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Abstract—In this paper, long-time behavior of a class of
non-autonomous viscoelastic equations with fading memory is
investigated. We establish the existence of a compact uniform
attractor together with its structure in

Ho(Q) x Hg(Q)x L2 (R*;H(Q)). The compact uniform
attractor is bounded in D(A) x D(A) x Li(R+; D(A)) and attracts
every bounded set of Hy(Q)x Hy(Q)x L (R"; Hy (€Q).
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I.  INTRODUCTION

In this paper, we consider the dynamical behavior of the
solutions for the following non-autonomous evolutionary
equations with a fading memory

U, — AU, - Au—Au () - [ (A7 (S)ds+ F (W) =g, (1)

and

t p—

t
M =—1s+U

The problem is supplemented with the boundary condition
0 for all

u(x,t) t>r,7eR

0=

and initial condition
0
u(x,t) =u, (xt),u,(x,t) = aur(x,t) t<r,reR.

Where Q is a bounded smooth domainin R®, g=g(t) is
a given external time-dependent forcing, f is the critical
nonlinearity.

Problem(1)is related to the following equations like

u, —-u. =0,

ot Uxx xxtt

u, —u

tt

Which appear as a class of nonlinear evolution equations,
and that is used to represent the propagation problems of
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lengthways-wave in nonlinear elastic rods and lon-sonic of
space transformation by weak nonlinear effect (see for
instance[1,3]). Since (1) contain termsAu, , it is essentially

different from D’ Alembert wave equation.

Let us recall some results concerning the problem (1). In
[10, 11] etc, authors studied this equations with Dirichlet
boundary conditions as x =0. Recently, Aratjo et al.[5] and
M. Conti [4], H. Yassine and A. Abbas [9] studied the well
posedness for this equations. In particular, Qin[8] obtain the
existence of uniform attractorsas f =0.

Maybe, we could establish the existence of uniform
attractors of (1) using the method in [16, 17], but the regularity
and structure cannot obtain directly. In this paper, we will
apply the techniques introduced in Sun [14] to overcome the
difficulty due to the critical nonlinearity, and establish the
asymptotic regularity of the solutions. Based on this regularity
result, we obtain the asymptotic compactness of the
non-autonomous system and prove the existence of a uniform
attractor together with its structure in
Ho (Q)x Hg (@) x L2 (R*;Hy (). It is noteworthy that the
compact uniform attractor is bounded in

2 +.
D(A)x D(A)x L, (R";D(A)) .

For conveniences, hereafter let |u| be the modular (or
absolute value) of uand |~|pbe the norm of L°(Q)(P>1).

Denote H*(Q) is the dual space of Hg(Q)and |-|,. be the

norm of H™(Q) .Let (v,|-| ) be a Banach space, we denote

respectively the inner product and norm of the weighted space
L2 (R";v) by

(o), = | #s){e(s)w(s)), ds

and

2 2
) ds.

le

y78%

= [, 1®)](s)
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Denote A=—A with domain D(A) = H?(Q) "H;(Q), and
r+1

for reR,let & =D(A2) and|-| bethe normof &, . We

also define the system state space for (u,u,7)as H,,
together with a dense subspace M :

H, =& x¢& xL2(R";€,),
M = D(A) x D(A) x (L% (R";D(A) " HZ(R*; HE(Q))).

We also define the norm of the product space H, as follows

[, =l =5 Gl 1M +

2
u,e, )’

foranyz=(u,v,n') e H,.

LetC be an arbitrarily positive constant, which may be
differential from line to line, even in the same line.

For the memory kernel u(s), we assume the following
hypotheses: for all s e R"and some & > 0

peC RINLRY), u(8)20, 4(<0, ()
' (s)+ou(s) <0 (3)
We introduce a new variable of the system,
n=n'(xs):=u(x,t)-u(x,t—s), seR", 4)
which will be ruled by a supplementary equation. Denoting
t_ g t t_ i t
Ut—atﬂ ) 775—6577-
Then the following estimate holds(See[17])
tot é t|?
<77 ,775 >/1,v = 2 ||77 78 % ' (5)

The past history u_(z —s) of the variable u satisfies the

condition as follows: there exist two positive constants R and
K < & such that

u(r— s)||§ ds < R.

