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Abstract—In the article, the method of early diagnostics of
nascent defects of mechanical assemblies (friction nodes,
bearing pairs, gears) is considered by on-line deter mination of
high-order statistical moments of the vibro-acoustic signal. To
determine such statistical moments, a parabolic spline
approximation of the discrete signal values is used. The spline
approximation coefficients are determined at each discrete
sampling interval by digital filter expressions. Expressions for
the second, third and fourth statistical moments of the vibro-
acoustic signal are determined using its parabolic and cubic
spline approximation. The signal processing is simple enough
and can be implemented in a microprocessor controller. The
characteristics of the proposed method are determined by an
example of processing a vibro-acoustic signal of a harmonic
shape. It is shown that with a relatively rare signal sampling,
the error in determining the dispersion and the fourth
statistical moment (Excess) of the signal is rather small. The
use of a parabolic spline approximation of a vibro-acoustic
signal makesit possible to significantly reduce the frequency of
the signal sampling and to reduce the amount of data needed to
determine the statistical characteristics of the signal.

Keywords — nascent defect, vibro-acoustic signal, signal
processing, excess of signal distribution, method of excess signal
determination

I. INTRODUCTION

Today problems of early diagnostics of nascent defects
(scuffing, seizing, etc.) of mechanical assemblies and units
working in a stressed mode are coming to the fore [1, 2].
The methods of detecting such defects were classified in [2,
3, 12, 30]. A number of researchers have investigated the
effect of acoustic emission in the detection of bearing
defects [13-16, 18]. In particular, it was noted that the
seizing of gear and bearing pairs is one of the most common
types of failure at high temperatures with a lack of
lubrication. The vibration technique has been investigated
and is established as a diagnostic technique for rotating tools
in machinery in [5-7, 12, 17, 19]. The use of acoustic
emission in the rail track fault detection was investigated in
[23], in powerful mechanical units - in [21, 24], in gearboxes
- in [20, 22, 25]. A number of researches present vibration
analysis for early fault detection [8, 9]. The use of
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multivariate statistical analysis of vibration signals for the
detection of localized faults in two-stage helical gears was
investigated and explored in [10, 26].

With use of vibro-acoustic diagnostics methods, the
initial phase of a defect is difficult to diagnose, since the
spectral pattern of the vibro-acoustic signal in this phase
practically does not change. In this case, for the early
diagnoses, methods for determining the excess, associated
with the fourth-order statistical moment of vibro-acoustic
signal, can be applied [4], which makes it possible to
diagnose the wear of a gear or bearing pair at an early stage
of its occurrence fairly well.

For the diagnostics purposes, the distribution cyn(x®
of the acoustic signait) can be used. At a normal state, this
curve is two-mode. When defect occurs, the cuppe
changes significantly and becomes unimodal, which
indicates the growth of noise components. The degree of
"fineness" or "flatness" of the distribution law is customarily
characterized by the magnitude of theess (EX).

Figure 1 shows the dependence of the excess magnitude
on time of operation of the car rear axle in view of lubricant
deficit.
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Fig.1. Dependence of ttt& of the acoustic signal on the time of operation
of a car rear axle.

Regardless of the load degree, theis practically equal
to zero, and increases only when a defect magnitude
increases dramatically, which allows one to carry out a
reliable early diagnosis of the rear axle.
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Approximately the same way is used to diagnose the
scuffing of the crankshaft bearings of a power unit by
determining the excess.

Statistical methods of other orders are also used to
diagnose defects in mechanical assemblies. For example,
such defect as a lateral gap in the gearing of the reducer can
be diagnosed by the dispersion of a vibro-acoustic signal.
The larger the gap in meshing is, the greater the dispersion
in both the wide frequency band and the octave bands of
vibro-acoustic signal is.

Il. DESCRIPTION OFMATHEMATICAL METHOD FOR THE ON
LINE EXCESS DETERMINATION OF THE VIBRGACOUSTIC

SIGNAL

Let us consider the algorithm for the moment analysis of
vibro-acoustic signals.

