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Abstract. This paper gives explicit expressions of generating idempotents of sixth residue codes of
length p over the binary field, where pis a prime with pz?(m0d24). By computing the

greatest common divisors of these generating idempotents and the polynomial x° -1 with
computer software such as Matlab and Maple, one can get the generating polynomials of sixth
residue codes over the binary field.

Introduction

Prange [1] introduced the class of quadratic residue codes in 1958. It is a nice family of cyclic
codes that has approximately 1/2 code rates, tends to have high minimum distance and includes
some Hamming codes and Golay codes. Idempotents of quadratic residue codes were discussed in
Chapter 16 of [2].Decoding algorithms for quadratic residue codes were still interesting [3]. There
are various generalizations of quadratic residue codes. Charters [4] provided a generalization of
binary quadratic residue codes to the cases of higher power prime residues over the finite field of
the same order. Higher power residue codes and forms of generating polynomials of these codes

were proposed in [5-9].Generating polynomials of higher power residue codes are factors of x"-1,

Generally speaking, it is difficult to factor the polynomial X"=1 over finite fields. In [6-7],

F F

generating idempotents of cubic and quartic residue codes over the fields "2 and "3 were given.

In [8], generating idempotents of quintic residue codes over the binary field F, were given. In [9],
explicit expressions of generating idempotents of some sixth residue codes of length P over the

binary field were given, where Pis a prime with pzl(mod24)_ This paper gives explicit
expressions of generating idempotents of sixth residue codes of length P over the binary field,

where Pis a prime with P 57(mod 24). Thus, the generating polynomials of sixth residue codes
over the binary field can be obtained by computing the greatest common divisors of these

generating idempotents and the polynomial xP =1 with computer software such as Matlab. The
rest of this paper is organized as follows. In Section 2 we give some preliminaries. Generating
idempotents of some sixth residue codes over the binary field are given in Section 3. Finally,
summary is given in Section 4.

Preliminaries

6
N . . X" =a(mod
Definition 1.If there exists an integer X such that ( p) , where a€Z and
(@ P)=1 then @ is called a sixth residue modulo P
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In the following we assume that 7 is a primitive element of the finite field FP. Let
. _ k(-1
Ro:{PtkEFplkez},Ri:{ptkleFP|k€Z}, ’R“l_{p EFPlkEZ}. Let M be the

smallest positive integer such that 2 El(mOd p), a aprimitive P -th root of unity in For , and

QO(X)ZH(X—arO) gl(x):H(x—aﬁ)...,gH(X): H (X—ar‘ﬂ)

ey neRy fig€Req

Lemma 1. x? _1:(X_1)90(X)"'91_1(X) and - reR,
for =012, t-1

Definition 2.[7] The U -th residue codes Corr Gt Coroni G g cyclic codes of
F2 [X]/(Xp _1) Wlth generator po|yn0mia|s gO(X)' T gtfl(x)’ (X _1)gO(X)' T (X_l)gt—l(x)
respectively.

P _
Definition 3.[10,p.132] An element e(x)e FZ[X]/(X l) satisfying e(x) Ee(x)(mod(xp _1))

is called an idempotent. Each cyclic code contains a unique idempotent which generates the ideal.
This idempotent is called the generating idempotent of the cyclic code.

Definition 4.[10, p.138] Let @ be an integer such that (&M =1 The function#= defined on
{0.1--n-1 iz, =ia(modn)

0L n-1}o5, cyclic code of length N and is called a multiplier. #2 acts on
f(X)u, = f(xa) (modx"—1) f(x)eF,[x]/ (x"-1).

is a permutation of the coordinate positions
F X1/ (x" -1

by , Where

Lemma 2.[10, p.139] Let C be a cyclic code of length N over the finite field Ky with

generating idempotent e(x). Let @ be an integer such that @n)=1 tpen e(x) Ha s the
Cu

a

generating idempotent of the cyclic code

Lemma 3.[7] Cor+ Cirgre pairwise equivalentand €0 Ct1 are pairwise equivalent.

e, (x)= Zer e,(x)= Zxﬁ ...,eH(X): zxn_l

In the following assume that <Ry R 1SR

e (X)+ &, (X)+---+e_(x)+ pz =1

Lemma 4. [7] i=0
Lemma 5.[7] Let E(X) be the generating idempotent of a t-th residue code C. Then

