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Abstract. based on the diffraction theory, this paper analyses the brand new algorithm of computer
generated hologram, and puts forward a brand new computing method, phase-only hologram
computing method based on Fourier transform of fractional order, with the support of such theories
as Huygens-Fresnel principle, and Helmholtz Kirchhoff integral theorem, which greatly avoids the
influence of zero-level diffraction on reconstructed image; this paper also proves that Fourier
hologram of fractional order can reconstruct images without the influence of zero-level diffraction
on any plane behind lens with experiment, which has certain practical application.

Introduction

Computer generated hologram has certain features as easy to make, convenient to store and
transfer, able to compute and display virtual objects, which has gradually replaced generated
hologram through optical interference techniques, which becomes an important basis of realizing
dynamic holographic 3D display. This paper makes research on the computing method of computer
generated hologram, aiming to solve the problems of generated hologram in computers and display
through the brand new computing methods based on diffraction theory, so as to elevate the
practicability of computer generated hologram in holographic display.

Models and basic theories of computer generated hologram

The model of generated hologram is shown in Figure 1; holographic plane records the light
intensity of the emission or reflection light waves in the scenes after optical interference and the
light intensity contains the phase information of object light waves. As computer can only deal with
discrete data, in the making process of computer generated holograph, the space object can be taken
as the set of a series of self-luminous dimensional target points.
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Figure 1 Sketch map of hologram formation

Suppose the space object is composed of N discrete luminous points and each point on the
hologram plane can be lighted up by the discrete waves emitted by each object point; the complex
amplitude of any point on the hologram place can be expressed as:

N 27 .

u(x,y)=2a,exp <=1, + jo, (1)
n=1

In the formula above, A is for wave length, ¢, for initial phase, a, for the diffraction light

wave amplitude of the object point (xn,yn,zn), and r, for the distance from object point to
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hologram plane (x,y).

I, = \/(Xn - X)2 + (yn - y)2 + an (2)

After the superposition of the reference light and the hologram of each object point, we can have
hologram of multiple object points; the on the light intensity distribution of interference light
intensity can be expressed as:

N 2 )
1(x,y)=A+>a, COS(Trn+j§0r']j 3)

n=1

After the completion of the optical field distribution on the computing holographic plane, the
holographic coding can be calculated, and the hologram transmittance function can be coded; a
complete computing mechanism hologram can be formed after quantification and unification.

Related theory and formula of diffraction theory

The main job of hologram computing is to calculate the diffraction propagation process of light
wave from objects to holographic plane; the diffraction calculation process is mainly calculated
with high approximation based on the theory of diffraction of light in the space. Therefore, it is
necessary for you to gain some knowledge on the diffraction theory and the diffraction calculations.

Huggens-Fresnel principle

Huggens-Fresnel principle is the basic principle to explain the propagation law of light based on
wave theory. It can be interpreted as: any point on wave front in the traveling can be regarded as the
new secondary wave source, and the envelope plane formed by many secondary waves emitted
from different points on the wave train plane is the new wave plane that the original wave
propagates to. Fresnel diffraction diagram and the calculation formula of planar aperture is shown
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Figure 2 Diffraction sketch map of planar aperture
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Simple diffraction patterns can be calculated with formula (4), which is the geometrical
relationship on the rectangular coordinate system; diffraction aperture X is in the plane of (5,77);
light waves propagate through aperture; the optical field distribution of complex amplitude of the
plane (x,y) which is parallel to plane (&,77) with the distance of z can be calculated; z axis
goes through the original points of two planes, which can be seen in Figure 3:
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Figure 3 Sketch map of geometrical relationship of diffraction

Through steps of calculation, the ultimate expression of Fresnel diffraction can be gained, which
is generally called as Fresnel integration:

U(xy)="< exp[izk (2 +y? }”U & exp{ (£ +n )}eXp{ /12

iKz

— (x&+ yn)}de‘dn

(4)

Helmholtz Kirchhoff integral theorem

This is what Kirchhoff deduced in strictly monochromatic scalar wave under the condition of
uniform medium according to the principle of Huygens - Fresnel principle: “the light disturbance of
some point is the superposition of wavelets emitted from certain plane between the point and the
light source”; therefore, this is called as the Helmholtz Kirchhoff integral theorem.

