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Abstract In this paper, we further study some sufficient conditions for complete
convergence for weighted sums of arrays of rowwise negatively dependent random
variables with non-identical distribution under some weaker moment conditions. Our
result generalize and improve the corresponding result of Wang et al. [7].
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1. Introduction

Definition 1.1 A finite collection of random variables X, X,,---, X is said to be negatively

n

dependent (ND) if both

P(X, > %, X, > Xy, X, > X )< T P(X; > x) (1.1)

i=1

and

P(X <X, X, <X, X, <X ) S| | P(X, £X) (1.2)

hold for all real numbers X, X,, -+, X . An infinite sequence {Xn, n Zl} is said to be ND if

every finite subcollection is negatively dependent.

In the past decades, many authors have studied this concept and provided some interesting
results and applications. For example, we refer to [2, 4, 5, 6]. Recently, Wang et al. [7] obtained
the following complete convergence result for weighted sums of ND random variables with
identical distribution.

Theorem 1.1 Let {X _,i>1n>1} be an array of row-wise ND random variables which is

ni?

stochastically dominated by a random variable X, and {a.,i>1,n>1} be an array of

ni?

n i
constants such that Zi:l|am|“=0(n(’) for some o with 0<a <2 and some J with
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0 <6 <1. Assume further that EX ;=0 when 1<a <2. If for some h>0 and y>0
such that

E{exp(h|X|")}< o0, (1.3)
thenforany £>0,
i

Z ani Xni

n-1 isn i3

inp“‘zP[max

> gbn] < 00, (1.4)

where p>1/a and b, = n¥“(logn)*”.

Inspired by the above theorem obtained by Wang [7], in this work, we will further study the
compete convergence for weighted sums of arrays of rowwise ND random variables under some
mild moment conditions, which are weaker than the above Theorem 1.1. Some complete
convergence for the maximum weighted sums of arrays of rowwise ND random variables are
obtained without the assumption of identical distribution. The result generalize and improve the
corresponding result of Wang et al. [7].

2. Main result and proof

Throughout this paper, C will represent a generic positive constant whose value may change
from one appearance to the next, and @, =O(b,) will mean a,6 <Cb, . Let 1(A) be the
indicator function of the set A.
Definition 2.1 A sequence of random variables {X ,n>1} is said to be stochastically

dominated by a random variable X if there exists a positive constant C such that

P(|Xn|ZX)SCP(|X|ZX) forall x>0 and n>1.

Lemma 2.1 [3] Let X,, X,,:--, X, be ND random variables and f,, f,,---, f, be a sequence

of Borel functions which all are monotone increasing (or all are monotone decreasing), then

f,(X)), f,(X,), -+, f,(X,) are ND random variables.

Lemma 2.2 [8] Let P>2 and {X,,N>1} be a sequence of ND random variables with
EX,=0 and E|Xn|p <oo for every N>1. Then, there exists a positive constant C
depending onlyon P such that for every n>1,

i p

X

i=1

E| max

1<j<n

n n V
<Clog® 2n ZE|Xi|p+[ZEij 2 (2.1)
i=1 i=1
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Lemma 2.3 [1] Let {Xn,n 21} be a sequence of random variables which is stochastically

dominated by a random variable X . For any U>0,t >0 and Nn>1, the following two

statements hold:

EX,| 1(X,|<t) <CIE|X["1(X|<t)+t"P(X|>1)]. (2.2)
E|X,| 1(X,|>t) <CE|X[" 1(X]>1). (2.3)

Theorem 2.1 Let {X _,i>1,n>1} be an array of row-wise ND random variables which is

ni?

stochastically dominated by a random variable X and {a i>1n Zl} be an array of real

ni?

numbers. Assume that there exist some & with 0<d <1 and some a withO<a <2

such that Zin:1|ani |“=0(n"), and assume further that EX, =0Owhen 1<a <2. If there

exists

a(sa 1)

B> max{a+2,azs, ,a(Sa—1)+25} (2.4)

and Sa >1 such that E|X|’8<oo,thenforany >0,

Zamx

Zn“’ 2P[max
1<j<n

n=

> &b j <00, (2.5)

where b, = n¥“ (log n)” forsome ¥ >0.
Proof For Vi>1 ,define

Xi(n) :_bnl(xni <_bn)+ XniI(|Xf"i|sbn)_'_b"‘l(xrli >bn)’

i
Tj(n) :Zam(xi(n) _ Exi(n))’ j=12,---,n

i=1

It is easy to check that for V& > 0,

Zam X, Zam X

>¢h } (2.6)

