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We present recurrence relations for single, inverse, product and ratio moments of Generalized Order Statistics
when sample is available from an Inverse Weibull Distribution. These relations enable computation of higher
order moments using corresponding lower order moments. Some Characterizations of the distribution are also
given in terms of conditional moments.
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1. Introduction

Recurrence relations for moments of order statistics has been an old topic of study. Several iden-
tities have been derived which relate higher order moments of order statistics with corresponding
lower order moments, see for example Cole [11], Arnold et al. [1] and David and Nagaraja [12].
Since emergence of record statistics by Chandler [10], various authors have studied distributions of
records. Various authors have studied recurrence relations between moments of records for certain
probability distributions, see for example Ahsanullah [2], Balakrishnan and Ahsanullah [6], Balakr-
ishnan et al. [7], Bieniek and Szynal [9], Pawlas and Szynal [17] among others. A comprehensive
review of record statistics can be found in Ahsanullah [3].
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Kamps [13] has introduced generalized order statistics (gos) as a unified model for ordered
random variables. The gos are defined as under:

Suppose a random sample of size n is available from the distribution F (x) then
the quantities X,.,, 5 « are the Generalized Order Statistics (GOS) from the distribu-
tion F (x), if their joint density function is of the form

n—1
f17..‘,n:n,n"1,k (xl ) ~--;xn) =k (I:I y]) {1 —F (xn)}k_l S (xn)

X [H{I—F xi) " f(xz)], (1)

i=1

where and is defined on the cone F~!(0) < x; <xp < ... <x, <F ' (1).Ifm =
my = --- =m,_1 = m, then GOS are denoted as X,.,, ,, x, Where r is a positive integer
suchthat 1 <r <n.

The marginal density function of rth gos is given by Kamps [13] as:

Cr1
(r—1)!

where G,y =I1}_, ¥, Vi =k+(n—j)(m+1) and

fr:n,m,k(x): f(x){l_ ( )}% : r 1[ (X)], (2)

B —ml (1—x)m+1;m7é—1
hm(x)_{—lrir(ll—x) sm=—1
8m (X) = (x)—hm(O)

[ mEL o,

—In(l—x); m=—1

;x€10,1)

Further the joint density function of two gos X,  x and Xi., ,,  for r < s is given by Kamps [13] as

Csfl
fr,s:n,m,k (xlvxZ)_ (r_ 1)! (

g ) f )

< {1=F ()" gl {F (x1)}
< {1 = F ()% [ {F (2)} = {F ()} 3)

The gos reduces to order statistics for m = 0 and k = 1 and it reduces to record statistics for m = —1.
Several authors have studied gos for various distributions in context of recurrence relations for
moments of gos. Athar and Islam [4] have provided recurrence relations for moments of gos for a
general class of distributions. Athar et al. [5] have studied recurrence relations for moments for gos
for Marshall-Olkin extended Weibull distribution and have provided a characterization. Kumar [15]
have studied recurrence relations for moments of Kumaraswamy distribution. Mohsin et al. [16]
have provided recurrence relations for moments of gos for Rayleigh distribution.

The gos provide a unified model for random variables arranged in increasing order. Burkschat
et al. [8] have introduced lower or dual generalized order (dgos) statistics as a unified model for
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random variables arranged in decreasing order of magnitude. Various authors have studied the recur-
rence relations for moments of dgos for certain distributions. Pawlas and Szynal [18] have obtained
the recurrence relations for moments of dgos for Inverted Weibull distribution with density

fl) = e (—5). )

Kotb et al. [14] have studied recurrence relations for moments of dgos for a general class of inverted
distributions defined as

f(x):wexp{—zjﬂ};a<x<b, 5)

where A (x) is some function of random variable X. The inverted class of distributions given in (5)
provide Inverted Weibull distribution as a special case when A (x) = xP. Kotb et al. [14] have also
shown that the recurrence relations for moments of dgos for Inverted Weibull distribution can be
obtained from those of general class of inverted distributions.

