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In this paper, a new extension of cumulative residual entropy is proposed. It contain the generalized cumulative
residual entropy introduced by Psarrakos and Navarro (2013) and is related with the k-record values. We also
consider a dynamic version of this new cumulative residual entropy using the residual lifetime. For these con-
cepts, we obtain some properties similar to generalized cumulative residual entropy in stochastic ordering and
aging classes properties.
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1. Introduction

Suppose X denotes the lifetime of a system or living organism with probability density function
(pdf) f. Shannon(1948) introduced a measure of uncertainty associated with X as

—+oco
HX)=— A f(x)log f(x)dx. (1.1)

Consider the lifetime X of a system that has survived up to time 7. In order to calculate the uncer-
tainty about the residual life of such a system, Shannon entropy (1.1) is not appropriate. Ebrahimi
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(1996) defined uncertainty of the residual lifetime of the random variable X; = [X —¢ | X >1] as

mxgzﬂmy;-fiﬁb%ﬁgw, (1.2)

where F (1) = Pr(X > t) is the survival function of X. Recently, new measures of information are
proposed in literature: replacing the pdf by the survival function in Shannon entropy, Rao et al.
(2004) introduced a new measure of information that extends the Shannon entropy to continuous
random variables, and called it cumulative residual entropy (CRE). The CRE is based on survival
function F'(x), and is defined as

E(X)= F(x)A(x)dx, (1.3)

where A(x) = —logF(x). Asadi and Zohrevand (2007) defined a dynamic version of the CRE
(DCRE) by &(X;t) = &(X;). Navarro et al. (2010) presented some stochastic ordering and aging
classes properties of DCRE, and also defined the CRE and DCRE of past entropy X|; = (t — X |X <
t]. Some new connections of the CRE and the residual lifetime are given by Kapodistria and Psar-
rakos (2012) using the relevation transform. Psarrakos and Navarro (2013) generalized the concept
of CRE relating this concept with the mean time between record values and with the concept of rele-
vation transform, and also considered dynamic version of this new measure. Ragab and Asadi (2010)
obtained some mathematical properties of this generalized cumulative residual entropy (GCRE).
Sunoj and Linu (2012) proposed the cumulative version of Renyi’s entropy. Recently, Psarrakos
and Toomaj (2017) obtained some results on generalized cumulative residual entropy with applica-
tions in actuarial science .

Let {X,,,n > 1} be a sequence of independent and identically distributed random variables with
cumulative distribution function (cdf) F' and pdf f. An observation X; will be called an upper record
value if its value exceeds all previous observations. Thus, X; is an upper record value if X; > X; for
every i < j. For a fixed positive integer k, Dziubdziela and Kopocinski (1976) defined the sequence
{Uy(k),n > 1} of k-th upper record times for the sequence {X,,n > 1} as follows:

Ungy = 1, Ungapy = mind{ j > Upry 2 Xjjrk—1 > X0, +k-1}

where X, denotes the j-th order statistics in a sample of size m. Then X,y = XU is called a
sequence of k-th upper record values of {X,,n > 1}. The pdf of X, is given by Dziubdziela and
Kopocinski (1976) as follows:

Futo () = (FOF AW (). (1.4)

The cdf of Equation (1.4) can be obtained as

n

Fug@ = [ 5 PO A f0)dy
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_ [F()C)]k i [kA(x)]l

i=n

[kA(!x)]i. (1.5)

i

n—1
=1 T

i!

The above equation is obtained using the relationship between the incomplete gamma function
and the sum of Poisson probabilities as follows:

A e R g
/Or(n)x" e Mdx=Y" e (1.6)

i=n

Hence, the survival function of X,,;) is given by

v kAT

Fn(k) (X) = [F(x)]k Z T = w,,(F'(x)), (17)
=0
where w, (x) = xk ¥ % is an increasing function. Now, let i, x(x) = fo™™ F,x) (x)dx. Then,

from (1.7) we have

+o0 kn+1

K(p14(5) =~ s k) = [ = (PP

0 n!

Let X be a non-negative absolutely continuous random variable with cdf F. Then similarly to the
generalized cumulative residual entropy studied in Psarrakos and Navarro(2013), we can define an
extension of CRE of X as

n!
— e kn+] » k—1 n F(x)
= | S POACI 0
= Ex, . <7L(1X)> for n=0,1,2,..., k> 1, (1.8)

where X, (k) is a random variable with pdf (1.4) and A(.) = % is the hazard (failure) function
of F'. This new CRE is an extension of generalized CRE introduced by Psarrakos and Navarro(2013)
and is obtained relating the concept of CRE with the mean time between k-record values. We call it
extended cumulative residual entropy (ECRE). In this paper, we also consider the dynamic version
of ECRE (DECRE) and obtain some properties of ECRE and DECRE.