In practice, the central moment of theh order for a
stationary ergodic random signal is usually determined by
its temporal realization:

17 .
« == | % (t)dt,

wherex, (t) is a centered signal,
T is the period of its processing.

1)

As is well known, the centered signal is determined
by subtracting the expected value from the signal.
Vibro-acoustic signals have a limited frequency
spectrum, so the algorithms for determining the highest
moments can be estimated using the example of a harmonic

signal:
X =COoSuk . 2
Taking into account that the measurement of the signal
with equal probability can be carried out at any time, which
may be not synchronized with the signal frequency, the law
of distribution of the signal value is determined by the
1

expression [11]:
p(X)=————.
() 11— X

Taking into account that the normalized sigralaries
in the range of (-1, +1), the dispersion of the signal is:

DX:szp( dx-—1 x'dx }é 3)
e

_1\/1 X

Accordingly, the third central moment is given by:
3
|V| = J' x dx

N

ard the fourth central moment is given by expression:

4dX 5
M, == j =3£=0375. (5)
1v1- X
These moments, in view of the stationarity and
ergodicity of the signal, can be determined with the help of
(1), and their numerical values in this case coincide with the
values (3) - (5).

(4)
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Let us consider the problem of determining these
moments proceeding from discrete values of the signal.

Within the sampling intervals, the signal can be
reconstructed with a certain error by an approximating
function. In this case, the coefficients of the approximating
function can be used to determine the moments (3)-(5).

Let us consider the possibility of using an approximating
parabolic spline function for this purpose, which is
described on thath sampling interval by an expression

x(t) =a[n]t* +a[n]t-ag[n]-

Coefficients a,[n], a[n], a,[n] are determined by the

corresponding expressions of digital spline filters.
For example, for a five-point parabolic spline filter these
expressions are determined by the relations [27]

alil= Hel-xn- B+ aln- 3+ 104+ axln+ -o{n+2))
al[n]:}ét (x[n-2]-6x[n-1+ 6x[n+§-x[n+ 7). (6)
d
= -x[n-2]+7x[n-1 - &[n] - &[n+ ]+

[ Y ge(-n-2+7{n-1-odn]- aqn+ ]
+7x[n+2] -x[n+ q) ,

wherety is the signal sampling interval,

x [n] is the discrete value of the signal at tha point in
time.

Accordingly, for a cubic spline filter, analogous

expressions for the spline-function coefficients are
determined by the relations [28]

ao[n]:i(—x[n—2]+4x[n—:l]+30<[n]+ afn+1-x[n+ 3 .

aln]=a-(xn-2-8n-1+an+ J-ns )

(7)
a,[n] :E(—x[n—z]ﬂox[n— i-1&[n]+ 18{n+ J-

~n+2),

a)[ :3;g(x[n—2]—11x[n—:l]+ 28(n] - 28n+ J+

+11x[n+ 2 -x[n+9).

The parabolic and cubic spline functions, as is well
known, have no discontinuities at the boundaries of the
sampling intervals with respect to the Oth and 1st
derivatives. So the use of spline- function approximating
practically does not cause the appearance of higher
harmonics in the signal spectrum reconstructed by such
approximations.

It should be noted that the digital filters used to
determine the spline-approximation coefficients have certain
smoothing properties. For example, the frequency response
of a digital filter that determines coefficiemy [n] of a
parabolic spline approximation in (6) is given by:

_ 5+4cos( 2rf,) - cog 4f,)
A\v ( fl) - 8 !

wheref, is the relative frequency of the signal,

(8)
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f, :%\l , N - number of samples on the period of the _ If the _parabqlic spline - approx!mation of a harmonic
. signal on its period - is defined lmy discrete samples, then
signal [29]. _ o for a single sampling interval, the expected value is equal to:

A similar expression for the coefficier [n] of the 1T 1
cubic spline approximation in (7) has the form: M, :—{Z[—az[n] +=a[n| +a0[n]ﬂ ,

_ 15+ 4cos( 27f,) - co§ 4f,) ©) m[ =\ 3 2
A(f)= 18 ' and the second initial moment is equal to:

The graphs of the frequency responses (8) and (9) are 1/{1 1 1

shown o2 A= 2 S datlnl+Jalnla ]+ Lalln]
1.0

+§ao[n]a2[n] +ag[n]ay[n] +a%[n]).