It is of interest to note that the recurrence relations for moments of gos have not been studied
in context of inverted distributions. In this paper we study the recurrence relations for moments of
gos for Inverted Weibull distribution and provide certain special cases. These relations are studied
in the following sections

2. Relation for Single Moments

Athar and Islam [4] have provided following general expression for relation between single
moments of gos

Cra [~ .
B i = oy [ = F ) g5 P (] ©

) etc. It is to be observed that pth moment of Inverted Weibull distribu-
tion exist when 3 > p. We will, therefore, obtain the recurrence relations for single moments when
B > p. We will use expression (6) to obtain relation for single moments of gos for Inverted Weibull

distribution. For this consider the density function of Inverted Weibull distribution given in (4). The
distribution function corresponding to (4) is

where u” . =E (X”

rin,mk

F (x) =exp <—)%> .

It can be easily noted that following relation hold between density and distribution function

| —F(x) = [’i; {exp (x%) —1}]f(x). )

We will use relation (7) to derive the recurrence relation for single moments of gos for Inverted
Weibull distribution. For this consider (6) as

pCr—Z oo .|
.uﬁn,m,k_nu;ilzn,m,k = (I"—l)! /7°oxp {I_F(x>}

x{1=F @)} g, [F (x)] dx.

139



ATLANTIS
PRESS Journal of Statistical Theory and Applications, Vol. 16, No. 2 (June 2017) 137-149

Now using (7) in above equation we have

nuﬁn,m,k - uuf—lzn,m.,k = (1:6_)1;! /O“qu [x;; {exp <x%) - 1}

X f {1 =F ()} g F ()] dx.

or

PP — pCr72/ p—1% (ﬁ)
Wi~ Wvnms = 1y e P (i fx)

X {1=F ()} g, [F (x)] dx

pCra [™ xﬁ-H
=ik e

X {1=F ()} gy, ' [F (x)] dx

or

p bl aj Cr-1 o B(i-
.uf:n,m,k_nufflzn,m,k aﬁ,y Z ‘ (r_]) A xP Bl l)f(X)

x{1-F ()}” Lgn ! F (x)]dx

G B (x
aﬁ%(r—l)/ f @)

X {1=F (x)}"~" g} [F (x)] dx

or

p o O L, B(j-1
“If}’l,m,k - 'ufflzn,m,k = aﬁ’}/r { j=0 Tlui{?nfi(li ) “r[):ﬁ,k} : ®)

Remark 2.1. Using m = 0 and k = 1 in (8) we obtain recurrence relation for single moments of
order statistics for Inverted Weibull distribution as

p o o
uﬁn—uf’lzfaﬁ(nﬂ_l){i TRk — 5?:’3}. ©)

Remark 2.2. Using m = —1 in (8) we obtain recurrence relation for single moments of K—record
values for Inverted Weibull distribution as

PP _ b oo p—BGU-1) _, p+B
M) ~ M- = Bk {ZJ 0 Jv“KU “K()} (10)
3. Relation for Inverse Moments

In this section we derive recurrence relation for inverse moments of gos. The inverse moments of
gos are defined as

:ur_:m k =E (Xr npm k) = /ﬂx’x_pfr:n,m,k (x) dx.
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We consider following relation for inverse moments of gos

— — pCr—Z < A
Bitons =M s == [ O F N g T @l

or

_ _ C,_ R _
‘u“r:rfm,k_nurplnmk (l;_ 1;'/00)6 b 1{1—F(X)}% !
x {1 =F (x)} g " [F (x)]dx. (11)

Now using (7) in (11) we have

.ur_:;zmk -u'rplnmk (lr)?liy /;pril [)ﬁ;;] {exp (;li) _1}

X fEHT=F @} g F (x)] dx.

or
- - p w o) Cr-1 L B(i—
ur:;'{jm,k_urf)l:n,m,k - _mz‘”zoi(r—l)! /0 x P B(j l)f()C)
x{1=F (x)}"' gn ' [F ()] dx
P Crfl / *P‘FB
R TAGEY A
x{1=F (x)}" g ' [F (x)] dx
or
- - p -p+ o o) B(j—1
‘ur::,m,k_'urfpl:n,m,k: OCﬁ}’r {‘ur:mlli ZJ =0 Jy'ur:mk(j )} (12)

Remark 3.1. Using 8 = 2 in (12) we have following recurrence relations for inverse moments of
gos for Inverted Rayleigh distribution