This paper is organized as follows: In Section 2, we study some basic properties of ECRE. We
also propose the dynamic version of ECRE, and obtain some results related to this measure. In
Section 3, we state some relationships of ECRE with other concepts such as the mean lifetime of
X,,(k) and the mean residual lifetime of the random variable [X, ) — 1 | X, k) > 1].

2. Some properties and characterization results

In this section, we discuss some properties of ECRE. We also present a dynamic version of this
concept with its characterization results. Here, <y, <, and <j, denote the usual stochastic order, the
likelihood ratio order and the hazard rate order, respectively. Also, the abbreviation for increasing
(decreasing) failure rate, mean residual lifetime and decreasing (increasing) mean residual lifetime
are IFR (DFR), MRL and DMRL (IMRL), respectively.
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Proposition 2.1.

i. If k=1, then the ECRE becomes to GCRE introduced by Psarrakos and Navarro(2013) i.e.
En1(X) = E(X).

ii. Ifk=1and n =1, then the ECRE becomes to CRE introduced by Rao et al. (2004), i.e. &1 1(X) =
& (X).

iti. Let X be a random variable of exponential distribution with mean A , then we have &, ;(X) =

E(X) = A.
Proposition 2.2. [f X is IFR (DFR), then

Ek(X) > ()& n(X), forn=1,..., k>1. @.1)

Proof. Let fy be the pdf of of k-record value X,,). Then, the ratio f’}*(lk()k()t()t ) _ %A(t) is increasing

int. Therefore, Xy ) <ir Xny1(x), and this implies that X,y <s Xy y1(k), i-€-
Fn(k) < Fn+1(k) (see Shaked and Shanthikumar 2007, Chapter 1). The proof is completed.

Theorem 2.1. If X <gr Y and X is DFR, then
Eni(X) < Ei(Y), forn=12,.., k>1. 2.2)

Proof. It is well known that X <gr Y implies X <gr Y (see Shaked and Shanthikumar 2007). Hence
from (1.7), we have

Fyii() = Was10) (F (1)) S Wps10(G (1)) = Gryr)

where Gn+1(k) is the survival function of Y, ). That is, X, 1) <sr ¥,41() holds. This is
equivalent (see Shaked and Shanthikumar 2007, p.4) to have

E(0Xur1x) SE@ Y1)

for all increasing functions ¢ such that these expectations exist. Thus, if we assume that X is DFR

and A (x) is its hazard rate, then ﬁ is increasing and from (1.8), we have that

On the other hand, X <pg Y implies that the respective hazard rate functions satisfy A (x) > A(y) .
Hence, we have

Therefore, using both expressions we obtain &, (X) < &, «(Y).
Proposition 2.3. If X is IFR (DFR), then
é;,k(X)g(Z)éan,k-l-l(X)a for n:1a27"'a k>1.

Proof. The proof is similar to Proposition 2.2.
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The dynamic version of the ECRE, that is, the ECRE of the residual lifetime X; = (X —7 | X > 1)
is given by

+ookn+1 F
[F(();))]k[—log()]”dx , n=0,1,2,..., k>1. (2.3)

Sni(X5t) :/

t I’l'

This function is called dynamic extended cumulative residual entropy (DECRE). In the next propo-
sition, we present some results of DECRE.

Proposition 2.4.

L. é"mk(X;O) = éomk(X).

ii. 6,1(X;t) = E(X;) = m(t) is the MRL function of X.

iii. Let X be a random variable of exponential distribution with mean A, then we have
éamk(X;t) = éan_l_’k (X;t) =A.

iv. If X is IFR (DFR), then &, ;(X;t) > (<)&p14(X5t), forallt andn=1,2,. ...

v. If X is IFR (DFR), then &, x(X;t) < (>)&,x+1(X;t), for all t and k > 1.

vi. By using the binomial expansion, we have

o0 1 5 X [ X
i) = [ I g s
P

o 1,n+1
_ /,+ kn! ey 1)~ A

n+1 too " . | | |
= k+)]k/, [F(x)]k Z ( > (—l)n_l[A(x)]l[A([)]”—ldx

n![F(t =\
n+1 n n . . o
= mﬁ&z)}k%(; (0 iamr [ @A) dx
n+1 n _1\h—i - o .
B [Flf<:>]k 2 iAo [ F A 2.4)
[P s =m0
n—1 teo
- )1y " 7 (x)]F[A(x)] dx. .
T () mor [CEetaeia e

E[6,(X:X)] = O+°° & p(X:2) F(x)dx.

