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Abstract. Based on the superposition method for computing deflections of beams, the method of
equivalent replacement beams is proposed for calculating displacements of beams. This method can
be used to investigate the problems of deformation of statically determinate beams and indeterminate
beams. This method is of clear concepts of mechanics, and the computation procedure is easy to be
understood, accepted and used. An illustrative example given in this paper reveals that this method
can be used to solve complicit deformation computation of beams efficiently.

Introduction

A beam isastructural element that primarily resists|oads applied laterally to the beam's axis. Its mode
of deflection isprimarily by bending. Thetotal effect of all the forces acting on the beam isto produce
shear forces and bending moments within the beam, that in turn induce internal stresses, strains and
deflections of the beam. Beams are traditionally descriptions of building or civil engineering,
structural elements, but any structures such as machine frames, and other mechanical or structural
systems contain beam structures are analyzed in a similar fashion.

The Bernoulli beam is named after Jacob Bernoulli, who made the most significant discoveries.
Leonhard Euler and Daniel Bernoulli were the first to put together a useful theory circa 17501,
Euler—Bernoulli beam theory is a simplification of the linear theory of elasticity which providesa
means of calculating the load-carrying and deflection characteristics of beams'?. In engineering,
deflection isthe degree to which astructural element is displaced under aload. It may refer to an angle
or adistance. It iswell known that the calculation of deflectionsis an important part of structural
analysis and design. For example, finding deflections is an essential ingredient in the analysis of
statically indeterminate structures. Deflections are also important in dynamic analysis, as when
investigating the vibrations of the aircraft or the response of buildingsto earthquakes. Deflections are
sometimes calculated in order to verify that they are within tolerable limits. For instance,
specifications for the design of buildings usually place upper limits on the deflections. Large
deflec[t3i]ons in buildings are unsightly (and even unnerving) and can cause cracksin ceilings and
walls.

The deflection of beam elementsis usually calculated on the basis of the Euler—Bernoulli beam
equation under the following assumptions, (1) the beam is originally straight, and any taper is dight,
(2) the beam experiences only linear elastic deformation, (3) the beam is slender (its length to height
ratio is greater than 10), (4) only small deflections are considered (max deflection less than 1/10 the
span). Deflection can be calculated by the method of integration of the curvature equation, or by
methods such as, superposition method, conjugate beam method, moment-area method, virtual work
method, Castigliano's method, Macaulay's method, finite difference method (26l initial parameter
method "), etc.

In this paper, we will gain an insight into the application of the method of superposition to
investigate the deflection of Euler—Bernoulli beams, and propose the concept of equivalent
replacement beam(ERB) and use the method of equivalent replacement beam(MERB) to some
examples for computing deflections of various beams and rigid frames. The article is organized as
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follows. In Section 2, the concept of ERB is established, and a corresponding proposition will be
proposed. In Section 3, an illustrative example of using MERB to calculate deflections of statically
beans will be given to demonstrate MERB’s effectiveness.

Theoretical fundament of MERB

A cantilever beam is akind of typical and basic statically determinate beam, and its deflections, such
asthe deflection and angle of rotation at the free end, have been discussed in many current textbooks
(14 of mechanics of materials.

For example, the deflection and angle of rotation of cantilever beam AB acted in acouple Mcat free
end B showninFig.1 are
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Fig.1 Cantilever beam acted with a couple Fig.2 Cantilever beam acted with a concentrated force
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inwhich, w, and g, are the deflection and angle of rotation of the beam at the end B, El isthe
flexural rigidity of the beam and | isits length.

The deflection and angle of rotation of cantilever beam AB acted with a concentrated forceF at free
end B shown in Fig.2 are

Fl? FI®
= (P , =— (2)
9s 2El ) w, 3El ®)

The deflection and angle of rotation of cantilever beam AB acted with a uniform distributed load of
intensity g throughout the span of the beam shown in Fig.3 are
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Fig.3 Cantilever beam acted with uniform load
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These results are essential and important for engineering practice. At the same time, they play a
fundamental role in the course of structural mechanics or engineering structure. In this section, based
on the above results, we will try to use cantilever beams to replace other type of beamsto analyze the
deflections of various types of beams.

