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Abstract—In this paper, we discuss heterogeneous complex 
analysis function and heterogeneous harmonic function, and 
establish the relationship between heterogeneous complex 
analysis function and heterogeneous harmonic function, and then 
obtain heterogeneous Liouville theorem. 
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I.  INTRODUCTION  

Heterogeneous complex number field and heterogeneous 
complex function, introduced in [1], are means that generalized 
complex number field and generalized complex function, ,and 
then authors establish the relationship between heterogeneous 
complex analytic function and partial differential equation. By 
using the property on heterogeneous complex function[2], 
authors introduce the definitions of integration of 
heterogeneous complex function, establish heterogeneous 
Cauchy integral theorem and Cauchy integral formula. 
Considering the importance of Application for partial 
differential equation and heterogeneous analysis in [3][4], we 
will discuss the boundness of heterogeneous complex analytic 
function and its relation with  heterogeneous harmonic function. 

II. HETEROGENEOUS COMPLEX FUNCTION 

A. Definition of Heterogeneous Complex Numbers Field 

We first introduce some of basic notations and 
terminologies, the details can be found in [1]. 

Definition 2.1 The heterogeneous complex numbers field 
Ck consists, by definition Ck={z|z=a+jb} where 

0,,, 2  kkjRba , and the vector operations are 
defined by 

Rmjbaz  ,  jmbmama  

111 jbaz   and 222 jbaz  ,then  

)( 212121 bbjaazz   

It is obvious that Ck  is a vector space. 

If we give a product operation by 

111 jbaz   and 222 jbaz  , then 

)( 1221212121 babajbkbaazz   , 

And the length of jbaz   be definited by 

22 kbaz
k

 , and then inverse element of 

jbaz  be 
2

1

k
z

jba
z


  , hence Ck is a field. It is 

called heterogeneous complex numbers field. 

Remark 2.1 When ,1k  heterogeneous complex 
numbers field is the same as complex number field, hence 
denote  1C is usually complex number field, 

denote 22

1
baz  is  the length in usually complex 

number field . 

B. Heterogeneous Complex Analytic Function 

Definition 2.2. Let f be function from Ck to Ck , 0z be a fix 

point in Ck,  f be called differentiable function in 0z  ,if the 

following limit exists: 
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 and then A 

be called derivative of )(zf  in 0z  by being denoted by 

)( 0zf  .   

Suppose f  be a function in set D, f  be called a 

differentiable function in D, if every Dz  , )(zf  is 
differentiable. 

Definition 2.3 Let f be function from domain D to Ck, 

f be called an analytic function in domain D, if f  be a 

differentiable function in D, f  be called analysis in point z , if 

f  be a differentiable function in some domain D, where 

Dz  . 
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Theorem 2.1 Suppose ),(),()( yxjqyxpzf   be a 

function from domain D and jyxz  . If f  be a 
differentiable function in D, then  

(1) Partial derivative yxyx qqpp ，，， is exist, 

(2) Heterogeneous C.-R. equation is exist for 
),(),( yxqyxp ，  at point ）（ yx,  

Where heterogeneous C.-R. equation satisfy the following 
equation system: 
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Theorem 2.2 Suppose ),(),()( yxjqyxpzf   be a 

function from domain D and jyxz  , then f  be a 
differentiable function in D ,if and only if 

(1) ),(),( yxqyxp ，  differentiable function for every 

）（ yx, , 

(2) Heterogeneous C.-R.equation is exist for 
),(),( yxqyxp ，  at point ）（ yx, . 

III.  INTEGRATION OF HETEROGENEOUS COMPLEX 

FUNCTION 

We first introduce the definition of integration of 
heterogeneous complex function and its some properties, the 
details can be found in [2].  

A. Definition of  Integration of Heterogeneous Complex 
Function  

Definition 3.1 Let  jC  be a directing curve in 

heterogeneous complex number field kC  by 

)(tzz    (   t  

where )(za   is starting point and )(zb   is end point. 

Let )(zf  is a function along jC , some points: 

bzzzza nn   ,,...,, 110  will be identified along directing 

curve jC  from a to b . A point t  
  be took from 1tz  to 

tz in the curve jC .   )(zf  be called integrability along 

directing curve jC  ,if the following limit exists: 
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Where 1 lll zzz  and kl
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z ||max
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 , then 

this limit be called integration of )(zf  along directing curve 

jC  from a to b ,  by being denoted by 
jC

zzf d)( .  

Remark 3.1 Denote 
1

d)(
C

zzf is usually the integration 

on complex number field. 