(6)

Ix e—XS
0

The nonlinearity f e C*(R,R), fulfills f(0) =0 satisfies
the following decomposition
|f'(s)|<c@+]s[') forall seR )

and
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liminf &) 5 g

[s|>e0 S

®)

for any s R, wherec, 4, are positive constants and 4, is the first
eigenvalue of —A in H;(Q) with the Dirichlet boundary

condition.
Calling F(s):I:f(y)dy. Notice that by (8), the

following inequalities hold for some 0< A< A andc, >0

ZIQf(u)u > ZIQF(U)—/HUE -, )

For the time-dependent forcing g , we assume the following
hypotheses: g e L2(R;L*(Q)) (translation
L2 o (R; L2(€2))) , and with the norm

bounded in

t+1
o, =sup [ lo@)ds <.

Il. PRELIMINARIES

We will complete our task exploiting the transitivity
property of exponential attraction[15], that we recall below for
the readers convenience.

Lemma 2.1.[15] Let (H;d) be an abstract metric space,
U (t; 7) be a Lipschitz continuous dynamical process inH , i.e

U(t+7,2)z,-U(t+7,7)7,|, <Le"|z -1z,

for appropriate constants v,>0 and L, >0 which are
independent of z,r and t. We further assume that there
exist three subsets K, K,, K; c H such that

dist, (U (t+7,7)K,K,) <Le™,
dist, U (t+7,7)K,,K;) < Le ™,

for somev,,v, >0 and L, L, >0.Then it follows that
dist, U(t+7,7)K, K;) < Le™,

A
where v=—2%22

and L= +L
Vo +V, +V, Lh+k,

Lemma 2.2. [12] Let X cc H <Y be Banach spaces, with
X reflexive. Suppose that u, is a sequence that is uniformly
bounded in L?(0,T;X) and % is uniformly bounded in

L"(0,T;Y), for some p>1. Then there is a subsequence of
u_ that converges strongly in L*(0,T;H).

n
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[1l. UNIFORM ATTRACTORIN H,

Throughout the paper, we assume g, € L2(R;L*(©2)) and 2
is the hull of g, in L (R;L’(Q)and geX. Assume
further that (2)-(3) and (6)-(8).

A. The Well-Posedness

By the standard Faedo-Galerkin methods, it easy to obtain
the following result.

Lemma 3.1. for any T>0and z =(u,v,,n")eH,.
problem (1.1) admits a unique week solution
z=(u(xt),u (x,t),7') e C([r, T], Hy),

satisfying

ueLl”(R;Hy(Q)).u, € (R Ho (),
Uy € L([7, T] Ho()),77 € L (R, L, (R Hg (€2))
The proof of Lemma3.1 is similar to that of Theorem 2.1 of

Aratijo et al.[5] and hence is omitted.

Form Lemma 3.1 above, for each ge L’(R;L*(Q)) we
define a process

U, (t,7): Hy = Hy,
z.=(U,,Vv,,7°) > (), v(t), ') =U, (t,7)z,.