0. \ For a cubic spline approximation of a harmonic signal
‘Ax N for a unit sampling interval, the dispersion of the
\

approximated signal is given by:

0.6 m
At N\ 0, =23 Lt ]+ (2, [r]afr] 2] +
" \ Lalafi+aral)+ a2

0.2 ] 1
+=(2a0[n]a[n] +a[n]ag[n] +a[n]) +
0 01 02 03 04 +ay[n]ay[n] +a; [n]}.
f, In particular, with 6 discrete intervalsn(= 6) at the

period of the signal, the dispersion value, found by means of
(12), isD, = 0.471.

Comparing this value with the theoretical value (3), one
It can be seen from Fig. 2 that digital spline filters  can determine that the error of calculation of dispersion is

suppress high-frequency interference, which is a valuable equal 5.9%.

Fig. 2. Graphs of frequency responsggf:) A: (f1) of parabolic
and cubic spline filters, respectively.

property of theirs. Fig. 3 presents a plot of the dispersion relative
The expected value of a parabolic spline function on a  determining error from the numbét of discrete intervals
single sampling interval is: per period of the signal. It is seen from this figure that even
14 whenm = 10, the accuracy of finding the dispersion is high
Mx[n] =_I(az[n]t2 +al[n]t+a0[n]) dt= enough (error ~ 1%).
Ty The dispersion of the approximated signal is determined

[11] similar to (11):

t t: t
=2 &[n S +aln 2 +an | Mo = Ay =M.
T 3 2 . . . : _
) ) o In particular, with 8 samples per signal period (m = 8),
Accordingly, the expression for the second initial this dispersion is equal to:
moment of the parabolic spline function on one sampling M. =0502
2x . :

interval has the form: _ _ i
This value corresponds quite accurately to a theoretical

AZx[n] :%T(az[n] t2 +a1[n]t ...ao[n]) 2t = value determined from (3).
0

=t?d(a2[n]%+a2[n]a1[n]%+af[n]%+ (10)
valrla [ alaliy sl

ard the dispersion (the second central moment) has the
form [11]:

M, [n] = A, [n]-M?[n]. (11)
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Fig. 3. Dependence of the relative emdgb) in determining the dispersion
of harmonic signal using cubic spline approximation from the nuihmr
discrete intervals per period of the signal.

The third and the fourth
determined in a similar way:

A=) Jallnl+ Safrlarlafn+

initial moments are

+%a3[n]+a3[”]+:‘53312[”]a2[”]+a§[n]a2[n]+ (13)

+zalma ]+ [nlan] + a [l +
+ay[n]a [n] +af[n]a,[n]
A =23 2atln)+atlnlalrlafol +Sailnl+

+1—5zao[n]af[n]az[n]+260[n]ailn] &[] +ag[n] +

Lol Qe voafrafrls

e [+ 2a[raln] 2ai[ el +

a2 [rlafn +Salrlal |

The corresponding equations (12) — (14) can be
performed by various microprocessor based devices that are
processing a vibro-acoustic signal. Such devices are part of
modern systems that carry out sampling and analog-to-
digital signal conversion.

I1l. SAMPLE OF CALCULATION

The third and the fourth central moments of a vibro-
acoustic signal are determined by the expressions [11]
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M,=A-3M A +2M},
M,=A,-2M A +6M?A -M?.

For eight sample sites for the period of a signal, the

values of these moments are equal to:
M,=0.07,M,=0.347.

Comparing these values with the theoretical, which are
determined by (3) - (4), one can see that the error in these
moments calculating does not exceed 7.5%.