First, the concept of ERB here is defined as follows.

An ERB means that a cantilever beam can be regarded as a substitute of another type of beamin
the sense of having the equivalent (inner and outer) forces and equivalent deflection at all sections
over the total beam in addition to same material and cross section shape.

Proposition:
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For a straight statically determinate beam with constant section, its ERB must exist as long as the
deflection and angle of rotation of ERB at the fixed end equalsto its origin, and the actions on ERB
arethe same asitsorigin.

For example, the simple supported beam AB acted with uniform load of intensity g shownin Fig.4,
its ERB A1B; can be constructed shown in Fig.5, inwhich q, and F; respectively stand for the angle
of rotation of end A and reaction at end B of beam AB. Namely, the beam A;B; in Fig.5 has the same
deformation and the position as beam AB in Fig.4.

i

Fig.4 Simple supported beam AB acted with Fig.5 The ERB A;B; for the beam AB
uniform load shown in Fig.4

For adefinite statically determinate beam, its deformation is decided by the actions (active and
passive actions, including forces and couples) and boundary conditions. Obviously, the beam A;B; in
Fig.5 hasthe same actions, deflection and angle of rotation at |eft end asbeam AB in Fig.4. Obvioudly,
ERB of abeam isnot unique. For example, another ERB of the beam AB shown in Fig.4 can be built
by fixing the end B and releasing the end A. This non-uniqueness provides people someflexibilitiesto
choose a simple way to the solution.

The theoretical basis of the proposition is the superposition method under the assumption of small
deformation. The proof can be simply accomplished with theinitial parameter method ™.

Computing deflections of statically determinate beam with MERB

Example. A ssmple beam ACB supports aconcentrated |oad F acting at the position shownin Fig.6.
Determine the angles of rotation at supports A and B, and the deflection of the midpoint of the beam
under load F.ection of midpoint of the beam under load F. (a3 b)
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Fig.6 Simple beam with a concentrated load Fig.7 The ERB of beam AB in Fig.6

Solution. By equilibrium law, the reactive forces acting at supports A and B of the beam AB in Fig.6
are

FA=|9F, FB:IEF

To use the results of (2), assuming that the deflection and the angle of rotation at point C indicated
by w.. andq. shown in Fig.6 are small quantity, by fixing the cross section C, the ERB of beam AB in
Fig.6 can be constructed with A; C By as shown in Fig.7, in which the forces of F and Fg are the
reactive forces at the ends A and B in Fig.6, and the force F acting at the point C can be neglected
because that the cross section C is fixed.

By the geometric relations in Fig.7, one reads
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AA=AA+AA, BB =BB,- BB
Substituting the results (2) into the above relations, one reads the equations as follows.

F,>a® _ Fbxa® _F %’ _ Fax® 4
I =T =T =T )
The unknownsw,. andg,.. can be found out respectively from the equations (4)

We +0c Xa=

w _ Fa’p? q _ Fab(a- b)
¢ 3|l "¢ 3Ell

Based on the Fig.7 and (5), the angles of rotation at ends A and B respectively are
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Since a3 b, the midpoint of the beam is at the left part, employing the results (2), (5) and the
method of superposition, the deflection of the midpoint of the beamis
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Note, the above procedure is rather smpler than the traditional method, as an example in [3].

Conclusions

[lustrative Example given in this paper reveas that MERB has strong simplicity, validity and
applicability for solving the problems of deformations of Euler—Bernoulli beams. MERB can give a
clear clueto find deflections of beams, and has distinct concepts of mechanics. MERB give students
and researchers a useful tool to investigate the deformations of beams. Meanwhile, MERB can be
used for statically indeterminate beams and rigid frames for investigating its deformations. The
example given in this paper demonstrates that this method is very easy to understand, accept and use.
Whereas, MERB is based on the method of superposition. Thus, MERB is only suitable for linear
beams or rigid frames with constant cross section.
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