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Abstract—Based on the CVaR measure, this paper introduces a
Cooperation and Competition model for the risk management of
the two-stage supply chain. It is supposed that both the supplier
and the retailer are risk-averse and their objectives are to
minimize their own CVaR(Conditional Value-at-Risk) objective
instead of the expected profit. We introduce an e*—optimal
equilibrium solution to this model, which implies the supplier and
the retailer should give up a same value no more than e* for their
cooperation. It is proved that the e*—optimal equilibrium solution
can be obtained by solving a corresponding mathematical
programming problem. Numerical results show that this method
is efficient to improve the risk management of the two-stage
supply chain.
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. INTRODUCTION

With the growing emphasis on globalization, supply chain
management has been applied to many fields, such as
production plan and financial management!™2. In order to
alleviate the bad effects of supply chain disruptions that caused
by various unpredictable risks, people introduced many risk
control methods to improve the risk management of the supply
chainfl, In 2000, the CVaR measure was introduced to solve
the portfolio optimization problems and subsequently proved to
be an efficient method for risk management!®. Thus some
researchers introduced the CVaR measure into the supply chain
management and some interesting results are achieved®1,
Chen X. et al.[¥ proposed a model based on CVaR measure for
the newsvendor model and obtained the optimal order quantity
for the retailer with no shortage penalty to maximize his CVaR
objective. Xu Minghui et al.['l extended the model proposed in
[6] and obtained the optimal order quantity with shortage
penalty for the retailer to maximize his CVaR objective. Gotoh
and Takanol®! provided analytical solutions and linear
programming formulation of the minimization of CVaR in the
newsvendor model. Cheng et al.l’l introduced a hbilevel
programming model with the CVaR objective for the two-stage
supply chain. Hsieh and Yu-Ting™ characterized the retailer’
risk-embedded objective via CVaR measure and studied return
policy of the manufacture and the optimal decision of the
retailer. Caliskan-Demirag et al.l'4 analyzed a suppler’s
customer and retailer rebates in the context of modeling
aversion by adopting CVaR measure. In general, most of the
related literature assume that the supplier is risk-neutral and
aims to maximize his expected profit or minimize his expected
loss. However, many suppliers in the real world are risk-averse

and want to reduce the potential risks, while such an issue is
always been ignored.

In view of the above issue, this paper assumes that both the
supplier and the retailer in the two-stage supply chain are risk-
averse, and their objectives are to minimize their own CVaR
objective. We propose a Cooperation and Competition model
for the two-stage supply chain. In this model, the supplier
decides the wholesale price while the retailer decides the order
quantity. They compete with each other to minimize their own
CVaR objective while they cooperate to get more profits. We
introduce an e*-optimal equilibrium solution to this model,
which implies the supplier and the retailer should accept the
same concession no more than e* for their cooperation. It is
proved that the e*-optimal equilibrium solution can be obtained
by solving a corresponding mathematical programming
problem. Then this model provides an efficient method to
coordinate the decisions of the supplier and the retailer in a
two-stage supply chain.

The rest of this paper is organized as follows. Section Il
introduces the notation in this paper and some preliminaries.
Section 1l introduces the proposed model and its solutions. In
Section 1V, a numerical example is given to illustrate the
performance of the proposed model, with conclusions given in
Section V.

. THE NOTATION AND SOME PREPARING RESULTS

A. The Notation
Firstly, we introduce the notation as follows:

X denotes the wholesale price of unit product

b denotes the cost of unit product for the supplier

a denotes the maximal wholesale price of unit product
t denotes the excess penalty coefficient for the supplier
Yy denotes the retailer’s order quantity

I' denotes the salvage price of unit product
S denotes the shortage penalty price of unit product
N denotes the retailer’s minimal order quantity

N denotes the retailer’s maximal order quantity
& denotes the stochastic price of the product

1 denotes the stochastic demand of the product
7, denotes the objective of the supplier

7, denotes the objective of the retailer.

Copyright © 2017, the Authors. Published by Atlantis Press.

This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/).