It is interesting to determine the dependence of the value
of the fourth moment on the numbiErof sampling points
per signal period. This dependence is shown in Fig. 4.

It is clear that even with six sampling intervals over the
period of the signal (i.e., a relatively rare sampling), the
error in determining of the fourth central moment is in the
order of 20%, which is a good indicator for statistical
measurements.

The use of other digital filters can lead to a decrease of
an error in determining the statistical moments of the third
and the fourth order of the vibroacoustic signal.

7

M M,

Mgt

0
6 8 10 N 12 14 16

Fig. 4. Dependence of the fourth moment value on the numbef
sampling points per signal perioM, - the moment calculated for the
approximated signalVi4t is the theoretical value of this moment.

For example, for a seven-point parabolic spline filter, the
expressions for the spline-approximation coefficients are
determined by the relations:

au[n] = o (x[n=3] -6x[n- 4 + 15~ }+ 44[n] +
+15x[n+1 - &[n+ J+x[n+ :}) ,
a[n]= 5 (-x[n-3] +8x[n- 4 - 28n- }+
+29x[n+1 - &[n+ J+x[n+J) ,
au[n] = (x[n-3] - 9[- 4+ 3%{n- }- 28(n] -
-20x[n+1+ 3&[n+ 3- x[n+ +x[n+ }1) .
In Fig. 5 there is the dependence of the determination
errors of the fourth central moment on the sampling
intervals numberN for parabolic spline approximation,

using a seven-point (curve 2) and five-point digital filter
(curve 1).
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Fig. 5. Dependence of the error in determining the 4th central moment of
the vibro-acoustic signal on sampling intervals nunibeper period of the
harmonic signal. 1- using a 5-point spline approximation, 2 - using a 7-
point spline approximation.

From this figure, it is clearly seen that the use of a
seven-point filter makes it possible to significantly increase
the accuracy of the statistical characteristics, determined
with a small number of sampling intervals per the period of
the harmonic signal. Thus, for example, evetNat 8, the
error in determining the fourth central moment does not
exceed 0.6%.

The moment values determined by (12) — (14) are used
in the equations for skewness (Skew) and Exess which can
be used for early diagnosis of defects in friction pairs:

M M
SkeW:D—Sg; Ex=—2-3.

Let us consider the influence of random noise imposed
on a vibro-acoustic signal (2) on the accuracy of
determining high-order statistical moments.

In this case, the vibration signal is determined by
expression:

x=cosat +k y(t) .

wherey(t) is a random signal with a uniform distribution
density with intensity.

Fig. 6 shows the dependence of the error in
determining the Excess on the maximum value of the noise
level, which is represented as a percentage of the signal
amplitude. It can be seen from this figure that even at a 35%
level of a random component, the error in determining the
excess is less than 10%.

IV. RESULTS ANDDISCUSSION

An early diagnosis of nascent defects is possible by
determining the statistical moments of the third and fourth
orders of the vibro-acoustic signal. This diagnostics is
possible in the real time operation of the controlled
mechanism. To reduce the frequency of a vibro-acoustic
signal sampling in determining its statistical moments, it is
advisable to use a spline approximation of the discrete
signal values.
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Fig. 6. Dependence of the erd(%) in determining the Excess of the signal
at the levely, (%) of the noise component

V. CONCLUSION

The coefficients of the spline-approximating function
(parabolic or cubic) are determined quite simply using
digital filtering algorithms, and these coefficients are used to
calculate the statistical moments of 2, 3, and 4 orders of the
vibro-acoustic signal. The use of cubic spline approximation
makes it possible to improve the accuracy of determining
the mathematical expectation and dispersion of a signal, but
the use of parabolic spline approximation makes it possible
to use simpler relations in determining the 4th order moment
(Excess) with a sufficiently small error in its determination.
The application of the proposed methods provides an
insignificant influence of high-frequency random noise on
the accuracy of determining of high-order statistical
moments of a vibro-acoustic signal, which is due to the
filtering properties of spline-approximation algorithms.
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