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Abstract. The problem of the balance of the rectangular thin plate with two adjacent edges fixed the
other two adjacent edges free under the uniform load is solved by using the minimum potential energy
of mixed variables. The solution process is clear, and the deflection surface equation is given.
Through the numerical calculation, the calculation results of the graph form are obtained,which are
compared with the finite element results, and the accuracy of the numerical results is verified. It
shows that the method presented in this paper has certain practical significance to the practical
application of engineering,which can be directly applied to the actual project.

Introduction
With the development of the national economy, the construction industry is developing rapidly.

Many construction projects involve the balance problems about a variety of elastic sheet and
plates.The principle of energy gradually receives people’s attention and is more and more popular in
practical engineering applications because of its universality, simplicity and accuracy in solving
various problems in practical engineering problems. However, for the present, some of the existing
research methods can not meet the design requirements. In this paper, the balance of rectangular plate
is further studied by the minimum potential energy principle of mixed variables given in [1]. The
numerical solution of the bending problem of the rectangular thin plate with two adjacent edges fixed
the other two adjacent edges free under the uniform load is given , and compared with the finite
calculation results, and the results can be directly applied to engineering design.

The Minimum Potential Energy Principle of Mixed Variables for Curved Rectangular Thin
Plate

Consider the bending of rectangular plate with two adjacent edges fixed the other two adjacent
edges free under the action of distributed load, as shown in Fig. 1 (a).Remove the bending constraint
at both ends,and replace it with distribution bending moment 0xM and 0yM respectively.And the
deflection surface equations of the free edge are expressed as xaw and ybw , and the deflection of the
suspended corner is abw ,as shown in Fig. 1 (b).
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Fig. 1 The bending rectangular plate with two adjacent clamped edges and the other two free edges

under uniform load
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The minimum potential energy principle of the mixed variable is applied to the total potential
energy of the rectangular slab in the graph：

 

     

  





















































































b a

ababbyyybaxxxa

b a

y
y

x
x

a ba b

mp

RwdxVwdyVwdx
y
wMdy

x
wM

qwdxdydxdy
yx
w

y
w

x
wv

y
w

x
wD

0 00 0
0

0
0

0

0 00 0

22

2

2

2

22

2

2

2

2

12
2
1

.

(1)
The upper part is called the total potential energy of the minimum potential energy of the mixed

variable, or the combined total potential energy。
In the case of (1),take the variational extremes of w ， xaV ， ybV and abR ,and apply the

zero-variational principle of the inner boundary and the basic preparatory theorem of the variational
method, the Euler equation and the natural boundary condition are obtained respectively :
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The above is the minimum potential energy principle of the mixed variable of the rectangular
plate。

Rectangular plate with the two adjacent edges fixed the other two adjacent edges free
Consider the rectangular plate with the two adjacent edges fixed the other two adjacent edges

free under the uniform load .The calculation is based on the previous text .

Assume that the deflection surface equation is

      321 ,,, k
ab
xyyxwyxwyxw  . (13)

among them, 1w and 2w is given in [1].
It is assumed firstly in the calculation of the rectangular plate with the two adjacent edges fixed

the other two adjacent edges free：
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And 3k is the deflection of the free point.
Apply 1w and 2w into the case of (1) and take the variational extremes ofw， 0xV ， xaV ， 0yV ，

ybV and abR ,simplify it,and according to the basic preparatory theorem of the variational method, the
Euler equation and the natural boundary condition are obtained respectively :
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substitute 1w ， 2w into (18) ~ (26)，calculate and simplify to get the deflection surface equation:
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The boundary conditions to be satisfied in this paper are:
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The deflection surface equation(27) is substituted into the above boundary conditions (28) - (32),
and then the corresponding execution equations of the boundary conditions of the rectangular plate
under the boundary condition are obtained as follows:

   m
m mn

nm

n

n

n

n
n

n
n

n
n

n C
KDb

A
a

aa
Da

aa
Db
q 





 


























2,1

224
2

1 2
sh

cth
2
11

2
1ch22

1th11 







     mnmn
m mn

m
n

nn
n

n
n

nn

n
n

n

d
Kb

b
a
aa

aa
aa

a












23

2,1
2

1

22 212
sh
ch

sh
1

sh
ch

sh
1

2
1




















 







  012
3

1







k
ab n

n


. (33)

   n
n mn

nm

m

m

m

m
m

m
m

m
m

m A
KDa

C
b

bb
Db

bb
Da
q 





 


























2,1

224
2

1 2
sh

cth
2
11

2
1ch22

1th11 







        nnmm
m mn

n
m

m

m
mmmmm b

Kab
dbbbb 23

2,1
2

1

212
sh

cth1cth1
2
1 


 