Theorem 3.1 Suppose ),(),()( yxjqyxpzf   be a 

continuous function along directing curve jC  and 

jyxz  , then f  be integrability along directing curve 

jC  with 

  
j jjC CC

ypxqjykqxpzzf ddddd)( 

Theorem 3.2 Let  jC  be a directing curve in heterogeneous 

complex number field kC by 

jC  )()()()(   ttjytxtzz 

where )(za   is starting point, )(zb   is end point, 

)()()(z ''' tjytxt   is a continuous function on ],[  and 

0)(' tz . Let )](),([)](),([)]([ tytxjqtytxptzf   is 

a continuous function along jC , then 

.)()]([z)( ' dttztzfdzf
C  



  

Theorem 3.3 Let  jC  be a directing curve in 

heterogeneous complex number field kC  , the length of jC  be 

L  , )(zf be a continuous function along directing curve jC  

and Mzf
k
)( ,then 

LMkzzf
jC

)1(d)(   

Proof: 

,)()1()(d)(
11

1

dzzfkdzzfzzf
CkC kkC jj
 

it is very obvious to us by using the Theorem 3.2 in [5]pp:100. 
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B.  Heterogeneous Cauchy Integral Theorem and Cauchy 
Integral Formula  

Theorem 3.4 Suppose )(zf be an analytic function from 

simply connected domain D in kC and jC  be a closed  curve 

in D, then  
jC

dzzf 0)( . 

Theorem 3.5 Suppose )(zf be an analytic function from 

simply connected domain D  in kC  then 

,d)()(
0


z

z
fzF  be a analytic function on z , where 

0z is a fix point in D and Dz  . 

Theorem 3.6 Suppose the boundary of domain D in kC  be 

closed curve jC , )(zf  be an analytic function in domain D 

and continuous function on jCDD 


, then 
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Theorem 3.7 Suppose the boundary of domain D in kC  be 

closed curve jC , )(zf  be an analytic function in domain D 

and continuous function on jCDD 


,  then there exists 

each order derivative for )(zf and  
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IV. HETEROGENEOUS HARMONIC FUNCTION AND 

HETEROGENEOUS LIOUVILLE THEOREM 

A. Heterogeneous Complex Analysis Function and 
Heterogeneous Harmonic Function 

In this subsection, we will establish the relationship 
between heterogeneous complex analysis function and 

heterogeneous harmonic function. ,0
2
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Theorem 4.1 Suppose ),(),()( yxjqyxpzf   be a 
heterogeneous analysis function from domain D and 

jyxz  . Then  
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Definition 4.1 Denote  
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If kHyxp ),( , p  is called heterogeneous harmonic 

function with coefficient k . Suppose 
),(),()( yxjqyxpzf   be a heterogeneous analysis 

function in domain D ,  q  is called heterogeneous conjugate 
harmonic function  of  p . 

Remark 4.1 It is obviously that  
),(),()( yxjqyxpzf   cannot be a heterogeneous 

analysis function for some kHqp ,  

Theorem 4.2 Let kHyxp ),( , then there exists q  such 

that  q is a heterogeneous conjugate harmonic function  of  p , 

that is, ),(),()( yxjqyxpzf   be a heterogeneous 

analysis function in domain D  . 

Proof: Djyxz  , kHyxp ),(  then we have  

,0
2

2

2

2









y

p

x

p
k  and then ),

1
()(

y

p

kxx

p

x 













 

further, there exists a total differential  ),( yxq  such 

that dx
y

p

k
dy

x
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yxdq
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),(  due to mathematical 

analysis, hence satisfied the following heterogeneous C.-R. 
equation 
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By appropriate treatment, we can find such a ),( yxq , 

which 
x

q

y

q







,  are two continuous functions and above 

heterogeneous C.-R. equation is right . Hence 
),(),()( yxjqyxpzf   be a heterogeneous analysis 

function due to theorem 2.2. 

B. Heterogeneous Cauchy Inequality and Liouville Theorem 

According to theorem3.3, theorem3.7, we can obtain the 
following heterogeneous Cauchy inequality, 

Theorem 4.3 Suppose ),(),()( yxjqyxpzf   be a 
heterogeneous analysis function from domain D and 

jyxz  . Da , denote and  Ra
k
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Such that   DRa
k

  , Then  
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Proof: According to theorem3.7, we have, 
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Consider theorem 3.3, then 
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Theorem 4.4(Liouville theorem)  If  )(zf  be a bound 

analytic function in heterogeneous complex number field kC , 

then )(zf is a hetergeneous complex constant. 

Proof: ,kCz  suppose ,0M such that 

,)( Mzf
k
 by using theorem 4.3, we have  

,
)1(

)( M
R

k
zf

k


 let R , then 

,0)( 
k

zf hence ,0)(  zf  we use the same method 

as complex function theory, we can obtain .)( Czf    
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