- - P ) —pt2 o O 9in
'ur:rim.,k H, pl nmk 2a,},r {'ur:rfch—Zj—O ]! ”erfm k] } (13)

Remark 3.2. Using 8 = 1 in (12) we have following recurrence relations for inverse moments of
gos for Inverted Exponential distribution
- - P ) —p+l S T
‘ur:rﬁm,k - ”rf?l:n,m,k ay, {'ur r{)m k Z] 0 J' 'ur lfka } . (14)
Remark 3.3. Using m =0 and k£ = 1 in (12), following recurrence relation for inverse moments of
order statistics for Inverted Weibull distribution is obtained

P p p+B - B(j-1) 1
S . P OCB <n+r_1){ Zj 0 } (15)

Remark 3.4. Using m = —1 in (12) we have following recurrence relation for inverse moments of
K—record values for Inverted Weibull distribution

- P p —p+ﬁ —p B(j—1)
'uK(r) 'uK(r*I) aﬁk{ Z/ 0 } (16)
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Remark 3.5. Recurrence relations for inverse moments of order statistics and record values for
Inverted Exponential and Inverted Rayleigh distribution can be easily obtained from (15) and (16)
by using B =2 and 3 = 1 respectively.

4. Relation for Product Moments

Consider the following relation, given by Athar and Islam [4], for product moments of gos for any

distribution F (x)
pa o pd _ qCs— /m © gl
ur,s:n,m,k ur,s—l:n,m.,k (r_ 1)' (S — 1)| i xfx2
< f ) {1 = F (x1)}" g {F (x1)}
X[ {F (x2)} = I {F (e0) 1"
x{1—F (x2) }* dx,dxy,
or

B~ v = Gy |
< f () {1 = F (0)}" gl {F (x1)}
X I {F (32)} — b {F (x0) 1)
X {1 —F ()} {1 = F (x2) } dixydx;. (17)

Now using (7) in (19) we have following relation for product moments of gos for Inverted Weibull
distribution under the assumption that § > p and 8 > q.

ufs’:qn,m,k _u;{j;zl:n,m,k = (7‘— 0 qc:;s_zr_l / Al lejxg :
< f () {1=F (x1)}" g ' {F (1)}
X [ {F (x2)} = o {F (x0) 17"
x{1—F (x3)}*!

A o
X [(xﬁ {exp <x§> — 1}f(X2)] dxodx,.

P P 4 o aj
“r,s:n,m,k - 'ur,sfl:n,m,k = OCB}’ Z j ! (l’ _ 1 S —r— 1 / /

xx PU ”f<x1> (e2) {1 = F (1) }" gy ' {F (1)}
X [ {F (x2)} = I {F (1)}~
) {1 —F (x2)}" " dydx,

9 Cs—1 ” P g+B
aﬁys(r—l)!(s—r—l)!/o / 12

< f (o) f () {1 = F () }" g {F (1)}
X[ {F (x2)} = i {F (x0)}]""
) {1 —F (x2)}" " dxydx

or
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J
P P __ 4 o O pg—B(j-1) _  pa+B
”r,s:n,m,k_ur,sflzn,m,k - (Xﬁ’}/ {Z} =0 ]' ‘u“rsnmk 'ursnmk (18)
S

Remark 4.1. Using m = 0 and k = 1 in (18) we obtain recurrence relation for product moments of
order statistics for Inverted Weibull distribution, for § > p and 8 > ¢, as

) - q ° BG-1) _ ,p,
Hri — :urljstll:n T ants—1) { uf’s",, = fsf{;ﬁ} . (19)
Remark 4.2. Using m = —1 in (18) we obtain recurrence relation for product moments of

K —record values for Inverted Weibull distribution, for § > p and 8 > ¢, as
pa _,pa 4 o O pgBU-1) | pa+B
Hicrs) ™Mkl 1) = ko {ZJ O T (O A (Y } 20)

5. Relation for Ratio Moments

The ratio moments of gos are defined as

X7 « 0 poo x{’
p,—q _ rin,m, _
ur751’l~,m7k =E X7 = / /x o fr,s:n,m,k ()C] ,XZ) dxpdx;.
—ooJx; Xy

sin,mk

We now derive recurrence relation for ratio moments for inverse Weibull distribution. For this con-
sider following relation for ratio moments of gos

