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Abstract. A power law relation between the filtration coefficients of straining and flux through small 
pores based on percolation theory has been reported. It was a monodisperse particle filtration theory, 
while the actual colloidal suspension is polydisperse particles. In this study, a formula of particle size 
distribution for the effluent polydisperse particle in staining-dominate deep bed filtration (DBF) 
process is proposed based on preliminary results of the monodisperse filtration theory. In order to 
validate this formula, a numerical staining-dominate DBF model is established to obtain particle size 
distribution for the effluent polydisperse particle, using the parameters of experimental data set to 
configure the simulation conditions. The numerical simulation is consistent with the predicted results 
calculated from the formula. It’s indicated that the formula applied for the prediction of particle size 
distribution for the effluent polydisperse particle in staining-dominate DBF process is relatively 
accurate and effective. 

Introduction 
Colloidal suspension transport in porous media is an essential feature of various natural and 

industrial processes. These processes include petroleum production[1, 2], packed-bed filtration[3, 4], 
microbial transport in porous media[5-7], and formation of riverbeds[8].Simulation of filtration is 
important for various industrial applications to optimize the operation conditions and minimize costs. 
Study of colloidal suspension transport in porous media requires a model for describing the porous 
matrix. Colloidal particles can be removed from porous media through gravity segregation, diffusion, 
straining, bridging, and electrical forces. The migration and deposition of colloidal particles can be 
analyzed through several models, such as classic model[9-11] and trajectory analysis model[12-14]. Both 
models exhibit limitations in study of DBF for polydisperse particle. 

Percolation[15] is originally derived from filtration, and both processes are similar in many aspects. 
Therefore, percolation model can be applied to study filtration and obtain accurate results[16-19]. 
Percolation model can also be used to predict the properties of medium[20-22] and is associated with 
network modeling of transport in porous media. Hao et al.[23] applied percolation theory and random 
walk in a 2D square network to study staining-dominate DBF; this study proposed two particle 
capture mechanisms and two power-laws that describe the relationship between the fractions of flow 
through the small pores and the filtration coefficient. Our previous studies[24-26] investigated the 
effects of coordination number, capture scheme, and pore size distribution (PSD) on simulation of 
straining-dominant DBF in 2D networks. The results verify that the two parameters of PSD 
significantly influence the simulation of power law and the experimental calculation of exponents. 
The simulated data are consistent with the laboratory test results when proper simulation conditions 
are used even in 2D networks. 

The previous studies are mostly based on monodisperse particle filtration theory, while the actual 
colloidal suspension is mostly polydisperse particles. Therefore, it is necessary to develop the 
filtration theory of polydisperse particles. Based on the preliminary results of the monodisperse 
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filtration theory, the theoretical formula of effluent particle size distribution for polydisperse particles 
filtration is deduced, and a set of experimental data is selected to validate the theoretical formula. 

Experimental section 
For model validation, a staining-dominate deep bed filtration small scale experimental data sets 

was selected. It refers to injection of various monodisperse colloidal particle suspensions into porous 
matrix (laboratory test data of the medium 30/125[23]) consisted of packing glass bead with monitored 
inlet and breakthrough particle concentrations. The colloidal particle size and corresponding Ce/C0 at 
the steady-state Ce from the aforementioned laboratory test data of medium 30/125 are shown in 
Table 1. Assume lognormal distribution for pore sizes, the PSD parameters of porous media based on 
percolation theory[26], and the results are also listed in Table 1. 

Table 1 Particle sizes and the corresponding normalized effluent concentrations and estimated 
PSD parameters with percolation theory. (from cited reference). 

rs(μm) Medium30/125 
1.57 0.9680 
2.18 0.7990 
2.84 0.5810 
3.17 0.1221 
4.54 0.0003 

PSD parameters μ 1.799  
PSD parameters σ 0.535  

Theoretical formula of effluent particle size distribution for polydisperse particles filtration 
In staining-dominate DBF, the injected particles are entrapped in porous media when the particle 

radius rs is larger than the pore throat radius rp. Hence, the first key parameter, namely, fraction of 
large pores (fl), can be written in terms of probability density function of pore throat radius f (rp) as 
follows: 
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The probability of colloidal particle entrapment in pore space relies on pore conductivity. If the 
flow resistance in a microtubule obeys Poiseuille’s law, then the average probability of colloidal 
particles penetrating the large pores as the probability of conducting particle flow can be calculated as 
follows: 

4

4

0

( )
( )

( )
s

p p pr
l s

p p p

r f r dr
f r

r f r dr

∞

∗
∞=

∫
∫

       (2) 

The fl* at the percolation threshold can be written as 
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where *
cf is the flow-biased percolation threshold, and rsc is the particle radius at the threshold. 

