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Abstract. In this paper, we study the k -distance colorings and k -distance edge colorings of path 

double graphs which are based on the semistrong product. We shows that two formulas about  

k -distance and k -distance edge chromatic number of path double graphs vary with k . 

1. Introduction 

The coloring problem of the graphs is essentially the smallest classification problem of the graph 

elements. The normal coloring edge coloring of the graph classify to the sets of vertex or edge, each 

of which is an independent set. The new concepts of distance coloring and distance edge coloring are 

based on traditional coloring concepts proposed by adding restrictions. A k -distance coloring of a 

graph G  is the distance of two distinct vertices less than or equal to k  must be assigned different 

colors. The minimum number of colors required for a k -distance coloring of G  denoted by )(Gk . 

In [1-4], F. Kramer and H. Kramer have introduced the new concept of k -distance coloring, 

Kramer defines a k -power graph of G  to illustrate that k -distance chromatic number equals the 

number of k -power graph of G . Besides many results have been demonstrated: for planar graphs 

G , 1)(  kGk ,  only if the following conditions are satisfied: (1) The vertices of G  satisfies 

1 kV ; (2) The path G  is the way of length greater than k .(3) The length of a cycle G   is an 

integer multiple of 1k  . Fertin et al. in [5] have studied k -distance coloring problem of 2 - 

dimensional grid (or the Cartesian product of two paths), the following conclusions are drawn. 

Suppose 2G   is 2-dimensional grid, which  1k , 21 ,nn , is infinite. When k  is odd or even number, 

the k -distance chromatic number is 
2)1(

2

1
k or )1)1((

2

1 2 k  respectively. Kim in[6] have 

studied the 2-distance coloring of the direct product of m  order path and n  order circle, who have 

proved that the number of 2-distance chromatic number equals to 5 or 6. 

Similarly  k -distance edge coloring which the distance of any two edges is not more than k  need 

color differently. Due to the distance of edge coloring concept put forward later,Tian et al.in [7] 

studied the chromatic number of 2-dimensional grid 2L , get the precision value of chromatic number. 

When k   is odd, 2

2 )1()(  kLk , when k  is even, the chromatic number is )2( kk . 

In this paper, we shall study the k -distance colorings and k -distance edge colorings of path 

double graphs, which  is based on the semistrong product. Suppose G  is a simple connection graph, 

using  )(GV and )(GE express vertex set and edge set of G  separately. And kxx k mod)(  , the 

concepts of the double graphs and the semistrong product are as follows in definition 1.1 and 1.2, and 

all unknown symbols and terms in the text, see Ref [8] . 

Definition 1.1[8]  The semistrong product HG • has vertex set )()( HVGV   and edge set  

)}()()(|),)(,{( 212121212211 HEvvanduuorHEvvandGEuuvuvu  . 
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Definition 1.2[9]  The double graph )(GD of G has a vertex set )()( HVGV   and an edge set 

)}(),'('),('{)()( GEvvGVvGVvvvHEGE jijiji  , graph H copies graph G .Specifically, 

when nPG  , we have nPPGD • 2)(   

The double graph of n order path is isomorphic to the semistrong product graph of 2 order path 

and n order path as shown in Figure 1. 

 

 

 

Figure 1 nn PPPD • 2)(  

Lemma 1.1 H is an arbitrary subgraph of G ,then )()( 22 GH   . 

2.  Theorem and Proof 

Suppose nP  is a path with vertex set }1.,1,0{)(  nPV n  , and the vertices in )( nPV  are adjacent if 

and only 1||  st . In order to get k distance colorings of double path graph, we give the following 

lemma first. 

Lemma 2.1[8] If the diameter of n order simple graphs G is not exceeding k , then nGk )( . 

The theorems and proofs about k -distance colorings and k -distance edge colorings of double graphs 

)( nPD  are as follows. 

Theorem 2.1 Let nP  be a path of order n , k  is a positive integer greater than 2, then 










.1,2

,2,)1(2
))((

nkn

nkk
PD nk  

Proof  We know that nn PPPD • 2)( , and suppose    1,1,0)(,1,0)( 2  nPVPV n  ,then 

 1,1,0,1,0),())((  njijiPDV n  , iG  is export subgraph of )( nPD , 1,0i . Obviously every 

iG  is a path of order n . There are two cases to be considered. 

Case 1 .2 nk  

For the distance of any two vertices ),( ji and ),( st  in the vertex set  kjijiBk ,1,0,1,0),(  is 

no more than k ,where kB is a subset of ))(( nPDV and )1(2  kBk ,so we can obtain 

)1(2))((  kPD nk .Now we prove )1(2))((  kPD nk .For )( nPD ,we construct a k distance 

vertex coloring using )1(2 k  colorings. First we use )1( k  colorings color 0G ,then using another 

)1( k  colorings color 1G . Obviously this is k distance vertex coloring of )( nPD , 

)1(2))((  kPD nk . From above we can obtain when 2 nk , )1(2))((  kPD nk . 