C

p—q p—q _ qCs—2

'ur,s:n?ch - 'ur,s—l:n,m,k (I” — 1 / /x x1x2
1

(s—r—1)!
< f ) {1 —=F (x1)}" g, {F (x1)}
X[ {F (x2)} = o {F (1)}~
x {1 —F (x2)}* dx,dx,

or

Cs

p—q _ ,,P—q _ qCs—2

'ur,s:n,m,k 'ur,sfl:nm,k (i‘—l / /x x1x2
1

(s—r—1)!
x f ) {1 =F ()} g, ' {F (x1)}
X [l {F (x2)} = hn {F (x0) 3"
X {1—=F ()} {1 = F (x2) } dxydx;. (21)
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Now using (7) in (21) we have following relation for ratio moments of gos for Inverted Weibull
distribution when 8 > p, ¢ > B and p — g > B.

p—qa _ ,Pd _ qCs— —q—1
'ur,s:n.,m.k 'ur.,s—l:n,m,k - (}" _ 1) (S — = 1 / xpx
 f () {1=F (x1)}" g ' {F (1)}

X [ {F (x2)} = b {F (x1) 3]
x{1—F (x)}*!

L a
X [OCB {exp ()f) — l}f(xz)] dxodx.

or
p—q _ , p—q ___ 4 w o / /
'uns:n,m,k 'ur,sflzn,m,k aﬁ% Zj:O ]' (r_l S—l"—]
x5, TPUTV () f () {1 = F (01)}" gy {F (1)}
X [hm {F (x2)} — i {F (xl)}]s_r_l
x{1— )}”“71 dxzdxl
. —q+B
+Ot[3ys (r—1)! s—r—l / / X%z
X f(x1) f () {1—F (x1)}" gy ' {F (x1)}
[ {F (x2)} — h {F (x1) 3]
) {1 —F (x2)}" " dydx,
or
I'Lifs’:n?m,kiﬂfs’ (llnmk Olg'}/ {'ufsn?wtf j=0 T'I’Lr[j;qmrf(k] l)} (22)

Remark 5.1. Using m = 0 and k =1 in (22) we have following recurrence relation for ratio
moments of order statistics for Inverted Weibull distribution as

- 9 - o BGi—1)
Lo’ — Wi 1"_a(n—|—s—1){ rsn(ﬁﬁ ﬂfan ” } (23)
Remark 5.2. Using m = —1 in (22) we obtain following recurrence relation for ratio moments of
record values for Inverted Weibull distribution as
- - 9 By & pg 1)
‘ulp((ns) _‘ull;(r,sqfl) k(Xﬁ {'uK (r.s) =0 jI nuK(rs) } (24)

6. Some Characterizations

In this section we present some characterizations of the Inverse Weibull distribution based upon the
conditional moments. In order to give main theorems we first give some lemma.

Lemma 6.1. If X is an absolutely continuous random variable with cumulative distribution func-
tion F(x) and probability density function f(x) with a = sup(x|F(x) > 0) and b = inf(x|F (x) <
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1).We assume E(X) exists. If for a given x, a < x < b,
EX[X <x) =g(x)7(x),

where g(x) is a differentiable function in a, x < b, and t(x) = f (x) /F (x), then

x—g/ (x
f(x):cexp{/ (g”('x)(>> dx}, (25)

where c is determined by the condition 1 = [ b f(x)dx.

Proof. Consider

then

which on simplification becomes

@) _x—g'tv)

f(x) 8(x)

Integrating both sides with respect to x we have

x—gl (x
f(x):cexp{/ (gic)()> dx},

where c is determined such that % =1. O

Lemma 6.2. Suppose that X is an absolutely continuous random variable with cdf F(x) with
F(0) =0 and F (x) > 0 for all x > 0. We assume that the pdf of X as f(x) and f/ (x) exists for
all x > 0. For a continuous function g (x) on 0 < x < o with finite E {g (x)} such that

E{g(X)|X >x} =h(x)r(x)

where h(x) is a differential function in x > 0 and r (x) = f (x) /{1 — F (x)}, then

f(x) :cexp{/ (W)}dx (26)

and c is determined by the condition [;” f(x)dx = 1.
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Proof. Consider
| g du= renc)
Differentiating the above expression, we obtain
—g(0).f (x) = f () () + f/ () h(x).
Simplifying, we have

) g+ )

f(x) h(x)

Integrating both sides of the above equation we obtain (26) and c is determined by the condition

Ji f)dx =1,

We now give the main theorems.

