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Abstract. Additional displacement fields based on internal parameters were used widely in finite
element method to increase the order and complementary of displacement polynomials, thus  accuracy
and insensitivity to mesh distortion of elements can be improved significantly. To ensure that the
element could pass patch test, internal displacement field should be formulated without incompatible
energy on element’s sides. In this paper, based on generalized conforming theory, the second
guadrilateral areacoordinate method QACM-II was used to develop universal formfor plane elements.
This universal internal displacement field can be used easily for those plane elements formulated with
QACM-1 or QACM-II.

Introduction

Based on Q4 element, professor Wilson[1] developed Q6 in 1973 by introducing additional
displacement field formulated with internal parameters, so the displacement polynomials of Q6 element
are quadratic complementary about isoparametric coordinate, and its accuracy and insensitivity to
mesh distortion were improved significantly. Asthe additional displacement fields were only restrained
by nodal conforming conditions, so Q6 element could not present exact solutions for patch test under
irregular meshes.

Inspired by Q6 element, many 4-node non-conforming plane elements had been developed without
any problem in convergence, such as the element QM6 proposed by Taylor et al. [2], QP6 by
Wachspress[3], NQ6 by Pian et al. [4], the generalized conforming element GC-Q6 by Long et al. [5],
the quasi-conforming element QC6 by Chen et al. [6], the hybrid-stress element P-S by Pian et al. [7],
etc. All these elements can pass the strict form of patch test and possess excellent performance.

As most of these elements need additional displacement to improve the accuracy, then based on
generalized conforming theory, a universal form of additiona interna displacement field was
developed by using isoparametric coordinate method[8]. This universal form can be used easlly for
improving the performance of quadrilateral plane elements.

In order to keep the elements insensitive under mesh distortion, Long et al. [9,10] developed the
guadrilateral area coordinate QACM-I, Chen et al. [11] and Long et al. [12] developed the
quadrilateral area coordinate QACM-I11 and QACM-I11 respectively.

In this paper, a universal form of internal displacement field was formulated by using QACM-I|
based on generalized conforming theory. This universal form can be used easily for those elements
formulated with QACM-1 or QACM-II, and it would improve the property without changing the
compatibility of source elements.

Introduction of QACM-I|

Compared with QACM-1, QACM-I1I contains only two independent coordinate components (Zi, Zy).
These two components were defined as :

Z, = 4%, Z, = 4% (1)

Where A is the area of element, A; and A; are areas of DPM,M, and DPM;M; as shown in Fig.1.
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Fig.1 Definition of Z,and Z, of QACM-I|

A =S(DPM,M,)

_ 2
A =S(DPM;M;)
M; (i=1,2,3,4)are the midpoints of elemental sides. Four shape parameters named g, (i =1,2,3,4)
were defined in QACM-I asfollows :
_ S(D124) _ S(D123)
' A 2 A €)
g;=1- g, 9,=1- 9,

Using these shape parameters, the relationship between QACM-11 and Cartesian coordinates (X, y) was

defined as follows:
Zl = [51 +61X+61y] +(gz - gl)
(4)

Zz = [52 +62X+62y] +(gs - gz)

>k >e

Where

Juuuuva

a=XY- XY, B=Y -V 6=%-%, 1,j,k=1234
a=a-a,b=h-b g=c-¢ (5)
52:8.4- a,, 62:b4' bz’ E2:(:4' C,
And x; and y; are the coordinates of elemental nodes.The transformations of the derivatives of thefirst
order can be written as. :

11 1 T

{14 butizi ©)
A - u

i1 A& so 17

T Typ 12, b

The areaintegral formulae for the first, second terms are given by :
\\izll:I Ai gZ- glu
i ydA= ] y (7)
@TzzgdA 3710;- gzg
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12z, TG 99 - 9}

Universal internal displacement field based on QACM-I |

In order to pass the patch test, the incompatible energy at element sides induced by internal
displacement filed should be zero, then the conforming conditions that internal displacement field
should be satisfied are as follows:

dA =[ymTids =0 )

where | and m are the direction cosine of element sides.
As QACM-I11 has only two independent components Z; and Z,, the universal displacement field based
on internal parameters can be assumed as:
u=2'2)+a,Z +a,zZ,+a, (10)
By substituting Eq.10 into the former two equations of Eq 9 we have:

\\ﬂu “a)l ﬂu b ﬂu O nbl \\—n-1—-m A\ m-1
dA= —dA= ZdA+ ZX'dA+ba,+ba,=0 (11
X @éAﬂZ Aﬂzgg @Zl (Dzl b1 1 bz 2 (
and :
\\ﬂU A\ anmdA+ A\ Zm 1dA+ + O
y CDzl CDZl ca, tCa, = (12)