150



ATLANTIS
PRESS

B. VaR and CVaR

Value-at-Risk (VaR) is a popular risk control measure
which has achieved high status of being written into industry

regulations. For a decision X, letl(X, &) be the loss associated
with the decision X and the random variable & . For the
confidence level « , the ¢ -VaR with X is defined as

VaR, (x) = min{y e RPr{i(x,&) <c}>a}, @

where Pr{l(x,g‘)sc} denotes the probability of 1(x, &)

below the value €. VaR , (X) represents the minimum loss of

the decision maker under the confidence level & . Artzner et
al.?l and Mauser et al.l® pointed out that VaR has some
undesirable mathematical characteristics such as non-
subadditivity and non-convexity, which always hinder its
efficient usage in practice. Therefore Rockafellar and
Uryasev*®l introduced another famous risk measure —
Conditional Value-at-Risk, which is defined as the expected

value of loss above the VaR , (X) . CVaR has some attractive

properties such as coherence and convexity, which makes it is
widely used in risk management. The CVaR with X can be
defined as

CVaR, (x) = E[l(x, &)[I(x, &) > VaR,, (x)]
1

- 1-a Il(x,z)ZVaRa (x)

= I(x,2)f(z)dy, (2
where f(-) is the probability density function of & and

VaR , (x) is defined by (1). Rockafellar and Uryasev [
introduced the following auxiliary function

F(X & U) = U+ — E[(I(x,&)—u)'] 3)
1-«

and proved that the minimum of CVaR can be obtained by
minimizing this auxiliary function F(X,&,u).

I1l.  THE PROPOSED MODEL

For the two-stage supply chain consisting of a supplier and
a retailer, we first give a description on the decision framework
of the supplier and the retailer. For the supplier, we assume that
he is risk-averse and his objective is to minimize the following

CVaR objective

1
CVaR, () =~ IL(X’V’Z)ZVaRa(X) L(x, Y, z)¢(z)dz
where
L(X, Y, &) =y(E—X)" +ty(x=&)" (4)

is the loss of the supplier, @(-) is the density function of & and

« is the confidence level. Here, the first term in the right hand
of (4) represents the loss of the supplier when he gives a low
wholesale price, while the second does the loss when he gives a
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high wholesale price. There are the following constraints about
the supplier’s wholesale price X. I <X, b< X, X<a.

For the retailer, we also assume he is risk-averse and his
objective is to minimize the following CVaR objective

1
CVaR,(y)=—

1-p8 J-I(va,Z)ZVaR[](y) I(x,y,2)p(z)dz

1 y,m) =(x=n)(y=m)"+s(n=-y)" )
is the loss of the retailer, ¢(-) is the density function of 77 and

where

[ is the confidence level. Here, the first term in the right hand

of (5) represents the loss of the retailer for excess order, and the
second does the shortage penalty for the lost sales of the retailer.
There is the following constraint about the retailer’s order

quantity Y .Nn <Yy < N.Then we introduce the Cooperation
and Competition (CC) model as follows:

_ 1
(PM)mIﬂ 7T1(X, y) - 1— ¢ JL(xy.2)2VaR, (x)

L(x,y,2)¢(z)dz

st r<x,b<x,x<a.

(PR) min 7, (X, y) :L

1-p5 J.|(><,y,z)2VaRﬂ(y) 1(x, y, 2)(z)dz

st. n<y<N.

In order to solve this model, we introduce f (X, y,Uu) and
g(x,y,Vv) asfollows:

(%, y.U) =u+1i EL(L(X,y.&)—u)].
-

1
X,y,V)=v+——E[((X,y,7)—=V)"]-
g(x,y,v) +1—ﬁ [(A(x,y,7)—Vv)"]
With the result in 11.B, the CC model is transformed into
(P min £ (x, y,u) =u-+ = L EL(x Y. &) —u)']
—a

st r<x,b<x,x<a,ueR.
PRYMIN g(x, y,v) = v+ﬁ ELA(X, y.7) V)]

st n<y<N,veR

Now, we will introduce an optimal solution to the CC
model and show how to obtain this optimal solution. For the

problem (PM), let&, (kK =1,2,--+, 1) be the k —th value of the

stochastic variable & . Then the problem (PM) can be
transferred into the following mathematical programming:

(PM) min f(x,y,u)=u +LE[(L(X, y,&)—u)’]
l-a
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=U+—F—> Z
(l—a)lgg H
st Z,, > yw, +tyw,, —u,z, =0,

1k —é:k
k=121

Wy 2 0,W,, > X=& Wy, >0,
r<x,b<x,x<aueR.