-1
E(x)=a+ ) ae (X
=2+ ae( ),Where 8,038, < F,

Lemma 6. [7] If Eo(X) s the generating idempotent of the sixth residue code 60, then
p1l

E, (X)=E,(X) +;X C

0 s the generating idempotent of ~°.
Lemma 7. [7] If EO(X)and Eo(X) are respectively the generating idempotents of the t-th
. C 6 d =ptk+l—1 c Rt_

residue codes ~° and “o°, and 1, then
1 B =E(X) B =E(x) B (N =E.(X) g respectively the

generating idempotents of the t-th residue codes G
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2. Bty =E.00. Bty =B, (0, B (%) s =B (X) respectively the generating

idempotents of the  U-th residue codes

Generating Idempotents of Some Sixth Residue Codes

Theorem 1.Let pz?(mod24),and2beasixth residue modulo p . Then the set of the generating
idempotents of

C0,C1,C2,C3,C3,Cu,Csis {L+e,(x)1+e (x)1+e,(x)1+e,(x)L+e,(x), 1+e,(x)}or

L+ e,(X)+ €, (%) + 65(x), 1+ ey (x) + &, () + &5 (x) 1+ €, (x) + &5 (x) + &, (x). 1+8, (X) +

&, (X)+ €5 (X). 1+ & (x)+ &5(x) + &5(x). 1+ &, (x) + &, (x) + &, (x); or

L+ (%) + €, (x)+€5(x) L€ (x) + £, (x) + €5 (x) L+, (x) -+ €, (x) +-£, (X ) &, (x)+e5(x)+(x),
1+e,(x)+e,(x)+e5(x) 1+&,(x)+, (x)+-e5 (x)f or {L+e, (x) +&,(x) +e ,
1+e,(X)+e,(X)+e;(x)+e, (X)+ e (x),
1+e,(x)+e,(x)+e,(x)+e,(x)+e,(x), 1+e,(x)+e (x)+e,(x)+e,(x)+e(x),

1+, (X)+&,(x)+ &, (x)+e5(x)+e5(x), 1+ & (X)+ &, (x) + &, (x)+ &5 (x) + &, (x)} .

Proof: Since pz?(mod24) it is clear that (p—1)/6is odd and therefore (p-1)/6=1over F,.

By Lemma 5 assume that Eo =a+ Za,e, is the generating idempotent of the residue code

Co,where a,a €F,,0<i<5. It is clear that
— 5 _ 5 5
0=Eo(l)=a+) ae (1):a+(pTlJZai =a+ ) a(mod2). (1)
i=0 i=0 i=0

Let « aprimitive p-throot of unity in F, as before. Since 2 is a sixth residue modulo p ,we
deduce that each e,(x)is an idempotent. Thus we have that e,(c)=0 or 1 and

e (a)+e (a)+ e, (a)+e(a)+e(x)+e(x)=1.Thus the number of 1 among

&) e (a).e,(a).e;(a).e,(a).e(x) is odd. We will consider three cases in the following.
Case 1: One of e,(@).e (a).e,(a) () e,(a) e(x) is1and the others are 0.

Let ei( ) 1 €i+1(mod 6)(0‘) = € 2(mod 6)(0‘) = €1 3(mod 6)(0‘) = € 4(mod 6)(0‘) = € 5(mod e)(a) =0,0<i<5, where
the subscript is the smallest nonnegative residue modulo 6.Then

0=Eo(a)=a+a 2)

Vb= p™? e R 1=Eola’)=a+ &.5(mod 6) ©

ve=p*?eR,1= Eo(ac): A+, 4(mods) @)
vd = p% € Ry 1= Eola* )=+ 8, e ©
Ve = p™** € R, 1=Eo(@*)=a+20um0) ©
v = p*%* e R 1=Eolar' )=a+ 8 1(mocte) @
From equations (1)-(7) it follows that

a=la = 1a|+l(mod6) & 2(mod6) = Ai43(mod 6) = Hira(mod 6) = Hirs(mod6) = =0,0<is<5, EO() 1+ei(x)' By

lemma 7,the set of generating idempotents of the sixth residue codes Co,,C:,C2,C3,C35,C4,Cs is