B. Dissipativity
First of all, we can obtain the following theorem from [4]
Theorem 3.2.There exists a positive constant M, with

following  property: given any Y >0 there exist
T, =T,(Y,7) =7 such that, whenever||z ||, <Y it follows that

Ju, &0z <m vt=T
g\h lly, = 0 = o
Consequently, the set

BO:{zreHO: zri SMO}

is a bounded uniformly (w.rt o e ) absorbing set for
U,(t,z) on H,, that is, for any bounded (inH,) subsets
B thereisa T, =T,(|B], .7) >z suchthat

gLerUQ (t,z)Bc B,

for everyt>T, .
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Combining Lemma 3.1, we know that for any 7eR, U,

maps the bounded set of H,into a bounded set of H, for all
t>7, thatis

Corollary  3.3.Given  any R>0 , there is
Mg = Mg (R [g];) such thatfor all [z [, <R,
"Ug(t,z’)zr :O <Mg, VE>1.
Lemma 34. Given any R>0 , let z,,z, €eH,
0,9, €L2(R;L°(Q)) ,be two initial data, and

z

|, <R(i=1,2) .Then the following estimate holds,

H

,2_‘0 +Hgl_ngig)

(10)

2
|, €92, ~U,, €0z, <QRIE (2, 2,
for anyt >z and some k =k(R) .

C. Asymptotic Regularity
For the nonlinear function f (u) from[2], we know that f
has the following decomposition

f="f+f
where f,, f, € C(R) and satisfy

f,(s)s>0 forall seR,

an
|, (s)| <c@+|s]') forall seR, (12)

|f.(s)| <c(@+]s|") forall seR withsome 7 <5, (13)

lim inf¥>—ﬂ1 ,

[s]—>o0

(14)

where ¢, 4, are positive constants and 4, is the first eigenvalue of
—A in H} () with the Dirichlet boundary condition. Denote

szin{%,S_T}/}. (15)

In order to obtain the regularity estimates later, we

decompose the solution U, (t,7)z, = (u(t),u,(t),') into the
sum:

U,(t,7)z, =S(t, 1)z, +K,(t,7)z, .

S(t,7)z, = (v(t), v, (t),.£") , K, (t,7)z, = (W(t), w (1), ") are
the solutions the following equations respectively
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V, — AV, — AV, — AV —Jy(s)Ag‘ (s)ds+ f,(v) =0,
0

Cftl = _§; +V; (t)! (16)
VW) E) =2, V] =0 0 =0,

and

W, — AW, — AW, —Aw—T,u(s)Ag“t (s)ds+ f (u)— f,(v) = g(x,t),

=L w ), 17

(W(z), W (2).¢7) =0, w

©=0¢

R 0.

We will establish a priori estimates about the solutions of
(16) and(17), which are the basis of our works.

Lemma 3.5.For any initial dataz, € H,, the solutions of
(16) satisfy the following estimates: There exists constant k,
such that for every t>r,

[stt. o)z [, =l +v ol +[£, . <
where Q,(-) is an increasing function on[0,), Q, and Kk,

only depend on the H, - bound of 1z ,but both are
independent of 7.

2

ZT

—ko (t=7)
e

Proof Repeating word by word the proof of Theorem 3.2,
that applies to the present case with S(t,z)z, in place of

U, (t,7)z, (with the further simplification that C =0, for now
f,=0and g =0), It follows that

"S(t,T)ZT Zr

b, = VO + v Ol + ¢

=<

2 )e—ko(l—r)
Y Ho

For the solution of (17), we have

Lemma 3.6.For any r € R ,the solutions of (17) satisfy the
following estimates: There exists constant kjsuch that for
everyt>r,

”Kg(t,r)zr

=W+ o e ]

< QZ( " )ek1(t77) (1+||g||i€)

ZT

where Q,(-) is an increasing function on[0,«) ,and o is
given in (15).

Proof. Multiplying(17) by A’w,(t), and integrating in dx
over Q ,we get that
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o

Aw (1)

1d
2t

==(f W)~ £ W), AW )+ (AW (1), g (x.1). (18)

+w>i+w@i}wmi—(J:ﬂ(smc(s)oaAwa))

Similar to that in Theorem 3.2 above, we get

2

. o Ld
‘LJO H(S)AL (S)A7E, (S)dsdxzaa"év

., (19

&y

and

L uoncorsess el o e

Next we deal with the nonlinearity, we have

(W)~ 00 AW )] <[( £ W) F ), Aw )] +[{ £, AW )
and by Corollary (3.3) and Lemma (3.5), we have

Ju®[ +vO[; <M, forall t>z, 1)

where the constant M, depends on

ZT

, but independent of 7.