For the problem (PR), let 77, (k=12,--,J) be the

k —th value of the stochastic variable 77 .Then the problem

(PR) can be transferred into the following mathematical
programming:

(PR) min g (X, y,v) =V +—— E[(I(X ,7) —V)']
l-«

J

s a)IZ

k

st. Z,, 2 (X—=T)Wy, +SW,, —V,Z,, 20,

Wy =Y =17, Wy = 0, W, 277, — Y, W, >0,

k=12:--+J. n<y<N,veR.

Let
={(x,y,u,v)\r<x,b<x,x< p,n<y<N,ueR,ve R} be

the feasible set to the CC model. We introduce the following
definition.
Definition (1). For any (X,y,u,v)e X , if it

satisfies f (X, y;,U7,V;) < f(X,y,u,v),

9(Xg, YgsUgVg) 906 YU, V), (X7, Yy,Uy, V)

is called an optimal joint supplier
and (X;, y;,u;,v;) is called an optimal joint solution of the

solution of the

retailer. f7=f(x;,y;,u;,V;) is called the
optimal joint the  supplier and
=0 (X yg , ug , g) is called the optimal joint value of the

Moreover,
value of

retaller.
Obviously, (X, Y;,U;,V;) is an optimal decision of the
supplier while (X; , y;,u;,v;) is an optimal decision of the

retailer. 1f (X;,Y;,U;,V,;) equals to(Xg,yg,ug,Vg) it is

best for the supplier and the retailer to choose the same
decisions. However, since the objectives of the supplier and the

retailer are always conflict, (Xi,Y;,U;,V;) is always

different with (x;,y;,u;,v;) . Then we introduce the

following definition.
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Definition (2). Let f” be the optimal joint value of the
supplier and g* be the optimal joint value of the retailer.
For e>0 and (X, y,u,v)eX , if it satisfies
f(x,y,uv)—e<fg(x,y,u,v)—e<g (X y,u,v)

is called an € —equilibrium solution of the supplier and retailer.
€ is called an equilibrium value of the supplier and retailer.

The € -equilibrium solution provides the same concession
value € that the supplier and retailer need to give away for their
cooperation. Ife = 0, the € —equilibrium solution turns out to
be the optimal joint solution for the supplier and the retailer.

Lemma (1). Let f” be the optimal joint value of the
supplier and g* be the optimal joint value of the retailer. For
any (X', y',u',v') e X, (X', y',u',v') is ane -equilibrium

solution for the supplier and the retailer, where
e =max{f(x,y,u,v)—f ,g(x,y,u,v)-g'}.
Proof. By the assumption, it follows that

f(x,y,u,v)-f"<e,g(x,y,u,v)-g <e,
which implies
f(x,y,u,v)-e<fg(x,y,u,v)-e<g.

It follows with definition (2) that (X,y,u,V) is ane -

equilibrium solution of the supplier and the retailer. This
completes the proof.

By Lemma IlI.A, there exists an equilibrium value e for
each point (X, Y,u,V) in X such that (X,Y,U,V) becomes
an e -equilibrium solution of the supplier and the retailer. In

fact, we are interested in the minimum of all the equilibrium
values.

Definition (3). Suppose that the set of all the equilibrium
values of the supplier and retailer is denoted by E . If e"is the
minimum element in E and (X,y,u’,v’) is an € -
equilibrium solution of the supplier and the retailer,
(X*, y*,u*,v*) is called an "~ optimal equilibrium solution

of the supplier and the retailer. e is called an optimal
equilibrium value of the supplier and the retailer.