In the following, we study some properties of aging classes and characterization results. To this
purpose we first give an expression for the derivative of &, x(X;1).
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Theorem 2.2. Let X be a non-negative absolutely continuous random with cdf F, then
Eui(X3t) = kA(1)[En1(X51) — Ept k(X1)]. (2.6)

Proof. The relation (2.4) can be written as
n i e )
Gup () [ (1))} = k! 2 O~ [ IF@IFAE]dx @)
t

By differentiating both sides with respect to ¢, we have

k-1 R G D it [T m ok i
Enx OGO F O] = kf(0)[F ()] 6ua(X31) = K l()gm[/\(f)] /t [F ()" [A(x)]'dx
ENOPEOFE e8)
Since
C (_l)nil 7i - n—i (") _
;)z'(n—z)' n!i:( 1 <z>_0’
we conclude that
n—1 _1\n—i .
EGFOF ~kFOIFOF 600 =K A0 s o))
X /t IR (A ). 2.9)
Now by using (2.4), we have
Gk OGOF O] = kf (1) [F ()] 6 (X51) = —kA () [F ()] &1 6(X51). (2.10)

This completes the theorem.

Proposition 2.5. Forn,k =1, we have the following relation which is given by Navarro et al.(2010)
as

E1(Xs1) = (1) [ 6,1 (Xs58) —m(1)).
Theorem 2.3. IfX is IFR (DFR), then &, x(X;t) is decreasing(increasing) forn=0,1,... and k > 1.

Proof. The result is true for n = 0 and k = 1 since &y 1(X;t) = m(t) is the MRL function of X and
it is well known that IFR (DFR) implies DMRL (IMRL). For n > 1 from Theorem 2.2, we have

Sk (Xst) = kA () [ i (X51) — E 1 4(X;0)].
Moreover, from (2.1), we have that if X is IFR(DFR), then
Enik(Xst) < (2)En-14(X51).

Therefore, &, ;(X;) < (>)0 for all . Using this property we can define the following aging classes.
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Definition 2.1. We say that X has an increasing (decreasing) DECRE of order n, shortly written as
IDECRE,(DDECRE,) if &, x(X;t) is increasing (decreasing) in ¢.

Remark 2.1. i. If X is [FR (DFR), then it is DDECRE,(IDECRE,) forn=0,1,2,... and k > 1.
ii. For k = 1, DDECRE, (IDECRE))) is equivalent to DMRL (IMRL).

Using again Theorem 2.2 we can obtain the following characterization result which extends the
result obtained in Theorem 4.8 of Asadi and Zohrevand(2007).

Theorem 2.4. Iffork > 1 &, 1 (X;t) = cké,—1 x(X;t) holds for a fixedn € {1,2,...} and ¢ > 0, then
X has a exponential (¢ = 1), a Pareto type Il (c > 1) or a power distribution (c < 1).

Proof. This result was proved for n = k = 1 in Theorem 4.8 of Asadi and Zohrevand(2007). Now,
we assume that the result is true for n — 1 and we are going to prove it for n. We are assuming that
for ¢ > 0,

Eni(Xst) = ckép_1 k(X ;1)
holds. Then the derivative of &, x(X;t) is given by
ik (Xst) = ckéy 1 1 (X51).
Moreover, from (2.6), we have
Euk(X3t) = k&1 k(X5t) = kA (1) [0 (X31) — S 1(X51)]
= kA(t)(ck—1)&,-1 1(X;51).
Analogously, using (2.6) for n — 1, we get
k&, 1 1 (X3t) = kPA 1) [Ep 1k (X5t) — E 24 (X;31)].
Therefore,
En1k(Xs5t) = ckép_r k(X;3t),

and hence, we get the stated result.

We have already mentioned that if X is exponential, then &, x(X;1) = &,_1 1 (X;t) = ... =m(t) =
. The preceding theorem proves that &, x(X;t) = &,—1 x(X;t) for a fixed n and for all # > 0 char-
acterizes the exponential model.