From (7), (21) and Holder’s inequality, then we have

K f(u)— f(v), AW, (t)>‘ <C,,

WO+ MO @)

Note that o < 5;y ,50 we can get the following estimates

(1), Aw ()] <c +%||wt O 23)
Moreover,

(Aw@.00)|<cla@f +2 ML @9

Combined with (19)-(20) and(22)-(23), by (18), we have

that
d
dt

Applying the Gronwall’s inequality, we deduce that

2 2

ﬁwwwmwwﬂfJﬂwmm%Mm

1,

AZw (t)

2
+Hw O + WO, + ¢
2

2
Hés

<Q

ZT

0 € A+ gll)
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here k, =C,, andC,, dependon|z| 2

C i " E (t)_ A2 W, +g<vv[,A"W>+1+—€||W||z+l

Lemma 3.7.For any & >0 u,(t) isdecomposed as 2 2
u(t) = v, (t) +w(t), +%||V\4||i+g<AV\4,A“W>
Z||,)
such that the following estimates are true and
2 - 2
bido, <M. IR TP R 1 e s

and 2 (30)

o
o

[[odv <et-s)+C, forall txszz.  (23)
Applying the Holder’s inequality in (29), we get that
As well as w, (t) satisfies the following estimate

2
B0 <a(w] +w +|< ], ). 31
@ <K, forall t>r, (26)
where ¢, = max{1+—g(1+—) ¢ 1+ 2'9}.
2., and [of,. DT
but both being independent of 7. On the other hand, we have
The proof of this lemma is similar to that in Sun [14].
1
In what follows we begin to establish the asymptotic (t)_f(l )M *(1—€)HV\4HEZ,+* (32)
regularity of the solutions of (1).
Lemma 3.8. There exists constant Y, which depends only  choose
onthe H,-bounds of B(c H,) ,such that for any r € R
1 .
, & <5 minl, JA} (33)
el <Y, forall t>7z and z, €B,
1 1 2
where o is given in (15). Let g, = mln{E (1—8),5(1—%)}> 0 ,then
Proof. Taking inner product of the first equation of (17)
and A (w, +&w) (¢is an positive undetermined constant), we 2 2
E,(t)> W || +|[w
get that 20 2 A (|w], +[wl, (34)
T h
<wrl —AW— AW, — AW, —J'; U(S)AL (s)ds, A7 (W, +&W) > oward 1, (t), we have
:—<f(u)—f0(v),A"(V\4 +€W)>+<g(x,t),Aa(W[+6‘W)>, @7) L=< ||V\4| +(1- (1+—)g)||W|| 4= (5 €)||§ " (35)
In the following, we will deal with the left side of (27) one . .
by one. Similar to that (19) and (20), we get that Combined with (31), choose
. . 1d 1
[ onc o e )2 Sl +SJe -], :Emln{— 5.7}

Now we rewrite (27) as

1 . 1
LEO+1,0 =10~ LA (+a0) )+{g0c0, A +ow) ) Leta, =g mime 2= ({L+27)e).6 -}

(28)
> ay (i ]+ + [

s, (36)

here
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From Corollary 3.3 and Lemma 3.5, there is a positive

"K'g ('[,r)ZT"i0 <M,
holds forany r e R.