The e*—optimal equilibrium solution provides the minimum

concession € both the supplier and the retailer need to give
away. It is fair for the cooperation between the supplier and the
retailer and both the supplier and the retailer gives the
minimum concession for their cooperation. In order to obtain

the e -optimal equilibrium solution of the supplier and the
retailer, we first give the following result.
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Theorem (1). Suppose that the feasible set X is compact,

and both f(-) and g(-) are continuous. There exists an € -
optimal equilibrium solution of the supplier and the retailer.

Proof. By Lemma (1), it is obvious that E = @ . We will
prove that E is closed. Suppose that the sequence {ek}e E

satisfieslim, e, =e'and (X, Y,,U,,V,) € X isan €, -
equilibrium solution of the supplier and the retailer. Since X
is compact, there exists a subsequence{(X; , Y;,U;,V; )} in
the sequence{(X,, Y\, U,,V, )} such that {(X;, y;,u;,Vvi)}
is convergent. Without loss of generality, we assume that

(X, Vi Uy, Vv, ) = (C, X,u,v) € X, it follows with
definition (2) that f(X,,Y,,U,,v,)—¢€ < f,

g(Xk' yk’uklvk)_ek < g*, k 2172,..._

Since f and g are continuous, it follows with kK — +o0
that f(x,y,u,v)—e <f", g(x,y,u,v)—e <g .

(X,¥,U,V) € X is ans -equilibrium solution, and this proves
tha E is closed. Since it satisfiese >0 for any e € E , there
exists the minimum element & which becomes the optimal
equilibrium value. The corresponding e'- equilibrium solution
turns to be the e*—optimal equilibrium solution of the supplier
and the retailer. This completes the proof.

By Theorem (1), there always exists an e -optimal
equilibrium solution of the supplier and the retailer. Let X"
denotes the set of all the e*-optimal equilibrium solutions of
the supplier and the retailer. We have the following result.

Theorem (2). If X, f and g are convex, X" is convex.
Proof. For any z,,Z, € X" < X and A €(0,), it follows
with the convexity of X that z= Az, +(1- 1)z, € X .We

will prove that Z € X" . Lete" be the optimal equilibrium
value of the supplier and the retailer. Since 7,,7, € X7, it

f(zl)_e* = f*ig(zl)_e* = g*’
f(z,)-e <17, 9(z,)-e"<g",

follows

which implies f (z,) < f"+e",9(z,)< g +e,
f(z,)<f +e’,g9(z,)<g +e".

Since f and g are convex, it follows

f(2)=f(Az,+A-)z,) < Af (2)+A-A) f(z,) < F"+
0(2) =9(Az,+(1-1)z,) < A9(z,) + (1-2)9(z,) < g +e
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that is f(z)—e < f7,g(z)—e" <g" ,which implies z is
ane’ -optimal equilibrium solution of the supplier and the

retailer. Thus z € X “and X "is convex. This completes the
proof.

By Theorem (2), we have the following result.

Corollary (1). Suppose that X is convex, and both

f(-) and g() are strictly convex. Then the &  -optimal
equilibrium solution of the supplier and the retailer is unique.

Now, we will show how to find the e*—optimal equilibrium
solution of the supplier and the retailer. First, we will introduce
the following mathematical programming problem (PE)

(PE) min €
st. f(x,y,u,v)—e<f",g(x,y,u,v)—e<g’,
X, y,u,v) e X.
Then we have the following result.
Theorem (3). Suppose that ((X,y ,u’,v),e") is an
optimal solution of problem (PE). Then (X ,y ,u",v’) is

ane’ -optimal equilibrium solution of the supplier and the
retailer.