{L+e,(x)1+e,(x)1+e,(x)1+e,(x)1+e,(x), 1+e5(x)}.
Case 2: Three of e)(a).e (a).e,(c).e;(a).e,(a).e;(x) are 1 and the other three are 0.
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1) .Let
€; (a') = €i.1(mod6) (O‘) = €i.2(mod 6) (O‘) =1, €i13(mod 6)(0‘) = €i.4(mod 6) (a) = €.5(mod 6)(“) =0,0<i<5,Then
0= Eo(a) =8+ + 8,1 (mod6) T Ais2(mode)

@®)
Vb= p% e R 1= Eo(ab)z a+8, + 8. 1(mae) + Bus(mae) ©)
Ve = p¥*? e R,1= ( ) a+8 + &, 4(mode) T A15(mod6) (10)
vd = p*P eR, 1= Eo(ad) a+8,3(md6) T &i+a(mod6) T Sis5(mod6) (11)
ve=p***eR, 1= EO( ) A+, 5(mod6) T A+3(moa6) T Hira(mods) (12)
vi = p**® eR 1= E0(0! f )= A+ & y(md6) + A+2(moa6) T Bivamode) (13)

From (8)+13)it follows that a +a, (s =1, from(10)+(12) it follows that a; +a;.s(pqee =0 2
contradiction.

2).Let e(a)= € 1(mog e)(a) = €ii3(mod6) (@)=1, €. 2(mog 6)(0‘) = €i14(mod 6)(0‘) = €is5(mod 6)(0‘) =0, 0<i<5.
Then

0= Eo(a) =a+& + 8 1(mod6) T Qir3(mod6)

(14)
Vb= p®te R 1=Eo(a ) a+ 8 + 3, 5(mod6) T Qirs(mod o) (15)
Ve = p¥*? e R,1 1=Eo ( ) a+8,1(mod6) T Gira(mods) T Ais(mode) (16)
vd = p*?eR,1= o(ad) a+8; +3,3010d6) T &i1a(mod6) (17)
ve=p***eR, 1= EO( ) 8+ 8,5(md6) T Aira(mod6) T Aiss(mode) (18)
vf = p®° e Ry 1=Eo(a')=a+ Qisa(mods) F Aivo(mod ) F Aiva(mods) (19)

By solving system of linear equations in 6 unknowns &, ..., 1mods) » & a(mods) * &+3(mods) & +4(mods)

|+5 mod6) from (1) and (14) (19) we get that a= ]"a'l O a‘|+1(mod6) ]"ai+2 mod6) :]"a'i+3(mod6)
= O’ a1+4(mod6) = 0' a1'+5(m0d6) =1 O<i< 5, EO ( ) 1+ eH—l(modG) (X) + e|+2(m0d6) (X) + e|+5(mod6) (X) )

By lemma 7,the set of generating idempotents of the sixth residue codes Co,C1,C>2,C3,C35,C4,Cs IS
f+e(x)+e,(x)+e(x).1+e,(x)+e,(x)+e;(x), 1+e,(x)+e,(x)+e,(x),
1+ez(x)+e4(x)+e5(x),1+e0(x)+e3( )+e5( ),1+eo(x)+el(x)+e4(x)}

3).Let ¢ (a) = €11(mod 6)(05) = €, 4(mod 6)( ) 1 €i.2(mod 6)(05) = €. 3(mod 6)(0‘) = €i15(mod 6)(0‘) =0,0<i<5.
Then

0= Eo(a) =8+ + &, 1(nod6) T Aisa(mods)

(20)
Vb= p*teR 1= Eo(ab): A+ 8 +8,3(md6) T Aiss(mod6) 1)
ve = p**? eR,1=Eo (@°)=a+ &+ 2(mod 6) T B a(mods) T Ass(modo) 22)
vd = p*? eR, 1= Eo(ad )= 8+ 8, 1(moas) + Bra(moae) + Bea(mas) 23
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Bk+4 —Enl~re)=
Ve=p""e R41—E0(a )_a+a'i + &, 2(mod 6) T Qi+3(mod 6) (24)

v = p6k+5 eRy1= Eo(af ): a+ & ,1(md6) T &ii2(mode) T &iv5(mod ) (25)

