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Abstract—The article investigates a closed exchange economy In this article, the authors investigate a situation where such
model. It considers situations where constraints are imposed on constraints form a certain cone. Let us first describe an
the volumes of purchase and sale by economic agents. At the economic situation calling for such constraints.

same time, it allows a certain range for price variability. Such . . ) . .
approaches to studying economic processes are motivated by  Since demand is the basic driver of economic growth,

production, economical and political reasons, forming the so- Stimulating it is a key element of an economic policy.
called rationing schemes. Typically, and in this work in Maintaining high consumer demand inevitably leads to a
particular, rationing schemes, applied under natural conditions, ~growing money supply. This in turn results in a proportional
allow allocating a subset of resources and guaranteeing a increase in the prices of products, that is, an adequate
commodity distribution that is not “too bad.” In this article, both inflationary price increase. Thus, if one imposes constraints
resource and price constraints are cone-shaped, which allows on the prices, such constraints must have a cone-like shape.
applying them to growing economies. The authors establish the Certain goods may grow or fall in prices — regardless of each
existence of a rationed equilibrium under these circumstances. other — but cannot escape the defined bounds. If such systems
Unlike conventional rationing schemes, the authors also consider gre managed through economic means, the planning authority
situations where certain consumer preferences are non-convex. | define a stimulating system of sanctions and rewards. This
The preference convexity condition is replaced with a weaker g pow constraints are usually defined in the manufacturing

condition of convexity within the directional cone. At the same ;4,1 Just as the prices, such constraints, too, must be
time, the proof of existence of a rationed equilibrium does not cone-shaped

impose any significant additional constraints on the consumer.
This article aims to prove that in such situation, an

Keywords— exchange economy, rationed equilibrium, equilibrium is reached not only through price mechanisms, but
constraints, preferences also by quantitatively constraining the net trading volume by
limiting the volume of purchases and sales by economic

. INTRODUCTION agents. The authors will use cone-shaped constraints in this

work. Let us note that, unlike the conventional approach (see,

It is known [1-4] that non-price equilibrium concepts allowﬁ_g” [11]), the preferences can be non-convex here.
a greater freedom of choice at the cost of a lower overa

system efficiency. This applies to markets where for some Convexity is an important topic in economics and is used
reason prices do not change fast enough to balance the supjply mathematical models of many economic phenomena.
and demand. In such markets, price games give way to somgempts to give an economic explanation and justification of
form of resource rationing (funding), which leads to athe convexity requirement instantly narrow down the possible
relatively optimal distribution of goods — although each ofapplications of the models in question. This has been noted
the economy’s participants Would.prefer to spend the availablgnhd discussed by numerous authors (see e.g. [12—15]). In
money differently from the prescribed manner. The economyyarticular, the convexity of consumption sets is universally
based on such principles, was first analyzed in [S], [6]ysed in all classical proofs of existence of a competitive
Descriptions of some similar economies can be found in [1-6Lqijibrium. At the same time, this excludes all economy
At the moment, the rationing schemes are widely used i articipants who are unwilling to distribute their consumption

various areas of the economy (see e.g. [7-10]). All economi . :
described in these works feature bilateral resource constrainf"zr.nong some goods [13]. For example, this applies to
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participants whose preference convexity properties depend @mly consider continuous preferences; hence, the binary
many factors such as e.g. risk attitude [14]. relation in question is also continuous.

Many authors have highlighted the need to weaken the [ et us further assume théitzl,_m):
classical economic theory’s assumptions requiring the
existence of an economic equilibrium. Attempts to remove the
convexity constraint have been mainly applied to very special _ ) -
economies. In particular, this included environments in whichS ~ elements  satisfy  the  following  condition:
the market had one or infinitely many goods or consumers [1&0 X' ={x +R O X'.

17], or where manufacturers strived to zero out their profit _
margins [13]. An overview of such research can be found in 2. The preference ordering-, on X' is complete,
[18-20]. monotonic, continuous, and convex in the directional cone

In the present article, the authors directly weaken thelR \{iRL} [11; x2y=x=~y; 1 0{12..0} is the index
convexity requirement for a manufacturer's production setset, wherex=y andx; >y, OjO1 = x> y.
Thus, this work also aims to prove that there are situations _
where the non-convexity of participants’ consumption sets 3. Initial resource vectotd belongs to seX'.
does not affect the existence of equilibrium distributions.

1. The consumption sex' (D RL) is closed, convex, and

Let Z be the i-th participant's net trading volume:
Z=x-d.