The colloidal particles that penetrate the backbones of the infinite cluster can pass through the 
network media, whereas the particles penetrating the branch connected to the backbone are entrapped 
at the dangling ends[25] (Fig.1). Hao Yuan[23] reported a derivation process of formulae for percolation, 
and this process is explained in Appendix A. Here, we briefly review the derivation process of 
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power-law relationship: ( )* * *1 l l cf f f
β

λ ∝ − >> . The fraction of flow through the backbones of the 
infinite clusters may be estimated by using the following equation[27, 28]: 

( )* * * * *
inf inf inf2 2l lB f f f f f= − − −     (4) 

 
Fig. 1 Cluster structure of the viable pathway, filtration backbone, and branch bonds in the 

diagonal square lattice (all bonds in the figure are larger than the particle size). Color: green, filtration 
backbone; purple, branch bonds; black, dangling bonds; red, bonds at the entrance connected to 
filtration backbone; and blue, bonds at the entrance connected to the dangling bonds). 

where f*
inf  is the fraction of flow through infinite clusters, and B is the fraction of flow through the 

backbones of the infinite clusters. Far above the percolation threshold, the branch and dangling ends 
are marginal, and the backbones dominate the main body of the pore network f*

inf →f*
l. The flux 

through finite clusters and dangling ends can be expressed as: 
* * *1 1 l l cB f f f− ≈ − >>   (5) 

The distance between two neighboring branches lw may be assumed to vary by a power law, similar 
to the power law in Eq. (5): 

( )* * *1w l l cl f f f
γ

∝ − >>      (6) 

where γ is the exponent. The filtration coefficient λ is defined as the capture probability per unit 
length of porous medium and can be expressed as: 

( )*1 1 l
w

B f
l

β
λ

−
∝ = −       (7) 

where β is power law exponent, which may be determined based on PSD shape, pore structure, and 
coordination number. Let K be proportional constant, the Eq (7) can be rewritten as: 

 ( )* * *= 1 l l cK f f f
β

λ ⋅ − >>   (8) 

According to the classical theory[29] the filtration coefficient is calculated as ( )0 01 ln eL C Cλ = − ⋅ , 
where L0 is the length of column; Ce and C0 are the lower outlet and influent particle concentration. 
Combined with Eq (8), the normalized effluent concentrations (Ce/C0) can be derived 
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Consider n challenge tests using monodisperse particles with radii rs1，rs2…rsn, The inlet and 
outlet concentrations C0(rsi) and Ce(rsi) are known from experimental data for each test. Assume 
lognormal distribution for pore sizes as determined by PSD parameters μ and σ. Each experiment data 
satisfies the following equation:  
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If the particle size distribution of the suspended solids is known, effluent particle size distribution 

for polydisperse particles filtration can be roughly estimated by combining the monodisperse 
suspended particles break through curve. The filtration experiment of a polydisperse suspended 
particles was considered to be the sum of multiple monodisperse experiments. If the particle size 
distribution function of the influent suspension known as f (rs), then the particle size distribution 
formula for polydisperse particles filtration can be expressed as Ce(rsi)/C0(rsi)×f (rsi), replace with Eq 
(10), the formula can be rewritten as: 
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Where f (rs) is the particle size distribution function of the known influent suspension, β is the 
theoretical exponent of Eq (9), the K is ratio coefficient of Eq (9), rs is the particle size of any 
polydisperse suspended particles; σ and μ are pore size distribution parameters of porous media. 

Network model setup 
In order to verify the accuracy of this formula, a numerical staining-dominate DBF model is 

established to obtain particle size distribution for the effluent polydisperse particle, using the 
parameters of experimental data set (laboratory test data of the medium 30/125[23]) to set the 
simulation conditions. The specific simulation method is similar to that in Ref[23, 24]., except that the 
original monodisperse particle size is replaced by the polydisperse particles determined by the particle 
size distribution function of f (rs) the influent particle. In this work, we briefly review the procedure of 
establishing numerical DBF network model. 

The trial particles are injected into the network to obtain the effluence probability and the filtration 
coefficient. The particles that pass through the network are flow biased. The pore clogging and 
permeability damages of the network are neglected in the simulation and thus the particles walk 
independently. Particles are injected into the network one by one, and only one particle randomly 
walks on the lattice each time. Such configurations are used to simulate the particle capture 
probability of straining mechanism for dilute suspensions. The independent movement of different 
particles also makes parallel computing possible. Two Xeon E5-2620 processors with 2.0 GHz were 
applied in parallel computation to perform the simulations. The number of injected particles of the 
same radius was 105 to improve the accuracy of normalized effluent concentrations for filtration 
simulation. 

Results and discussion 
The simulation of staining-dominate DBF model  for polydisperse particles was performed in the 
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minimum capture scheme by using Square lattice (100×100), and PSD estimated based on percolation 
theory (σ=1.799 and μ=0.535). Assume lognormal distribution for particle size distribution of 
influent suspension, and the particle size distribution parameters μin=1.620 and σin=0.53. Finally, the 
particles passing through the network media are counted and compared with the predicted results 
calculated from Eq. (11). As shown in Fig. 2, the results of the numerical simulation (purple curve : 

effluent polydisperse particle size distribution for simulation) are consistent with the predicted results 
(black curve: effluent polydisperse particle size distribution for theory) calculated from Eq (11). 

 
Fig.2 Effluent polydisperse particle size distribution for straining-dominant deep bed filtration 

estimated by theory calculation and numerical simulation 
Since the monodisperse filtration experiments and simulations have neglected the decrease of 

permeability which caused by pore blockage, thereby the application of this formula also has some 
limitations: the formula can only be applied to the prediction of the particle size distribution of the 
effluent of the polydisperse suspended particulates from straining-dominant DBF. If the main 
mechanism of filtration is not dominated by the straining, the application of the above formula will 
not yield credible results. Moreover, the calculation and numerical simulation of Eq (11) need to 
know the PSD of the filter media and particle size distribution of influent particle, otherwise this 
method cannot be used.  
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