By solving system of linear equations in 6 Unknowns &, ;s ,1mags) &:2(mods) & a(mads) B+4(mods)

i+5(mod6) from (1) and (20)-(25) we get that a=14a, :L%u(mode - o’ai+2 (mod6) =1, 8., 3(mods)
= 0’ ai+4(mod6) = O’ a‘i+5(mod6) :1' 0<i< 5,Eo (X) =1+ & ( )+el+2(mod6) ( )+ e|+5(mod6) ( ) ) By lemma

a

7,the set of generating idempotents of the sixth residue codes Co,C1,C>,C3,C3,C4,Cs S
{+eg (x) 8, ()85 (x) 1€ (x) -+, (x)+ €5 (x), 1+ €, (x) + &, (x) +&, ().

1+, (%)+e5(x)+ &5 (x), 1+ (x) + €, (x) + &5 (x). 1+ ,(x) -+, (x) + & (x)}
4).Let ¢ (a) €is2(mods ( ) ei+4(mod6)( ) 1 e-+1(mod6)(05):ei+3(mod6)(a):ei+5(mod6)(a):0’03i <5.

0= EO(O‘) a+8 + 8 5(mods) T Hra(mode) (26)
Vb= p*teR 1= E0<ab): a+8,1(mwd6) T Ra(mod6) T Riss(mode) @7)
ve=p**?eR, 1= Eo(ac)= a+ 8 + &, 5(mds) T Ha(mods) (28)

(26) and (28) contradict each other.
Case 3:Five of e,(@).e (@) e,(a) & (a).e,(c).e5(x) are 1 and the other is 0.

Let e (a) =0, €+ 2(mod 6)(0‘) = € 1(mod 6)(“) = €i13(nod 6)(“) = €1 4(mod 6)(“) = €i15(mod 6)(0‘) =1 0<i<5.Then

0= Eo(a) =8+ & 1(mod6) T Ais2(mod6) T Gi3(mod6) T Giva(mod6) T Hivs(mod 6)

(29)
Vb= p%*t e R 1= Eo(ab)z a+d; +&,1md6) T Aii2(mods) T Aiv3(mods) T Aiva(modo) (30)
Ve=p Sk+2 eR, 1= O(O‘C):a"'a & 1(mod6) T Aiv2(mod 6) T Rira(mod6) T Rivs(mod 6) (31)
vd = p*P eR, 1= Eo(ad) a+8 +&.1mae) T dii2(mod6) T Giva(mods) T Hiis(mode) (32)
Ve = p** e R, 1= Eo(ae) a+8 +&.1(mde) T Ra(mods) T Hra(mods) T Hivs(mode) (33)
vi = p**® eR 1= Eo(af ): a+& +&,5md6) T i 3(mod6) T Gira(mods) T Aiv5(mod 6) (34)

By solving system of linear equations in 6 unknowns &, ., ;s

8, 5mode) TTOM (1) and  (29)-(34) we get
thata=1,a =0, & y(mods) — Hisa(mods) — Hiv3(mods) — Hira(mods) — Kss(mods) =10<i<5.
Eo(X ( ) 1+ e|+1(mod6) ( )+ e|+2(m0d6) ( )+ e|+3(mod6) (X) +ei+4(mod6) ( )+ e|+5(mod6) ( ) By lemma 7’the set

of generating idempotents of the sixth residue codesC,,C1,C>,C3,C3,C4,Cs S

L+ e,(x)+e,(x)+e5(x)+ e, (x)+ 65(x), 1+6 (x) +e, () +& (X)

e (X) 5 (X) 1+ € (x) + € (x) + €5(x)+ €, (x) + 5 (x) L€ () + €,(x) + €, (x) + £, (x)+5(x).
1+ 5(x)+ € (x) + €, (x) + €5(x)+€5(x) 1+ € (x) + &, (x) + €, (x) + 5 (x) + €, (X)} .

)? a1+2(mod5)’ a‘i+3(m0d5) ! a1+4(mod5) '
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Summary

We have given explicit expressions of generating idempotents of some sixth residue codes of
length p over the binary field, where pis a prime with p= 7(m0d 24). One can get the generating

polynomials of sixth residue codes over the binary field by computing the greatest common divisors
of these idempotents and x° —1 with computer software such as Matlab and Maple.
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