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Abstract. The physical model of the bathtub is established in this paper, and by using the 
differential theory of the water in the bathtub is regarded as the superposition of different 
temperature of the water layer, secondly, analysis of water bath heat dissipation form mainly has 
three kinds: the heat conduction through the wall heat loss, the bath room through the air and wall 
surface radiation heat loss and convection heat loss on the surface of the water. Finally, by using the 
energy equation of the open system in thermodynamics, the equation of the relationship between the 
heat and the heat loss when the water enters the bathtub is established. Finally, according to other 
conditions, we can get the amount of water needed for a bath. 

Introduction 
Bathtub is a kind of pipe device. People use it to take shower. It’s usually located in the bathroom. 
Bathtub provides a comfortable experience However, the temperature of the bathwater will be 
decrease as time goes by. So it’s necessary to add hot water steadily to remain the temperature. 
From the perspective of environmental protection , Whether saving water is one of the evaluation 
criteria of bathtub quality. The material, shape, and size are all the important factors to decide 
whether the bathtub save water or not. This question demand to develop a model of the temperature 
of the bathtub water in space and time, Try to keep the initial water temperature and find a best 
strategy of saving water. 

The Model 
Defining the bath tub a meters long b meters wide and c meters deep. Hot water flow into the 
bathtub in a constant speed (cf1) from the left side. And the redundant water flow out from the right 
side in a constant speed (cf2) after the bathtub is filled. So we simplify this model to the control 
volume model of steady flow. Using steady flow equation of open system in Engineering 
Thermodynamics to discuss this problem. Building a coordinate system as the Figure 1 and cut out 
a water lamina vertical to y-axis and analysis. 

 
Figure 1 the simplified basic model 

Step 1: Acquire the Temperature of Water Lamina of y-axis. According to the model 
simplified above. The water in the bathtub can be regard as working substance between high 
temperature source and low temperature source that distributed equally. So according to the 
“distance-time-temperature” model [1], the temperature of y-axis random position is 
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Step2：Calculation of Radiant Heat Dissipation. According to “The basic law of thermal 
radiation” .While the bathwater exchange heat with the atmosphere, we consider the exchange 
process as a dynamic process. So according to “Stefan-Boltzmann law” [2], the radiant heat flux of 
water lamina to the atmosphere in unit time is:  
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1 0( )dq dA εσ T T
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 = ⋅ −
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= ⋅
                            (2) 

Step 3: Calculation of Heat Transfer through the Bathtub Wall. According to the basic law 
of heat conduction[3], the bathtub water transfer the heat through bathtub wall steadily, this heat 
loss type can be seen as a “steady one-dimensional plate heat transfer”. We can use “Fourier's law 
of heat conduction” [4] to gain the radiant heat dissipation from the bathtub wall per unit time: 

)/(2 dxdTdSdq ⋅⋅−= λ                           (3) 
Differential equation:  
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Boundary condition: 
0,;,0 TTbxTTx ====                           (5) 

Integration:  
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Radiant heat dissipation from the bathtub wall:  
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d
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Step 4: Calculation of Convection Heat Transfer between Water and Air. According to the 
definition of convection heat dissipation, the water in the bathtub is heat radiating from the upper 
surface to the air. We consider the converting process as a dynamic process. So by using “ Newton's 
law of cooling” [5], the heat loss through convection per unit time is: 

)( 03 TTAhdq c −=                            (8) 
Step 5: Similar to other steps. Integrating these three steps, we can acquire the sum of lamina 

heat dissipation: 
321 dqdqdqdq ++=                           (9) 

That is: 
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The integration of the upper equation is the heat loss of bathwater to the atmosphere in unit time.  
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Step 6：Calculation of the Energy Difference Carried by the Inflow and Outflow Water per 
Unit Time.  
According to the research of the open system in Engineering Thermodynamics, the energy carried 
by inflow water is 
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The energy carried by outflow water is: 
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For the bathwater can be regarded as steady flow, the inflow and outflow water speed follows:  
1 2f fc c=                                 (14) 

The inflow and outflow water yield in unit time has following relation:  
in outq q q= =                                (15) 

The faucet and overflow are at the same height, so: 
1 2z z=                                   (16) 

Thus, the energy difference between the inflow and outflow water per unit time :  
1 2 1 2( )E E h h q− = − ⋅                            (17) 

Final Step: Similar to other steps. According to the first law of thermodynamics [6], we get: 
1 2cv iQ dE E E W= + − +                           (18) 

Since the bathwater can be seen as constant temperature, we can realize the inner energy of the 
whole bathtub has no variation. That is:  

0cvE =                                   (19) 
Since the inner water of bathtub has little friction , and there’s no other work, so the internal 

work can be expressed:  
0=iW                                  (20) 

So equation (1) can be simplified as:  
1 2( )Q h h q= − ⋅                               (21) 

According to the Engineering Thermodynamics, enthalpy(h) is relative to the temperature (T) 
and pressure (P) , and neglect the pressure change for it has minimal difference at different position.  

Looking up the water enthalpy in different temperature, and using MATLAB to draw the curve 
graph whose x-axis is T, y-axis is h, which is shown as Figure 2. 

 
Figure 2 the change of enthalpy with temperature 

As fitting the curve, we can acquire the connection between h∆  and T ( h∆ : the enthalpy 
difference between the inflow and outflow water per unit time.)  

1 2Δ 4.188( )h T T= −                            (22) 
Integrated the above steps , we can acquire the mass of inflow water:  
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Conclusion 
The model is an optimization problem model. Assuming that the average temperature of bathtub 
water remains the same as the initial temperature, using software “Mathematic” to make bath shape 
parameters and the temperature of inflow and outflow water gain fixed values during a suitable 
range so as to get the optimal solution of the corresponding water mass flow. Increasing one of the 
decision variables, such as the inflow water temperature, the mass flux of water obtained by the 
model is reduced, which confirms to the objective facts, so the accuracy of the model was tested.  
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