O

Theorem 6.1. If X is an absolutely continuous positive random variable with cumulative distribu-
tion function G(x) and probability density function g(x) such that E(X) exists. Then E(X|X < x) =

h(x)t(x), where T(x) = g (x) /G (x)

B+2 B+1 a 1
h(x):x—— a PHle e (—=
af (xl_ﬁ%ﬁz b B

and
(o) = / u e du a>0,8>1
holds if and only if

off o
g(x)—wexp<—x—ﬁ> , x>0, a>0and B >0.

Proof. We first prove the necessity part. For this consider

g(x)= x(l);[jl exp (—x%)

then

1 X B+2 B+l o x &
h(x):—/ uf(u)du:x——x exﬁ/ e du
0 0

g(®) af  op

B+2 B+l 4 1
X xilexﬁ To (—— ),
af al_ﬁﬁz P B

which is (27).
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Now for sufficient condition we need to prove that (27) implies (4). For this consider (27) as

p+2 B+1 B 1
X X B
M= " g s <_) |
(Xﬁ o pBZ x ﬁ

Differentiating above equation with respect to x we have

2 B+1 1 B+1 B
h(x) = P+ PUAS NS <—> a4 xileax ’
af af WP B ) dx o 5 B2
Bl (0 xBH1 yout | [BHL B
Otﬁ B ﬁ al*%ﬁz X xﬁ+1

(@ e ()

hi(x) = x— (x‘;‘fl ﬁ+1>h(x).

X

or

Thus we have

S =G

Hence using the Lemma we have

g/(x):<aﬁ 2]

g (x) xP+1 x

Integrating we have
_oa
i

Cc

where c is determined by using
1 Y 1
E_/O x—ﬁHe dx—@7
hence
of o
g(x) = Br1 &XP (:ﬁ) 5
as asserted. 0

Theorem 6.2. Suppose that X is an absolutely continuous random variable with cdf G (x) such that
G (0) =0 and G (x) > 0 for all x > 0. We assume that the pdf of X and g (x) and g/ (x) exists for all
x> 0and E (X) also exists. Then E (X|X > x) = ho (x) T (x), where T(x) =g (x) /[l — G (x)],

1
o\ F

ho(x) = ?exp (%)F(%,l), B>1

and T'(x,n) = [y u""'e "du, holds if and only if
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af 0%
g(x)zxﬁﬁexp<—x—),x20, o>0 and B> 1.

I a7 o i« 1
g(x)ho(x)—/)C umexp<—u—ﬁ)du—a Br<ﬁ7lﬁ>’ﬁ>l'

Thus
1+
o B (04 o 1
hO('x) = 13 exXp <XB ) r (xﬁ7 ﬁ)
Now
15 148
b o Px o a 1 1+ op
ho(.x) = —X— Texp (xﬁ)l—‘(xlg’l_ ﬁ) <— X +x1+ﬁ
B 1+8 of
= —x—ho(x) <— p _xl+l3> .
Thus

x+hy(x)  1+B  af
holx) x| xltB

By Lemma 3, we have

g _ _1+B  aB
g(x)  «x +x1+ﬁ

Integrating both sides of the above equation with respect to x, we obtain

g(x) =ex*Pexp (—%) ,

X!

where c is a constant and is determined by using the condition [, g (x) dx = 1. Using the value of ¢
we have

af o
g(ﬂ-m“p(—xfﬁ),xzo, o>0 and B >1,

as asserted. O]

7. Conclusion

In this paper we have presented the recurrence relations for single, inverse, product and ratio
moments of gos when sample is available from Inverse Weibull distribution alongside a character-
ization of the distribution in terms of conditional moments. These relations provide corresponding
relations for single and product moments of order and record statistics as special case. The relations
have been used to obtain recurrence relations for single and product moments of gos for Inverse
Exponential and Inverse Rayleigh distribution.
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