 







  012
3

1







k
ab m

m


. (34)

           aaaa
a

aa
b
q

nnnn
n

n

n
n

n 


 cth1cth1
2
11

2
1ch2

1
2
1th3..11 2

2

1 
















 

         


















 



 a
aaaC

Kb
A

a n

n
nnmnnm

m mn

m
m

n
n

n







sh
ch1ch12212

sh
2232

2,1
2

    0112
sh 2,1

2

33
2

3




 






m
m mn

nm
nm

n
n

n d
Kb

Db
a



 . (35)

1292

Advances in Engineering Research (AER), volume 143



            



















 





nmnm

n mn

n
n

m
m

m
m

m A
Kab

bb
b
q 32

2,1
22

2

1 2121

2
1ch2

1
2
1th3..11 





        



 







n
n mn

nm
nm

m
m

m
mmmm b

Ka
DC

b
bbbb

2,1
2

33
2 112

sh
cth1cth1

2
1 




    0
shsh

ch1ch12
2

3
22 
















 m

m

m

m

m
mm d

bb
bbbD







 . (36)

            























 








3

22,1

1

2,1

1

2
1ch22

1th1112
sh

1cth11
n

n

n

n
n

n

n
n

n n

n

nn

a

aa
b
qA

a
aa








       





































2,12,1 sh
ch

sh
ch1

sh
1cth11

n n

n
n

n

n
nm

m m

m

mm a
aa

a
aaDC

b
bb










        3

2

2,1

2 112
sh
1

sh
ch

sh
ch1

sh
1 k

ab
Dd

bb
bb

b
bbDb

a m
m

m
m

m m

m
m

m

m
mn

n

n
n












































 




0 . (37)

Numeral Calculations

As a numerical example,take the square sheet of 1 ba , 1 baH ， 3.0 ，and mn CA  ，

mn db  。This example contains five unknown parameters nA 、 mC 、 nb 、 md 、 3k ，And the iterative
improvement method is used to solve it.Using Matlab software programming to calculate the
available parameters nA 、 mC 、 nb 、 md 、 3k 。

The numerical solution of the deflection function is obtained by substituting the results in the
deflection surface equation,and the results are shown in table 1.Table 1 gives the numerical solution
of the deflection changing along x for the free edge by  , Figure 2 is for the distribution curve of the
deflection for the free edge by  .

Substitute nA , mC into(15)and(17)，and we can get the distribution value along y and x about the
bending moment of the fixed edge 0x , 0y ,and the results are shown in Table 2.Figure 3 is for
the distribution curve of the bending moment for the fixed edge 0y .

Table 1Table of deflection values at y b  4 110qa D 

x a 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.90 1.00

ybw

Ansys
value

0.01
4

0.04
5

0.09
1

0.14
4

0.19
9

0.25
4

0.30
4

0.39
6

0.43
7

This
article

0.01
4

0.04
6

0.09
2

0.14
4

0.20
0

0.25
4

0.30
4

0.39
6

0.43
7

Table 2 Calculational results of bending moment at 0y   2qa

x a 0.10 0.20 0.40 0.60 0.80 0.90 0.95 0.975

0M y
0.015
13

0.034
72

0.091
02

0.163
29

0.234
00

0.293
23

0.327
06

0.323
47

1293

Advances in Engineering Research (AER), volume 143



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

x/a

M
/q

a2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

x/a

w
D

/q
a4

 

 

本 文
ansys

Fig. 2 Deflection curves at y b Fig.3 Graph of bending moment values at 0y 
The finite element software ANSYS is used to analyze the rectangular plate with the two

adjacent edges fixed the other two adjacent edges free. Taking the example:length is 1 ba ,
thickness is 005.0t , elastic modulus E = 210Gpa, uniform load 2m/N1q . The 4-node shell unit
is chosen to convert the computer results into a dimensionless quantity. Considering the bending
stiffness of the sheet is   23 112/ vEtD  ,and this result is consistent with the result of the
minimum potential energy principle of the mixed variable. The results are shown in Table 1 and
Table 2, which show that the application of the minimum potential energy principle of mixed
variables to solve the problem of rectangular thin plate bending is correct.

Conclusion
In this paper, the minimum potential energy principle of the mixed variable is used to solve the

problem of the bending of the rectangular thin plate with two adjacent edges fixed the other two
adjacent edges free under the uniform load. The deflection surface equation and the calculation result
are given and compared with the finite element results. It is proved that the solution of the minimum
potential energy principle of mixed variable is very effective and the result given is accurate.
Therefore, the minimum potential energy principle of the mixed variable provides a new method for
the solution of the elastic mechanics problem,which can be applied directly to the engineering
practice .
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