)| [ {'—H}—ﬁ—“a@—u}ds ©)

n

Similarly, the formula above is also the solution of Helmholtz equation (A2 + kz)J =0, which is

suitable for the homogeneous medium of monochromatic scalar wave. The common form based on
Helmholtz integral theorem is:

L] [\,]QH_LQ NI_HV s
T, o,L1] clo,| o, ] 6n (6)
However, the diffraction integral formula is:

:—”U {cose +c059}ds @)

2

Pure phase hologram based on fractional Fourier transform is calculated

Fractional Fourier transform was first in 1980 by Namias, mainly to solve the partial differential
equation of quantum mechanics, with the mathematical formula of:

=C _[ exp[mx cotg—2xu- csc¢) X
8
:ij X) exp[m(x cot(az /2)—2xu-csc(ax / 2)+u? cot(ar / 2))x ©

In 1987, Mcbride and kerr et al. introduced Fractional Fourier transform into optics, combining
fractional Fourier transform with optics, pushing the development of fractional Fourier optics
forward.
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z=Rf. z=Rf.

Figure 4 Fractional Fourier transform optical system (single lens)

The formula of light from x, plane to x plane is:

_ X2 u? 2UX
F(u)—_[ f(x)-exp{w[/hce tan(azz/2)+ Aan@nl2) Zfesin(anIZ)ﬂdx (9)

The hologram gained from the calculation of improved algorithm of GS Fourier transform
(modified GS) based on the score level of fractional Fourier transform put forward above, is called
fractional Fourier hologram.
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Figure 5: Holographic optical sketch map based on fractional Fourier transform

Based on the analysis above, in the described optical system of the fractional order Fourier
transform, when the lens focal length is fixed, order a and imaging distance z is one-to-one,
different order number corresponding to different distances; due to the characteristics of the
fractional Fourier transform, the images can be projected to the arbitrary plane after the lens. Using
three different order numbers al = 1.1, a2 = 1.25, and a3 = 1.4, the projection results can be gained

below:
a=1.1

a=1.25 a=1.4

Figure 6: Holographic reconstructed image of different stages

The image at the top left corner is the original image, with the gray scale of 256; three other
images are the projection images of fractional Fourier hologram of three different orders; it can be
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seen that, the fractional Fourier hologram can successfully project the image on the corresponding
different distances; the reconstructed image quality is of no difference, which can clearly
reconstruct the original images. In this case, compared with the traditional Fourier projection, this
new fractional Fourier holographic projection method’s advantage is that it can realize the image
projection reconstruction on the arbitrary plane behind the lens, unlike Fourier hologram which can
only project image behind a back focal plane.

Conclusion

To sum up, the fractional Fourier transform can be used to calculate the diffraction propagation
from object to the surface of the holographic plane, and pure phase fractional Fourier hologram can
be gained through the combination with the iteration algorithm; the reconstruction images can be
displayed on the arbitrary plane. Using this feature, the reconstruction image can avoid the
influence of the zero-order diffraction through placing a filter in the lens focal plane to block off the
zero-order diffraction noise. Optical experimental results proved that the fractional Fourier
hologram can reconstruct the images without the influence of zero-order diffraction on arbitrary
plane behind the lens. Moreover, compared with using an iterative algorithm, the error of the
reconstructed images of pure phase hologram generated by this algorithm is smaller; the
experimental results show that as to the 256 gray-scale image, the reconstruction image of root
mean square error (RMS) values could drop by about 45 gray-scale, which can be applied to
holographic retina display; if we take the eye lens as the corresponding lens in fractional Fourier
transform system, the effect of augmented reality can be achieved through directly watching the
fractional Fourier hologram.
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