Since¥<1, employing the interpolation inequality, we

can get that

(a0, A+ ew)| <., o) + 2wl +Iwl)). 37)

and employing Lemma 3.7 to deal with the nonlinear term:

(@)= £, (), A7 (w, + aw))|

< |< f(u)— f(v), A7 (w, +gw)>|+|< f,(v), A° (w, +gw)>|. (38)
From (7) and Lemma 3.5, we have
(@) - £, A7 +2w)
(39)

<CM, +C J.Q(]u(t)r‘ VD] W) | A7 (g + 2w
Using Lemma 3.7, we have
[ Ju ]| A” (wg + )] < [ (v @) +w 0] )W A” (g + )
(40)

and

[l oA (o + v < M, o s ). ca
Therefore, note that a=min{%,5_77} \we have
12 6
—<

<6, and then
5 1+60

o] o A (g row)| <2 +—Z(IIW 2+ ). 42)

where K_ is given in (26).

o ol ¢ o cvif < 2Qu 2 I, G, +E)-+ 43)

7llHy

where Q,(|z.[, ) from Lemma35.

Substitute (40)-(43) into (39), we get that
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(1@ =10, +-ew))| < OO+ )i+

) 5 (44)
7 Qv+ K

2CK M’

@,

where K, =CM,, +
Similarly,
K f,(v), A" (w, + gW))‘ <K, +%("Wt IL+w),  @s)

Moreover, it follows Lemma 3.7,

XA

J':C ||v(s)||§ds < .

then forany ¢ >0

t 2 2 Ql Z H
[ AV + v ()] )ds < et —s) +— G,

0

Hence, combining the above estimates into (28), we see
that forall t>r,

LEQ+ CE0s (||v(t>||§+||v1(t)||§)Ez(t>+K1+Kz- (46)

Then Gronwall’s inequality yields, foranyt>T > ¢

E,(t) < BE, (M) +p,

here SB>0is a constant which depended on initial data and
¥, p are positive constants which depended on initial data.

At the last, by Lemma 3.6, (31), (34) and noting thatT > 7 is
fixed, then the proof is completed.

Lemma 3.9.Assume B, is bounded in H_ .Then there exists
a constant M_(>0) which only depends on the H_ -bounds
of B, suchthatforany zeR

lu,to)z|, <™, forall t>7z andz eB,.
Ha‘

Proof  Multiply (1) by A7(u,+eu) ( € is a positive
undetermined constant), we get that

CEQ+HLO={ 1A +ad) oK), AU +a), @7

here

314



£

ATLANTIS
PRESS
1| o [ 1
E;(t) ZE Afut +g<ut,A‘7u>+%"U"i
2 (43)
1.2 1, 12 -
+E||§t " +5||ut||g +&(Au, Au),
and
s 2
10 =—¢|A%u +eul] +Ju], - efu
2
J t
5l =l Il (49)
Applying the Holder’s inequality in (48), we get that
E® <alul+ul ] ) (50)
where ¢, from (31).
On the other hand, we have
1 & 2 1 2 Ly
B2 0Dl +3a-all+5le],, - 6y
choose
e< %min{l, JA} (52)
then
E,®) 2 Adul + [+ ) (53)
where g, = min{l d-e) l(1—5)}> 0 (from (34))
) 27 A '
Toward 1,(t) , we have
L) 2 Euf + -+ De)ulf +2@- e[
3() = 2, ﬂlg o +50=2)],, (54

Combined with (52), choose

L ine A
&= 2m|n{l+ﬂ1 ,5,\/2}.

Similar to (36), leta, = %min{g, 2(1- (1+%)g), o—¢&}.
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b2 (uf +ull + [ ) (55)
From Corollary 3.3, there is a positive constant
Y =Y([z[,) suchthat
ju .oz <v

holds forany reR.

Since % <1, employing the interpolation inequality, we

can get that

{00, A" W+ ew)| <o + Z2 (ull +Iuf). s6)

where C, is a constant which depends on &, and the measure
of Q .Next, we deal with the nonlinear term,

‘( f(u), A"V)

< c.[Q (1+|u|5)|A"v| SCJQ|A"V| +cjg|u|5 |A"v|.

