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Abstract: Due to the measurement noise, the accuracy of the double observers’ cross-location
method is low. Based on the Fisher information matrix of the double observers, the Cramér-Rao low
bound (CRLB) of the double-observers bearings-only tracking is figured out, the proposed
optimal fit matrix decomposition algorithm(OF-MD) is used to estimate target's position which do
uniform linear motion. Finally, the convergence of the algorithm is compared with the CRLB in
different noise cases by the means of simulation. With the increasing number of tracking points, the
result is closer to the real target track.
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1 Introduction

Target tracking is the process of real-time estimation of the target motion state based on the
mathematical calculation method under the condition of obtaining the observation information
about the target. The technology which use the tracking information to extract the state information
of the target from the observed information, has been widely used in the fields of traffic control, risk
assessment and underwater detection, and developing with the diversity of the demand in different
fields and the complexity of the target Track application.

Since the information of the azimuth of the single observer is not enough to track the target
without priori information about position and velocity. Compared with single observer, double
observers can obtain two pieces of azimuth information about the target at one time, so the double
observers’ cross-location method can be used to locate the target, but its anti-noise ability is very
weak, therefore, considering a full use of observation information and motion model OF-MD
double observers’ localization algorithm.

2 Cross localization algorithm of double observers

The schematic diagram of the double observers’ measurement is shown in Fig.1, where S is the
true position of the target, S, is the observation position of the target, (x,,Y,;) Iis the coordinates
of observer O, (X,,,Y,,) is the coordinates of observer O,, 6, and &, respectively are the true
azimuth that S is relative to the observer O, and O,, €&, and 6, respectively are the
observed azimuth that S, is relative to the observer O, and O,, L is the distance between the

two observers, O is the origin of carrier coordinate system and it is located at the midpoint of the
connecting line of O, with O,.

Observer O, Observer O,

Y

Fig.1 Measurement diagram of double observers
The principle of the cross localization algorithm of double observers is based on the azimuth
measured by two observers at the same time on the same target, then figure out the position of the
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target according to the basic the triangulation method[1,2], formula (1) is the solution formula
r = Ccos '92\/ *(y02 — yol) +sin HZV *(on — Xol)
' Sin('glv - 02v)
Xy =0 *COSO, + Xy Yy, =R*SING, + Y, (D

3 Cramér-Rao low bound (CRLB)

3.1 CRLB algorithm

Evaluating the performance of a filter is generally by using simulation or comparing the degree
that close to the ideal optimal performance. CRLB as the most popular method for evaluating linear
or non-linear estimation of second order error performance can theoretically predict the optimal
performance that can be achieved before the system is established. In the time-varying statistical
system, the estimated error covariance of any unbiased filter is based on the CRLB matrix [3].

The general nonlinear state formula and observation formula are as follows

X1 = fi (X)) + o (2)
z, = h (X)) +Vv, (3)
In the formula, state noise{e,} and measurement noise{v, } obey the Gaussian distribution that
the average is zero, their covariance matrix is Q, and R, .
Supposing X, is the unbiased estimated value based on the measured values Z, ={z,,7,,...z,},
its parameter estimation covariance matrix fits[4, 5]
P :E(()A(k_Xk)()A(k_Xk)T)ZJl;1 (4)
In the formula, J, means the Fisher information matrix (FIM). CRLB is defined as the
inverse of matrixJ, .
Marking F, =[Vx, f.'(x)] and H, =[Vx,h " (x,)]" , they are Jacobian matrix of nonlinear
formula f, and h, . The recursive formula of FIM information matrix which Tichavsky etal gives is

‘Jk+l = Qk_1 - Qk_lE(Fk)[‘]k + E(FkTQk_le )]_l E(Fk)Qk_l + E(H k+lT I:ak{L_lH k+1) (5)
When there is no process noise (Q, =0), formula (5) can be simplified as
‘]k+1 = [Fkil]T ‘]k I:k71 + E{H k+1T Rk-*—lilH k+l} (6)

3.2 CRLB of bearings-only tracking algorithm based on double observers

In this section, the main point is to compute CRLB for the uniform linear motion target that no
process noise. Making the state vector to be estimated is S =[y(k), x(k), y, X]", where y(k) is the
y-axis coordinates, x(k) is the x-axis coordinates, y and X respectively are the y-axis velocity
and the y-axis velocity at time-stepk . Azimuth sampling cycle isT, the vector of azimuth
measurements describes as p(k) =[6,,(1),6,,1),---8,,(k),8,, (k)] , in the vector, & (k) is the
measured azimuth of k moment of i observer [6].