Case 2 1 nk . 

It can easily demonstrate the diameter of )( nPD is 2, when 2k , by lemma 2.1,we have 

nPD nk 2))((  . So the proof of Theorem 2.1 is already completed. 

Theorem 2.2 The k -distance edge chromatic number of double graphs )( nPD ,we have  










.3)1(4

;2)1(4
))(('

nkk

nkn
PD nk  

Proof  When 2k , 2n ,we know that 42)( CPD  , so 4))((' 22 PD .If 3n , the distance of every 

two edges of )( 3PD  is no more than 2, while 8))(( 3 PDE ,  so we can obtain the  2-distance 

chromatic number 8))((' 32 PD .Similarly, if 4n , ))((' 42 PD  12))(( 4  PDE . If 5n , by 
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lemma 1.1 we know 12))(('2 nPD . Now we prove 12))(('2 nPD .We construct a 2-distance edge 

coloring, and let   be the 2-distance edge coloring using 12 colors. 

12)9()),1)(,(( yxyxyx  ; 1222 )1)(3()))1(,1)(,((  yxyxyx .  

First we demonstrate   is a normal coloring. From the definition of   , any vertex )1,(x  or 

)0,(x  in )( nPD ,  all the possible correlation edges colorings are as follows. 

12)9())1,1)(1,((  xxx ; 12)8())1,)(1,1((  xxx ; 

12)2())1,)(0,1((  xxx ; 12)6())0,1)(1,((  xxx . 

12)())0,1)(0,(( xxx  ; 12)3())1,1)(0,((  xxx ; 

12)5())0,)(1,1((  xxx ; 12)11())0,)(0,1((  xxx . 

Obviously, the correlation edges of )1,(x and )0,(x  color different. Hence   is a normal coloring 

of )( nPD . Now we demonstrate  is a 2-distance edge coloring of )( nPD .We take any two edges 

21 ,ee , and )2,1(,),( 21  ddeed . To prove )()( 21 ee   , there are two cases to be considered. 

Case 1 1d . 

Suppose ),( yxv  , where 1,0,12,1,0  ynx  . From the definition of  , we know that the 

correlation edges of )1,(x and )0,(x  color different colorings. Thus 1d , )()( 21 ee   . 

Case 2  2d .  

From the structure of )( nPD , there are two subcases that 1e  follow. 

Case 2.1 ),1)(,(1 yxyxe  . The situations of 2e  are as follows.(It can be seen in figure 2.1). 
}3,1,2),)(,{( 11112   yxyxe   

}3,2,1,0,2,1,0))1(,)()1(,{( 222222   yxyx    

}3,1,0,2,1|))1(,)(,{( 33233   yxyx  

}3,2,1,2,1|),)()1(,{( 44424   yxyx . 

From the definition of  , we have 121 )9()( yxe  , 1212 )9{()(   yxe , 

,))1(9( 1222  yx
 

})1)1(3(,)1)(3( 12421232   yxyx . If )()( 21 ee   , there 

exist 4321 ,,,   to satisfy 0)( 121  , 12212 )()9(  , 123122 )3())(39(  yy , or 

124122 )3())1(39(  yy . While 0y  or 1y , it conflict with the values of 4321 ,,,  .  

Thus 2d , when ),1)(,(1 yxyxe  , we prove )()( 21 ee   .  

 

 

 

 
2.1 ),1)(,(1 yxyxe  0y , cases of 2e ,（black point connection） 

 

2.2 ))1(,1)(,( 21  yxyxe , 0y ,cases of 2e ,（black point connection） 

Fig. 2 2d  all possible adjacent edges of 1e  

Case 2.2 ))1(,1)(,( 21  yxyxe .  Kinds of 2e cases can be seen in Figure 2.2. 
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}3,2,1,2,1),)(,{( 11112   yxyxe      

}3,1,0,2,1))1(,)()1(,{( 222222   yxyx

}3,2,1,0,2,1))1(,)(,{( 33233   yxyx  

}3,1,1,2,0),)()1(,{( 44424   yxyx . 

From the definition of  , ,))1(9(,)9{()( 12221212   yxyxe 1232 )1)(3(  yx , 

})1)1(3( 1242  yx . 

Suppose )()( )(

21

iee   , ),13,2,1( i while )11,10,8,7,5,4,2,1,3(,0)( 12   , it shows  

contradictions in turn. Thus ))1(,1)(,( 21  yxyxe , )()( 21 ee   . Hence, when 2,1d , 

)()( 21 ee   .  

From case1 and case 2, we can conclude that 5n , 12))(('2 nPD .  Above all cases, when 

2 nk , )1(4))(('2  nPD n , while 3 nk , the edge chromatic number equals )1(4 k .   

Similarly, we can prove the k -distance edge chromatic numbers of )( nPD ,and have the same 

formula when 3k . 

The proof of Theorem 2.2 is completed.  
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