Using the Hélder inequality and the Sobolev embedding
theorem, it follows

cf AV <o+ (ull +[ull): (57)

where C, is a constant which depends on ¢, , ¢ (from (7))
and the measure of Q

On the other hand, by Lemma 3.7, we get

Cf ol [Av] < Co g s+l )+ 2 + )+
(58)
where C,, is a constant which depends on c (from (7)) and the
H_ -bounds of initial data (see Corollary 3.3).
So we have

CM @,

; [ ®l E.®+C.[g®); +C, +C;,
1

d a
—E,(t)+—%E,(t) <
dt (1) 20 (1)

(59)
where the positive constantsC,,i =1,2,3 depend ono,K, and
2], -

Using Lemma 3.1 and integrating over[z,T], we get that

mzeW+m1

E3 (t) < a1||ZZ||I2-IU eiW(tierl + 1_ e—w '

(60)
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where

a
w=—=

o . m, =C, (from (25)), m, =C, +C,+|g]f .

We then complete the proof.

Lemma 3.10. For eachf e[o,1], let B be any bounded
subset of H,. Then there exists a constant M ,which only
depends on the H, -bounds of B, suchthatforany reR,

lu, o)z,

, <M, forall t>7 and z €B.

Lemma 3.11. For each@e[o,1-0], if the initial data
set B be any bounded subset of H,, then the decomposed
ingredient (w(t), w, (t)) (the solutions of (17)) satisfies, for any
7eR,

||Kg(t,r)zr forall t>7z and z eB,

<Y,

Hoio

where the constant Y, only depends on the H, -bounds of B .

Theorem 3.12.There exist a bounded (inH,) setB, < H,,
a positive constants v and a monotonically increasing function
Q() such that: For any bounded (inH,) set Bc H,, any

geX ,reR and t>r, the following estimate holds:

dist,, (U, (t,7)B,B,) < Q(||B||HO Ye ), 61)

where dist,, (-,) denotes the usual Hausdorff semi-distance in
H,.

Proof Let B, be the bounded uniformly (w.rtoe))
absorbing set inH, (see Theorem 3.2).

By Lemma 35 and Lemma 3.8, set

A, ={zeH, :|z|, <Y,}then
dist,, (U, (t,7)B,, A,) <dist,, (S(t,7)B), A,) < Ql(]|Bo||HD e,

where Y, is a constant from Lemma 3.8 corresponding to B, .

Using A to replace B, in Lemma 3.11 and Lemma 3.5, then
there is A, < H,which is bounded in H,_ such that

diStH0 U, )A A< diStHO (St A A )< Ql(",%"HO )e 9,

for two appropriate constants C and k; .
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Sinceazmin{%,S_Ty} is fixed, by finite steps, we can
infer that there is a bounded (not only in H,,but also H,) set
B, < H,such that

dist,, (U, (t,7)B,,B) <Q(] BO||HD Ye ', (62)

Note further that all the constants in (62) only depend on
[Bl., and gl -

Now, for any bounded (inH,) B, from Theorem 3.2 There
isT, > 7 such that

Ju,t.r)B=B, forall t>T,
oex

Combined with Lemma 3.4, it follows that

dist,, (U, (t,7)B, B,) < Qe"™e ™, 63)

where Q :sup{HUg(t,r)B"H 1geX,t<t<T }<m.

Finally, we apply Lemma 2.1, again to (62) and (63), and
the proof of Theorem is completed.

IV. UNIFORMLY ATTRACTORS
Now collecting Theorem 3.2, Lemma 3.5, and Theorem
3.12, we establish that {U, (t,7)}, g € X corresponding to (1)

is asymptotically compactness. Therefore, by means of
well-known results of the theory of dynamical systems we get

that the family of processes{U (t,7)},g € 2 corresponding to
(1), posses a compact (in H,)uniform (w.rt ge2) attractor
A, and Ac H,. We remark that the above existence does not
require any continuity of the family of processes. However, in
order to obtain the explicit form of A, we need some continuity.
Moreover, since the symbol space >, now has only weak
compactness, we need to verify the corresponding of weak
continuity. First, by the results of Chepyzhov and Vishik[6],
we see that> with the local weak convergence topology of
L2 (R;L*(Q)) forms a sequentially compact and metrizable
complete space. We denote the equivalent metric by d(, ).
Thus (2.,d) is a compact metric space. Moreover, through
Lemma 4.1, Chapter V[6], we also have the following
conclusion.

