)||1
+[||xn_1 =X, + o (N (AX,,BX )= N, (AX,, len))||1 +
[%,1 = %, = 2L (M (CX, 1, DY, 1) = My (Cr X, Dlyn))||1]-
[AGACHES SR NS )
+ o % = Xl %0 =My 06 = Xs + My (X)), -

(13)

It follows from Condition (6) and (13), we have
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u, —u,., —m,(u,)+ ml(un+1)||12
<upy =uy =my ) +my Uy, - U, = U —my(u,) +my ()|
+[||uH —u, +p,(N,(Au,_,,Bu, ) —N,(Au,, Blun))||1 +
Ju,. —u, = /(M (Cu, ,, D, ) — M, (Cyu,, Dlvn))||J :
[z (my (U, ) + U =y (U ), 4,

+ plll "un - un+1||1 "un -m (un) —U, tm (un+1)||1 .

u, —u

n+l|lp

< ”un—l - un"l + 2||m1(un) - rnl(uml) |
6 Juns = Uy + £ (N, (AU, 4, B, 1) = Ny (Au,, BU,)),
+||un—1 —Uu, "1 +0 "M1(C1un71' DV,,)-M,(Cu,,Dyv, ))"1]

+ plcl ”un—l —u, "1 :

(14)
By Conditions (2), (4) and (5), we have
”Xn—l - Xn + pl(Nl(Aixn—ll len—l) - Nl(Aixn’ len ))"12
<[-2p¢& + p12 (o, + ﬂ171)2]||xn71 - Xn”f . (15)

By Conditions (1), (3), (6) and (7), it follows from (14) and
(15) that

Hxn _Xn+1H1 <

1
o (I PG+ A L-208 + o (et + AR + o))
1

me - XnH1 + POV, 0, H Vo1~ yan}-

(16)

And it follows from (6), for anyv e K, (y, ), we have

<yn1v_ yn>2 2 <yn—1lv_ yn>2
2 <Nz(A2yn-1l Bzyn—1)+M2(CZXn—1’ Dzyn-l),ﬂz(vn yn)>2
+p2 [bz(yn—ll yn) - bz(yn—llv)]'
(17)

And, forany z € K, (v, ,) .

(Yo V=Youa), 2 (Yar V= Vi),
=25 (N2 (A Y1, B,Y,) +M,(Co %, D,Y,), 17, (V, Vo)),
+ 25 [0, (Yor Vo) =0, (Y V)]
(18)
Adding <_m2(vn),h2 _vn>2to the two sides of inequality (17)
and then taking z =m,(v,) +v,,, —m,(v,,,) € K,(v,), we get

n+1
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(Yo =M (V) M, (V) + Yo =M, (Vo) = Vi),
2 (Yo =M, (V) My (Ya) + Yoo =M (Vo) = Yo,
=22 (N, (A Yo 13 ByY 1)+ M, (Co%, 1, Dy Yo s 12, (M, (V) + Yo =My (Vi) Vo)),
+ 03[0, (Yot Vo) =0 Voot My (V) + Yoo =M, (V)]
(19)

> to the two sides of inequality (18)
L — M, (v,) € K,(v,,,), We get

Addlng< m (Vn+1) n+1
and then taking z =m, (VM) +V,

<yn+1 =M, (Y, +1), My (Youa) + Vo =My (Y,) - yn+1>2
2 (Yo =M, (V) My Vo) + Yo =M (Y0) = Vi),
—p2<N (AYa,B,Y,) + M, (Cyx,, Zyn)’nz(mz(yn+l)+yn_mz(yn)lyn+1)>2

+p2 [bz(yn' yn+1) _bz(yn’mz(yn+1) + yn - mz(yn))]'
(20)

Then repeating the method, we have

Hyn yn+1H {[1+,02 +5(1+\/1 szfz"'pz(azwz*'ﬁz}/z) + Poty )]

H Yoa— ynH + P0,V,0, Hxna =X, H }
1 1

€2y
From (16) and (21), we have
Hxn - Xn+1H1 +Hyn - Yn+1H2
5,
= {1 [+ £C, + 8, 1-208 + Pl (@, + Br)’ +plﬁ%)]+p“7;fz}
2
'HXH _XnH1
5,
{1 5 Lot 1208+ P, B + papi )]+ 2000 1\2/101}
z'1
'HyM - ynHz
< max {91'02}(”an1 - XnH1 +Hyn71 - ynHz)-
(22)

Where § = max{6,,6,},

O,V,0,
= gy W+ PO+ A I-204 + pl (e + An)' + ]+ 255,
2
OV,0;
l92 = [1+,02 +6, (l+\/l széz +pz (azwz +ﬂ272) +pz/‘z}~2)]+ 2o L,

1- 1-27,
By Condltlon (7), we have @<1. Therefore {(un,vn)} is a
Cauchy sequence inH, xH,.Let (u,,v,) > (u,v) e H, xH, as
N — co. Next, we claim that (u,v) e H,xH, is a solution of

SGNQVLI (1). In fact, by Theorem 2.1, we may assume
that (p, q) K, (u) x K, (v) is the unique solution of SAGNQVLI

(4), that is,

= <X: u- p>1 - p1<Nl(A1X‘ B.x)+M,(C,x,D,y),m (u, p)>1
+p1[b(x, p) —b, (x,u)], VU € K, (x).

(p.u-p),

(23)
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and
(a.v=a),>(y,v=0a),—p, (N,(Ay,B,y) + M, (C,x,D,Y),7,(v,0)),
+ 0, [bz(yiq)_bz()/rv)]rvv € Ky(y).
(24)
Similar argument as in proving (22), we have

), where g —max{4,,6,},

[, = Pl +1v. —al, <6" (% = Pl +]vo -

6,and g, is as above. It follows from Condition (7) thato <1,

s0||u, = p|,, +[v, — |, = 0(n — o), thisis, p=u, g =V.
Taking them into (23) and (24), we have

<N1(ALX7 le)+ '\/Il(clx7 Dly)lﬂl(ui X)>1 —bl(X, X)+b1(X,U) 2 O,VU € Kl(x)y
(N, (A, B,Y) +M,(C,x, DY), 7,(v, ¥)), =B, (¥, ¥) +b,(y,v) 2 0,9V € K, (y).

That is, (u,v) e K, (u)x K, (v) is a solution of SGNQVLI (1).
This completes the proof.
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