0,00 =tg™ L Vi), 5,1
x(K)=x, %0

Defining o,°and o,° respectively as the variance of the measurement error of observers’

azimuth, and the variance do not change with time, define R = diag[o,”, 5,%], then
E{Hk+1T Rk+l_lHk+1}= Hk+1T R_lHk+1 (8)
At this time, double observers’ bearings-only tracking Fisher information matrix is expressed as
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‘Jk = [Fk—l_l]T ‘]k—le—l_l +H k+lT R_lHk+1

(9
Where,
10T O
- 010T (10)
0010
0001
XO-%@) YOy xO-%,Q L YO-Y,® ]
i’ () r’ (1) R’ (1) K’ ()
X(l)_xoz (1) _ y(l)_ yoz(l) T X(l)—on(l) -T y(l)_ Yoo (1)
r,’ (1) r,’ (@) r’ () r,’ (@)
H =ap_(k)= . : : :
v 25 : : : :
X(K) =% (k) y(K) =y (k) XC) =% (K)o y(K) Yo, (k)
r? (k) r? (k) r? (k) r? (k)
X)X (K) Y Yor () 1 X% (k) 1 Y(K) =Yoo (K)
r,’ (k) r,’ (k) r,’ (k) r,’ (k) (11

The corresponding CRLB matrixC, is equal toJ, ™, so in the case of target do uniform linear
motion, double observers’ bearings-only CRLB is

e(k)=4/C, (1) +C,(2,2)

(12)

4 OF-MD bearings-only algorithm of double observers

As the cross-localization algorithm of double observers doesn’t make use of previous
observation angles and the information that the target is do uniform linear motion, its anti-noise
interference ability is very poor, therefore the optimal fit matrix decomposition algorithm (OF-MD)
is proposed to estimate the target's position [6,7].

Making the initial value of the target as its state variable, marked as S_ =[y.(0), x.(0), y,,%.I",
where y,(0) is the initial y-axis coordinates of target, X is the initial x-axis coordinates of target,
y. and Xx_ are the y-direction velocity and x-direction velocity of target, respectively. The
observation position is S =[y,;, %,;,0,0]" . The observation azimuth g, ofiobserver at time-stepk
is

0, (k) =6,(k) +56,(K) (13)
Where @, is the true azimuth, 56, is measuring noise. Through analyzing the movement of the
target process, the azimuth formula is expressed as
1, Y.(0)+KTy, -y,
() = tg (LS KD~V
X, (0) +KTX, —X,;
The formula can be further expressed as
COSHi (k)[yc (0) + kTyc - yoi]_Sin 9| (k)[xc (0) + kTXc - Xoi] = O (15)

Substituting formula E13) into the above formula, and simplifying with trigonometric formula,

the concluded formula is®
Cosgiv(k)[YC (0) + kTyc - yoi]_Sin eiv(k)[xc (0) + kTXc - Xoi] = (k) tan 50| (k) ( 16)
r,(k) =sin 6, (K)[y, (0) + KTy, — Y1+ cos 8, (K)[x, (0) + KT, —x, (17

In the formula, r,(k) is the radial distance between target's observation positions and observeO, .

Re-express measurement formula (16) as the form of matrix formula [9]

(14)
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Z(k)=A(k)S, +V (k) (18
In the formula,
Yor COS 0, - Xo1 sin o, @ h (1) tan o6, @
Y,, €08, (1) —X,,Sin6,, (1) r,(1) tan 06, (1)
Z(k)=|: V (k) =|:
Y01 COS ‘91\/ (k)_ Xo1 sin glv(k) rl(k) tan 561(k)
| Yo €086, (K) — X, sin6,, (K) | | 1, (k) tan 66, (k) |
[cosd, (1) -sing, (1) Tcosd, () -Tsing, (@) |
cosé, (1) -sinéd, (1) Tcosd, (1) -Tsindb,, (1)
A(k) = : : : :

cosd, (k) —sing,(k) Tcosd, (k) —Tsing,(k)
| cosd,, (k) —sind, (k) Tcosd, (k) —Tsind,, (k) |

In accordance with the estimated principle of least squares, to find an optimal movement path so
thath%’iZ(k) is the minimum. Marking e, (k) as
o,(k) =[sin g, (k),cos 0, (), KT sin @, (k), kT cos 8, (k),—sin @, (k) v, —cos 6, ()] (19
So r(k) can be re-expressed as the formula (20), where the vector s the target motion state
vector to be estimated.
r(k) = a;(K)n (20)
”:[yC(O),XC(O),yC,XC,l]T (21)
The cost function marked as J, (k) is the sum of squares of two observers’ radial distancer; (k)
at time-step k and before, which is

J.(k)=2 > 6 (=0 > o (K (k)
j=1i=1,2 j=1i=1,2 (22)
Defining W, as

k
W, => > o (K)o, (k)
j=li=1,2 (23)
In addition,

VIRV K) =n"[AK) -Z(KTTAK) -Z(K)ly (24)
Defining C, as
C, =[AK) -Z(KI'TAK) -Z(K)] (25)