Proposition 2.6. i. Let X be a non-negative random variable of Pareto type Il model with survival
function F(t) = [-£,1% (1 > 0,0, > 0), then we have Eni(Xst) = ck&y_1 1 (Xst) = Ky (1),

t+B
where my(t) = é:fl and mi(t) < &1 x(Xs5t) < Ep(Xst) < --- < 8, 1(X;t). Hence, we obtian
Ot"kn+l(t+ﬁ)
Eni(X;t) = .
K1) (a—1)"(ak—1)
ii. Let X be a non-negative random variable of power model with survival function F(t) = (B I;é)a
(0<t<B,a,B >0), then we have &, 1 (X;t) = ck&,—1 1 (X;t) = "k m} (1), where m(t) = fkjl

and mi(t) > & x(X;t) > Ex(X5t) > -+ > &, 1(X5t). Hence, we get

a;lkn+1(ﬁ —t)
(c+1)"(otk+1)

Enp(Xit) =
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3. Relationships with other functions

In this section, we state some relationships of &, x(X) with other functions. The proofs follow on
the same line of Psarrakos and Navarro (2013).

Theorem 3.1. Let X be a non-negative random variable with cdf F and the hazard rate A(z),z > 0.
Then for any k > 1 andn=1,2,..., we have

gy = & /O ) { / +°°[F(x)]k[A(x)]"ldx} dz 3.1)

n!

Proof. By (1.8) and the relation A(x) = [y A(z)dz, we have

kn—H

u(X) = /0 +°° /0 AP A dzdx.

With using Fubini’s theorem, we get

n!

kn+1

60 =5 [ [ TR0 A s

n!
and the results follows.

Proposition 3.1. If X is a continuous random variable with survival function F, then we have the
following result which is given in Psarrakos and Toomaj (2017) as

1 1

En1(X) = SEX(AX))"] - WE[X(A(X))"_I]-

n!

Theorem 3.2. If X is a continuous random variable with cdf F, then for anyn = 1,2, ..., we have

kn+1 _
—E[6 1 (G X) (F (X)) ]

Eni(X) =

n+1 n—=2 n— . o0 oo . _ .
SR (e [T T R@mer e

!
nl = i

Proof. Putting (2.5) in (3.1), we get

kn+1 o0
Eni(X) =

o A(2)(n—)F ()] 1 x(X;2)dz
kn+l o0 n—2 <n_1

AGR)[Y

|
n:Jo i=0

) 0P [TF@ A,

i

or, equivalently

Rl e i
Snk(X) = — &1 k(X2 [F ) f(2)dz
n+1 n—2 n— _ - - - i .
_ knt ;}( il)(_l)nt1/0+ /Z+ AQAR] F @) AR)) dxdz.

The relation (3.1) completes the proof.
Bdair and Raqab(2012) defined the mean residual waiting time (MRWT) of the (n+ 1)th shock
time when the nth shock time did not fall in (0,¢). Specifically,
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L0 0 S IR ()] [A(x)
Zj:O ﬁ[ OFA@Y

A connection between &, x(X) and W, x(¢) is obtained in the following theorem.

Wakt) = E() —1 | Xy > 1) =

(3.2)

Theorem 3.3. Let X be a non-negative random variable with survival function F, then for any
n=1,2,..., we have
1 n—
Enk(X) = Z[kE[ Wk (X(j1ye)] = J & (X))

ni=

Proof. From relation (3.1), we obtain

j+1 %0 0 4
JEix(X) = (]k_Jrl)/Jr )»(z){/;r [F(x)]k[/\(x)]lldx}dz.

Summing with respect to j = 1,2,...,n, we get

n oo n ) j+1
Y60 = [T2QL [ g PerA) s
Jj= Z

j=1 (j—1)!
tee n=l pdoeo pj+2 ;
=, AR [ TRl ad:

]70 Z .]‘
+ nl gl _
=/, l(z)k2Wn,k(z)[;)ﬁ[F(Z)]k[ (2))']dz
oo n—l i+l
= kWn,k(Z)[;) 7 [F ()1 AV f(2)ldz
Foo n]fl n—1 rjoo
= kW, 1 (z) Zf(]+1)k(z)dz= Z kW1 (2) fj31k(2)dz
Jj=0 Jj=0

Now, we can write
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n—1
=k Y EWui(X(j410)]-
j=0
So, we have
1 n—1
Enk(X) =~ Y [REWo s (X j41)0)) = J&j4(X)].
j=0

From (3.2), we can obtain the following result as

n—1

Woi(1) =Y M;i(0)pj (),

=0
where
M) = [ K
and
[A@)

To get an useful connection between W,, k() and &, 1 (X 1), we need the following lemma.