Proof. Suppose that (X, Yy ,u”,v’),e") is an optimal
solution of problem (PE). It follows with the constraint
conditions of (PE) that f(X*, y*,u*,v*)—e* <f7,
g(x,y,u,v)-e'<g", (x,y,u,v)eX.
Then it follows with definition (2) that (X, y",u”,v")is

an e*fequilibrium solution of the supplier and the retailer. Let
(X,y,u,Vv) be an & - optimal equilibrium solution of the
supplier and the retailer, then it follows with definition (3) that
e <e". Besides, ((X,y,u,V),e)is a feasible solution to
problem (PE) since it satisfies the constraint conditions of
problem (PE). This impliese” < e since (X, y ,u",v’),e")
is an optimal solution of problem (PE). Then we have e =¢
and (X*,y",u”,v") turns to be an € -optimal equilibrium

solution of the supplier and the retailer. This completes the
proof.

By Theorem (3), we can obtain the e -optimal equilibrium
solution of the supplier and the retailer by solving the
corresponding problem (PE). In reality, the supplier and the
retailer may be want to give different concession values for
etheir cooperation. For such a case, we have the following
_definitions.
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Definition (4). Let " be the optimal joint value of the
supplier and g* be the optimal joint value of the retailer.

Fore>0and (X, Y,u,v) e X, let w=(W,,W,) >0 be the
concession weight of the supplier and the retailer. If it satisfies

f(x,y,u,v)—-we<f",g(x,y,uv)-we<g’,

(X, y,u,V) is called ane — equilibrium solution of the supplier

and the retailer with respect toW . e is called an equilibrium
value of the supplier and the retailer with respect to W .The set
of all the equilibrium values of the supplier and the retailer with

respectto W is denoted by E,, .

Definition ~ (5). For  the  concession  weight
W= (W, W,)>0, let & be the minimum element in E,
and (X, y,u",v") be an € — equilibrium solution of the
supplier and the retailer with respect
(x",y",u",v") is called ane” -optimal equilibrium solution

to w. Then

of the supplier and the retailer with respectto W. e”is called an
optimal equilibrium value of the supplier and the retailer with
respectto W.

For the CC model and W = (W,, W, ) > 0, we introduce the
following corresponding CC,, model as follows:

(PM) min fw(x,y,u,V)zif(x,y,u,V)
W,

1
1 1 +
- Wl[u +m E[(L(X,y, &) —u) ]

st. r<x,b<x,x<a,ueR.

(PR)min g (x,y,u,v) =Wig(x, y,u,v)

2

ZL[V+LE[(I(X, y,7)—v) ] St N <y<N,veR.
W, l-o

Then we have the following result.

Theorem (4). For w=(wW,w,)>0 , suppose
that (X, y,U,V) is an e — equilibriumsolution of the CC,,
model. Then (X, Y,U,V) is an € -equilibrium solution of
CC model with respect to W .

Proof. Let (X, Y,U,V) be an e € -equilibrium solution of

CC,, model, it follows with definition (2) that

1

. 1 .
if(x,y.u,V)—esif —g((x,y,u,v)—e<—g
Wl Wl 2 W2

which implies

f(xy,uv)—we< f',g(xy,uv)-we<g .
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Then (X, Y,U,V) turns to be an e -optimal equilibrium

solution of CC model with respect to W by definition (4). This
completes the proof.

By Theorem (4), we can obtain the € -equilibrium solution
of the supplier and the retailer with respect to W by computing

the € -equilibrium solution of the corresponding CC,, model.
We define the mathematical programming problem (PEW) as
follows :

(PE,) min e
st f(xy,u,v)-we< ', g(x,y,u,v)-we<g",
(X, y,u,v) e X
Then the following result is achieved.

Theorem (5). For w=(w;,W,)>0 , suppose that
((x",y",u",v),e") is an optimal solution of problem

(PE,). Then (X", y",u”,v")is an € -optimal equilibrium
solution of the supplier and the retailer with respect to W.

For w=(W,,W,) >0, we can obtain the € -optimal
equilibrium solution of the supplier and the retailer with respect
to W by solving the corresponding problem (PE,,) .

IV. NUMERICAL EXAMPLE

In order to illustrate the efficiency of the CC model
proposed in Section I11, we will give a numerical example and
some sensitivity analysis.