Lemma 4.1. [13] The translation semigroup{T (t)},., acts
on > (i.e), T(t)g(x,s)=g(x,t+s) for any ge>and any
t > 0is invariant and continuous in X with respect to the local
weak convergence topology of L2 (R;L*(Q)), equivalently,
with respect to the metric d .

In the following, we also recall an useful lemma, whose
proof is simple and we omit it.
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Lemma 4.2. [13] Let X be a reflexive Banach and
x,—2 50 in X . then for each compact (in X") subset

B < X", the uniform convergence hold: For any & > Othere is
aN_, depending only on &, such that

< f.x,>.|<e forall n=N, andall feB (64

Theorem 4.3.  The family of processes {U_(t,7)}, o€,

corresponding to (1.1), has a compact uniform (w.rt. oce)
attractor 3 in H,. Moreover, this attractor is bounded in

H, and can be decomposed as follows

I = ULEJZKG (0) (65)

where x_is the kernel of the process U, , and x_(0) is the
kernel section at time 0.

Proof We only need to verify continuity claim on the
attractor JinH,, i.e., for the attractor 3 in H,, SIcH,

any fixed reRand t>7, if z_—z inJandg, - g with
respect to the local weak convergence topology of
L (R;L*(Q)) , then U, (t,7)z,. converges toU,(t,7)z, in
3 .

Denoted

Zr = er - ZZz ’(ui (t)'uit (t)l 771 ):l'JgI (tl T)Zir (I = 1' 2)
w(t)w, (1,.£)=U,,(t, 1)z, —U,,(t,7)z,,, 2, € F,i=1,2. Then
(w(t),w, (t),¢") satisfies the following equation

and

W, A=A A, — [ A b+ () - F (L) =6, (6) -G, (%),
(66)

and
¢H(s) =w(t)-w(t-s), (W(r),w(2).{7)=2,, W|,=0.

Since S is bound in H, , following Theorem 3.12, then there
is a positive constant R, such that

supsupsup
geX reR t>r

U, (t,r)S”il <R, <o (67)

Multiplying (66) by w, (t) and using (67), it follows that

2

%(Ivv&t)li ol +w o[ + ¢

<C(w®)f +wol +w o+

2wl -l

2

H.&

L. )+2<8:0-0,(0).w (1) >,
(68)
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and by integrating over [z,t]
T<t<T,

, then we get, for each

[w @, + o), +w O +[¢*

2
1.5

(69)
<2, 4[] <0, 0.0m() )

By Theorem 3.2, then we have

Uz{l_[2 Utt, 7)z, :t [z, T],z, € J}is bounded in L*(7,T; Hy ()
ge g

and

Uz{at [LUL 7)z, :te[r,T],z, € Ftis bounded in L(z,T; Hy(Q)
g€, g

then
U{a T, Ut 2)z te[rT]. < 3}is bounded in BT HY(Q)
ge. g

where [], is the projector from X xY to Y. Then by
Lemma 2.2, we get

UZ{H2 Ut 7)z, :t e[z, T],z, € J}is compact in L (z, T; L2 (€2))
ge 9

By Lemma 4.2, it does show that if g,—>g in
L\ZN,IOC (R! L2 (Q)) 1 then

/< 0.9~ 0,(6)w(5) >0 >0 (70)

uniformly on a compact subset of L?(z,t; L*(Q)).

Based on the continuity claim above, and by constructing a
skew-product flow on 3 x>, and applying Theorem 5.1,I\V[6],
then the structure equality (65)is proved. So the proof is
completed.
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