Consequently, the main idea of state estimation is to find the minimum value of A, which meets
the formula (26) [10, 11]

n'Cop=23,(k) ='W, (26)
Since W, is a positive definite matrix, it can be realized that A is the generalized eigenvalue,
which C, is relative toW, , from the definition of generalized matrix. Marking#,;, is the
generalized eigenvalue of 4, . The eigenvector corresponding to the same eigenvalue is not unique

(the ratio of any two eigenvectors is &, which is an arbitrary constant), and there for the vector of
the state estimate is
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- 1
N=———"=hin
Min (5,2) 27)
In conclusion, the final values of the state estimate at time-stepk is
y(k) =n(11)+kTn(3,2)

X(k) =n(2,1) +kTn(4,1)
y(k) =#(31)
X(K) = (4,2) (28)

5 Simulation analysis

Target initial point is (200,-300), sailing velocity is 5m/s, sailing direction is North East 45° ,
sailing total time is200s, sampling cycleT is 0.5s, coordinates of observerO, is (0,-5),
coordinates of observer O, is (0,5). At different levels of measured Gaussian noise, the results of

Monte-Carlo simulation using the algorithm of cross localization of double observers are shown in
Fig.2.

Error(m)

50

< At SN i i
o 20 40 60 80 100 120 140 160 180 200
Time(s)

Fig.2 Cross localization error of double observers

In the Fig.2, the localization error of Cross localization of double observers is very large, at the
measured Gaussian noise of 0.5° | its localization error even reached the level of 100 meters. In the
period of 60s ~100s, as the result of the distance between the target and the observer is close, the
estimation error of the algorithm is small. Therefore in the case of large measurement noise, the
algorithm of cross localization of double observers cannot meet the requirements of tracking targets.

At different levels of measured Gaussian noise, the tracking tracks and tracking errors of OF-MD
algorithm are shown in Fig.3a, Fig.3b, Fig.4a, Fig.4b, Fig.5a and Fig.5b. The tracking errors are the
result of 20 Monte-Carlo simulations, the tracking track are the result of once simulation. This is
due to the fact that the mean error of multiple simulation estimation can be approximated to the true
estimation error, and the averaging of multiple simulation estimation results in smoothing of the
tracking details.
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Fig.3a OF-MD tracking curve of 0.1° noise Fig.3b OF-MD tracking error of 0.1° noise
As can be seen from Fig. 3a and Fig. 2, at the measured Gaussian noise of 0.1° , the tracking
track of the OF-MD algorithm is in good agreement with the actual track, and the tracking error of
OF-MD algorithm is much smaller than that of cross localization of double observers, which prove
the validity of the algorithm. In the Fig. 3a, after the performance of OF-MD algorithm is stable, its
estimation error is less than3m and converges to the CRLB at 0.1 ° measurement noise level,
which also indicate the progressive unbiased ability of the algorithm.
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Fig.4a OF-MD tracking curve of 0.5° noise Fig.4b OF-MD tracking error of 0.5° noise
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Fig.5a OF-MD tracking curve of 1° noise Fig.5b OF-MD tracking error of 1° noise

As the measurement noise increases, the tracking is still convergent, although the tracking error
is rising, and the tracking performance takes longer to stabilize. At the measured Gaussian noise of
0.5° , after the performance of OF-MD algorithm is stable, its estimation error is less than10m and
converges to the CRLB at this measurement noise level. At the measured Gaussian noise of 1° |
after the performance of OF-MD algorithm is stable, its estimation error is less than25m and
converges to the CRLB at this measurement noise level.

Fig.6a, Fig.6b and Fig.6¢ are respectively the result of velocity estimation under different levels
of noise, it can be seen that the fluctuation of velocity estimation increases with the increase of
noise, and the estimation of velocity takes longer to stabilize, but it is generally consistent with the
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true velocity of the target, which also indicate the effectiveness of velocity estimation.

city(mis)
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Velo
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Fig.6a OF-MD estimated velocity of 0.1° noise  Fig.6b OF-MD estimated velocity of 0.5° noise

Velocity(mis)

Time(s)

Fig.6c OF-MD estimated velocity of 1° noise

6 Conclusion

The proposed OF-MD bearings-only algorithm of double observers is able to track the uniform
linear motion target at a higher level of measurement noise compared to the cross localization
algorithm of double observers. OF-MD algorithm is unbiased for the estimation of the target, and
converges to the CRLB at same measurement noise level. As the number of observations increases,
the estimated track is closer to the real target track. What cannot be ignored is that the estimation
error increases at the end of the data, which is not the result of the algorithm, but the result of the
distance increases in between the target and observers. Increasing the distance between two
observers can effectively reduce such errors.
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