{max > ¢ghy }c{max Xm|>bn}U{max
1<j<n I<i<n 1<j<n

which implies

j
P[E‘% ;a”ix”i >gan
<ZP(|Xm|>b )+P[max TV > &b, —max Za EXi(”)}. (2.7)

1<j<n 1<j<n
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Firstly, we will prove that

b max

1<j<n

—0 as n—>o. (2.8)

Za EX™

For 1<a <2, it follows from EX,; =0, Lemma 2.3, the hélder inequality and the Markov

inequality that

b max
I<j<n

Za EX"

<nb,”E|X;|" +b; ZE|a X [1(X;|>b,)

<Cnb,” +Cb,;1ni E|X|1(b, <|X|<b,)
k=n

<Cnb;” +Cb;nY b, ,P(X|>b)
k=n

E|x["
b

<Cnb,” +Ch;'n> b,

k=n

Cn -
<N Loty et
n”“log’”n " Z_:

Cnl*ﬂ/a’ an’ﬂ/a
< +
log”"n " log" n

—0,as n—>o. (2.9)

For 0<a <1, it follows from Lemma 2.3, the Jensen inequality and the Markov inequality again
that

b max

1<j<n

ZEa X"

<Cb; Z|a IE[X | 1( X <b,)+C Ja | P(X,i| > b,)
i=1

<Ch,'n“E|X|1(|X|<b,)+Cn"“P(X|>b,)

sc:t>n-1n5/6fzn“E|x||(bk7l <|X|<b)+Cn”*P(X|>b,)
k=2

<Ch;n"* Y b, E[X | b/ + Cn¥ b E X |
k=2

Cnﬁ/zxnl/a—ﬂ/a“rl Cnﬁ/a

+ —0,as N—>wx

Hence, to prove (2.5), it suffices to show that
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0

123 0Ty (X, |>b,) <o,
i=1

n=1
A w as-2 (n) gbn
JzEn Pl max|T."|>— |< .
i 1<j<n | 2

In fact, by the Markov inequality, we get that

| < Ci n“s’zzn: P(X|>b,) < Ci n“*n?“log? " n<ow.
i=1 n=1

n=1

Hence, for Q> 2, it follows from Lemma 2.2 and the Jensen inequality that
)

< Ci n“2h-9(log n)® Zn:|am 'E | X M

n=2 i=1

J<CY n"nE (max
n=1

1<j<n

T_(n)
]

i=1

(2.14)
Take a suitable constant 0 such that

a(sa-1) . L+a—-a’s
max{Z,ﬁ}< q< mln{ﬂ—a,T},

which implies

ﬁ>a+q,£—&>1,ﬂ>q5—06+0628,065—2+£—&<—1,q>04-
a o o (94

It follows from the Jensen inequality and Lemma 2.3 that

3, <C3 " -1 (logn) Y Ja, [ (E[Xa[ 10X,4] <B,) +b2P(X, | >b,))
n=2 i=1

IA

Y ne i logn) S E[X [ 1 (., <|X|<by)
n=2 k=2

+C n“ 2% (log n) b, 7E | X |ﬁ

n=2

C q S as-2+q8/a-q/a q-q/y S nas—2+q6/a (Iog n)q
<CY bIP(X|>b)D n (logn)® " +C>’ e o
k=2 n—k ' Nn”“(logn)

<

&2 k9 (log k)" .\ i n®s-2+%/« (Jog n)®
& (k-1 (log(k -1))"”  ~4& n”*(logn)””

a/2
2)

T4 Ci n“?p ¢ (logn)* [Zn]am i E|Xi(”)
n=2 i

(2.11)

(2.12)

(2.13)

(2.15)
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It follows from the C, inequality, Lemma 2.3 and the Jensen inequality that

ni

® /2
J,<CY n"?b,(log n)(*[ az (EXZI(X,| <b,)+bZP(X,|> bn))j
n=2

n
i=1

>

a’

o q/2
<C> n“?p*(log n)‘*( (EX?I(X|<b,)+bP(X|> bn))j
n=2

i=1
<C> ™2 (log ) E| X[ 1| X| <b,) +C Y 2%/ (log n)* P(X| > b,)
n=2 n=2

<0 (see the proof of (2.15)). (2.16)
This completes the proof of the theorem 2.1.
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