(3.3)

3.4)

(3.5)

Lemma 3.1. Let X be a non-negative random variable with survival function F, then we have

Proof. From (3.4), we have

Mj(t) = t+wkf'[;((f))]k[m]fd
© F(x), 1o (F:(f)) .
o (1) P
-/ ",-_o(i>[ ORI

& Kt e —log(5)
“Litmaer) ot aw Ee e
B J j! k/—i-1 . ‘

=& G Ay

Now we can obtain the connection between W,, x(¢) and &, x(X;1).
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Theorem 3.4. Let X be a non-negative random variable with cdf F, then we have

n—1
Woi(t) = Y &a(Xst)a(t),
i=0
where
Zn i K~ l[/,\( N
Yik(t) = —,, i=0,1,...,n.
Zn 1 K [A' )l
Proof. By (3.3) and (3.4), we have
n—1 j j! ki1
VVn. t) = " .. (g) X[
,k( ) j:()l';o (_]—l)' [A(I)] k( )pjk( )
n—1

—1n—1 i kil
/ k(X)) pja(t)

i—1 A0}
K/~ i

A(l‘)]i jz":l (j—i)! Z;l:—ol kl[/>!( ]!
jict i
sy
= Zg;yk(X;t) JZ lkEJ )!]1
l:() 1 |
n— ,k/ "A@)

:ngm—f'.
! n—1 KA@))
Zzo1 [1'()]

Theorem 3.5. Let X be a non-negative random variable with survival function F, then for any
n=1,2,..., we have

1 n—1 ki+2 _ 1 ; n—2 ki—|—2 _ 1 ;
EusX) = = ¥ = E (IFCOF AGO) Iy (X)) = ¥ = (IFCOF AGOImy 19 (X)) ¢
-0 b -0 b

where

(1) = / By (0d 1,2,3

Muy\f) = = Fo(x)dx, n=1,2,3,
(k) i (0) e T

is the mean residual lifetime of X,
Proof. By (1.7), we see that

- [KA(1)]

Substituting the last equation in (3.1), we have

0 =C ["a00 { [ [F(X)(]:[f/:g)i)]nldx}dz

n
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k> teo
=E A [t~ Aol b
0 z

K>t Fy0(2) Fyy(z
; 0 f(Z){ F(Z) mn(k)(z>_ F(Z) my, l(k)(Z)}dZ
ke ST E=t) 7\ "2 [kA(z)]'

=5 [ e {Z[ L) — 3 KAL) mnuk)(z)}dz

i=0 : i=0
1" 11 Ki+2 g k-1 i
O OF A @)

(S 21 z+2 k—1 i

- - Z TR QP AR 1 (2 ¢7)

and the result follows.
Remark 3.1. If n = k = 1, then we have

&1.1(X) = E(m(X)). (3.8)
Note that some results of m(X) are given by Asadi and Zohrevand (2007) and Novarro et al.(2010).

Proposition 3.2. Let X be a non-negative random variable with cdf F, then for anyn=1,2,..., we
have

k n—1
AT ) - L ) | 39
i=0

where Xi1 is a random variable with pdf fi )

A generalization of the CRE by using the CRE of X;., = min(Xj,...,X,) is defined by
Baratpour (2010) as follows:

E(X1n) = —n /0 IR ()] og F(x)dx = n /0 IR 0P AR)dx.

Proposition 3.3. Let X be a random variable of Pareto distribution with pdf f(x) = %, x>pB.
Then, it holds that

i. &(X) = (aaﬁ])z, and & (Xyp) = e aB) Let A} = &(X) — &(X1.n), then Baratpour (2010)
noted that for o > 1, Ay > 0 i.e. the uncertainty of X is bigger than that of Xi.,. Also for n > é, Ay
is an increasing function of n.
ii. & (X) = % a>1 forn=1,2,... andk > 1. Note that &1 (X) = &(X). Also, we obtain
Enik(X) = 25 E-1x(X), and &,k (X) > &1 x(X) > ... > &1 x(X). These results are expected since

Fareto type 1 is a DFR distribution.

4. Conclusions

The ECRE proposed here contain the generalized cumulative residual entropy introduced by Psar-
rakos and Navarro (2013) and is related with the k-record values and with the relevation transforms.
Also, a dynamic version of ECRE is considered. Some properties similar to generalized cumulative
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residual entropy in stochastic ordering and aging classes properties are obtained in this literature.
These concepts can be applied in measuring the uncertainty contained in the associated residual
lifetime.
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