With Eq.11 and Eq.12, the undetermined parameters a, and a, can be derived as :

1a,0_ iebl bzu ebln bzmu| @4 1ZmdA“__ _\ n@‘)zl"'lzmdA" 13)
.akﬁ AeCl Czu eCln CmGT@‘)Z zr dAb Tm@‘)zlz dAb
By substituting Eq.10 into the third equation of Eq.9, we have:
A= GRZIZIdA- %@y;- 1ZPdAGEY,dA- % ALZTdAGE.dA+a,A=0  (14)

Then the undetermined parameters a,, can be written as:

a0 = 5 QPIZIIA+ - (7T ZIAAGR.OA+ o RS ZE AT OA (15)
The integration in Eqg.15 can be denoted as:
12 = QYL ZydA (16)
Then a, and the additional displacement field can be written as follows:
a,=- =12 + :2|51m|120 /':‘zlfmllgl (17)
og=zzr- 0z 7z .Mz 7 44 (18)

1 =2 n-1,m=1 n,m-1
A A
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Examples of quadratic term are presented as follows:
When n=2,m=0:

U=2Z+a,Z +a,

2 A\ 2
a,=- Z(DzldA:_ g(gz' 9) (19)
a,=- ic‘o‘)zzdmi@y dAQRY,0A =- lé.(g - gz)z+1§l+3(gz- 9,)°
¢ AT AT 3e™ u 9

When n=1m=1:
U = lez +alzl +aZZZ +a0

1. 1
a1=-xco¥2dA=-§(gs- g,)

1. 1 (20)
a,=- Z@7-1dA:' E(gz - gl)

1. 2 “ 1
a, =- Z@ZZdA-"? @Wsz: - 5(92 - gl)(gs - gz)

2 A\ 2
a,=- Z@ZZdA:' 5(93' 9,) (21)
2, =+ (F0A+ GF.0AGR0A= - 240 0) +1i+ 2 (0, )
0 A 2 A2 2 3¢€ u g

Examples of cubic term are presented as follows:
When n=3m=0

u=Z'+a,Z +a,
3 « Z 2 N

a, =- ZC‘szdA:. 9,- g,) +1d (22)
1 LS 3 A\ S 2 s 2 Y

8, = GFIAT— @YIOAGY.0A= (0.~ ) § 0~ ) +1]

When n=2,m=1
u=2z7z,+a,z,+a,zZ, +a,

2 2
a,=- Z@ZlZZdA:_ g(gz' 91)(93' gz)

1. 14 2
azz_xﬂfdA__gg(g3_ gz) +1H
_ 1. 2 - 1 oo an (23)
a,=- A (A szA"'E M ZdA@Z.dA+ N @Y% AA@Z.dA
1

) 1_5{(93' gz)3+2(gs' gz)(gz' gl)z+5(g3_ gz)}

2 1 , \
+5(%- 9.)(9,- 0) +5(0- 6.)§ 0, 0,)" +1f
When n=1,m=2
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U=2Z7>+a,z,+a,Z, +a,

17 _(DszA_' _ggz 91 +1U

- 2
a,=- _(DZlszA:' g(gz - 91)(93' gz)

. . R . (24)
=" ('Dzl Z;dA+— re ('Dzzsz(DzldA"' re @4 Z9A@Y-0A
1
=- 1—5{(92- 0,)' +2(0:- 6,)°(9.- 0.)+5(g. - 9,)}
1 A .2
+5(9.- 0)§9.- 9) +1+ (9.~ 0.)(9:- )’
When n=0,m=3
U=2Z+a,Z,+a,
3« ‘ N
=- _(ﬂzsz:- Q(gz- gl)z+1L<I (25)

=- _(Dzsz"'_dezszdbzz gz)e-(gz' 91)2+18

This universal form can be used directly as the shape functlon of additional displacement based on
internal parameters for those plane elements formulated with QACM-1 or QACM-II. If the nodal
displacement was compatible, the new element would pass the strict form of patch test.

Conclusions

Additional displacement field based on internal parameters are important for developing 4-node plane
elements. In this paper, based on generalized conforming conditions, an universal form of internal
displacement has been formulated with quadrilateral area coordinate QACM-I11, and the quadratic and
cubic polynomials are also presented as examples for other researchers. These universal polynomials
can be used easily for those plane elements developed with QACM-1 or QACM-II.
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