Example (1): Considering the two-stage supply chain
consisting of a supplier and a retailer. Suppose that the
product’s stochastic price & subjects to the normal

distribution N(3,0.8%) and the the product’s stochastic

demand 77 subjects to the normal distribution N (100,25%).
The corresponding parameters are given as follows: b=1, a=5, n
=80,N=120.Forr=0.5,s=1and a = B =0.80, lett=0.1,
t=0.3 and t = 0.5, respectively. The results from the CC model
under the above conditions are listed in Table 1.

TABLE I. RESULTS FROM THE CC MODEL WITH
R=0.5,s=1aANDA=B=0.80
¢ X y f g T, T, e

0 2.68 80 9.09 16.27 39.93 47.11 30.84

0.3 2.54 80 23.08 16.27 50.94 44.13 27.86

0.5 2.44 80 33.33 16.27 59.01 41.95 25.68

By Table I, it is easily found that when the supplier’s excess
penalty coefficient tincreases, the supplier’s wholesale price

X will decrease, and the optimal equilibrium value e will
decrease, too. Ift increases, the supplier’s loss will increase
when he gives a high wholesale price. Then the supplier should
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better give a smaller wholesale price to ensure the future
cooperation with the retailer.

Fort=03,r=05ands=1,let « = B =080, a = B =

0.85and a = B =0.90, respectively. The results from the CC
model under the above conditions are listed in Table 11.

TABLE Il RESULTS OF THE EXAMPLE WITH
T=03,R=05 ANDS=1
a | B | X Y| f g | 2 | €

0.80 0.80 | 254 | 80 | 23.08 | 16.27 | 50.94 | 44.13 | 27.86
0.85 0.85 | 252 | 80 | 28.85 | 20.33 | 52.29 | 43.77 | 23.44
0.90 090 | 249 | 80 | 3854 | 27.17 | 5453 | 43.16 | 15.99

By Table II, it is easily found that when the confidence
levels o and [ increase, the supplier’s wholesale price will

decrease and the optimal equilibrium value " will decrease,
too. The confidence levels & and £ indicate the risk
preferences of the supplier and the retailer, respectively. When
a and [ grow bigger, the supplier and the retailer becomes
more risk-averse. In such a case, the supplier should give a

- - _pg= - *
smaller wholesale price and the optimal equilibrium value €
will decrease.

For t = 03, r =05 s =1and ¢ = f = 0.80, let
W= (W, W,) =(0.67, 0.33), W= (W, W,) = (0.75, 0.25) and

W = (W,, W, ) = (0.80, 0.20), respectively. The results from the
CC model under the above conditions are listed in Table IlI.

TABLE Il RESULTS OF THE EXAMPLE WITH
R=0.5,s=1AND A =B =0.80
(W, W,)| X y f g 7z T, e

(0.67,0.33) 1.61 81.51 23.08 16.27 42.10 25.78 | 28.53

(0.75,0.25) 1.48 83.07 23.08 16.27 44,04 26.75 | 31.44

(0.80,0.20) 1.39 84.25 23.08 16.27 45.36 2741 | 33.42

Wy

By Table III, it is found that when the value of

2
increases, which implies the supplier gives more concessions in
the cooperation, the supplier’s wholesale price will decrease.
For such a case, the retailer’s order quantity will increase and

the optimal equilibrium value " will increase, too.

To summarize this section, we can conclude that the
proposed method is efficient to enhance the cooperation
between the supplier and the retailer. Both the supplier and the

retailer will do their best to cooperate with each other. The e-
optimal equilibrium solution provides a fair solution to the
supplier and the retailer and can ensure the minimum
concession in their cooperation.
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V.  CONCLUSIONS

In this paper, we introduce a Cooperation and Competition
model for the risk management of the two-stage supply chain
consisting of a supplier and a retailer. This model considers the
risk aversion of the supplier and the retailer by introducing the

CVaR objective. The e —optimal equilibrium solution to this
model can coordinate the decisions of the supplier and the
retailer and enhance their cooperations. Thus this paper also
contributes to the risk management of the two-stage supply
chain.
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