1. MATHEMATICAL MODEL OF THE ECONOMY Let us assume that price VethI can deviate from

Consider an economy whose participants exchange good€fined p® by not more thanr . Let i be the cosine ofr .
S0 as to obtain sets thereof that meet their needs as muchQe can then define the price set as
possible (see, e.g., [12-14]). This economic model involves no
taxes, no production, and — explicitly — no money. P :{ pOR | p = 1,p( p,p°) < ZSim'/ =12 1—,u)}

Let | be the number of economic goods,- the number
of participants, andx, = 0- the quantitiy of thek -th good. ~Where p(xy) =[¥/¥ - y/Ivll -

This is equivalent to defining vectox in R, — the non- Since no price equilibrium is expected, we set a constraint
negative orthant of the spacR':x:(><l,...,>q). Now, let of 5D[0;]] on the volume of purchased and marketed
X! (D R') be the consumption set — i.e., the set of sets gfommodities in order to balance the supply and demand. Here,

) - J is the cosine ofp, and ¢ - is the maximum angle between
goods x consumable by the-th participant. . ] ] o
x and . J is non-negative as both vectoxsand & lie

Let us fix the set of good®) OR! that is assumed to be within the first orthant.
universally known and to represent the economic reserves in
their entirety. The complete resourc€3 are distributed

among all economic agents. In other words, if veetbf] X'

represents the set of goods of thieth participant, B (p,o) ={xOX x-a)<0 p(xd)< 2si
thenQ =t +...+ ", (p.9) { |<p > '0( ) m/?

All participant exchange their commodities for the Initial resource vector belongs toX' and, obviously,
commodities of other participants. In a sense, they “pay” fofo the budget set. Hence, the budget set is non-empty for all
the goods (acquired through the exchange) by a part of theéfowed p andJ.
resources. This leads to certain exchange proportions among . ) ,
goods. The authors will refer to these proportions as “prices”. Let us introduce multivalued correspondenge( p,d)

Vector p=(p,,...p )defines the price system, scaledthat maps each pair of p.d)to elements of X' for
according to the first good (. =1). which(p,x-a)<0,p(x.a) < 2sing/ 2. Then B'(p,) is

Let us assume that all prices are positive, i.e., that athe output set of this correspondence, corresponding to
goods are desired. Let us also assume that the prices are fimr( P, 5) .
and defined externally so that the participants act under these
price conditions and do not influence them.

Given price systempUP and J, one can define the
consumer’s budget set as

Let us define this economic modellﬂs{(xi ) ) : p} :

The authors formalize the relation between a consumer’s . o _
preference and the set of consumer goods as a binary relation One can say that the economy in question is in a rationed
m
1

>=on R!, which is reflexive, transitive, and complete. We will equilibrium, if m-dimensional consumption vecto{'x‘} ,
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price system plP, and the rationing scheme satisfy the

CorrespondenceF' (p,d) is defined on setR, xR and
following conditions:

applies forX' O R . Initial resource vectots belongs toX'
a) Foralli =1,m, X has the highest prefereneg among  and, obviously, to the output set of correspondefitep, ) .

all elements of budget s& (p,d) ; Hence, seB'(p,d) is non-empty for any .

m

b) ;(xi —a)) =0 (balance);
o) It (xd)=o0xdd|
(p.p°) = uthpl e’

Conditions a) and b) are known from [6] and need no
further comments. According t©) , the price of a constrained-
demand good is maximal.

The upper hemicontinuity of correspondenée(p,d)
follows from B'(p,d)=a'(p)n B (9J).

hemicontinuity ofF'(p,d), let us assume that there is

To prove lower

for some 1, then

sequence (ps,d"s) converging to (pso,dso), where

p°>0,j=1l. LetxX’OB (p®,57).
Since S (o) is both upper and lower hemicontinuous,
there is sequeno@s} x*0p (ps,a's) , whereX® - x°.

I1l.  EXISTENCE OF A RATIONED EQUILIBRIUM

_ If x’is an interior point ofB' (pso,dso), there iss' such
Now one needs to prove the following.

that, XSDa‘(pS,JS). Indeed, if
<pS°,x°—a5><0, then<ps,>“<s—ai><0,szs'.

for all s=¢,

Lemmal Correspondencer' (p,d) is both upper and

lower hemicontinuous in each point(p,d)  with
p; >0,j=1]. Now let us assume thak’ is a boundary point of
B (pso,dso), ie. <p5°,x°—a}>20. Then there s
Proof. Leta' (p) = OR (px-d)< @, . .
roo eﬂ(p) {Xlx <pX ><(} Yl:la'(ps‘)) such that <pSO,Y_CJ><0 and
B (8)={xIxOR (x.) > 51N s |} . X048 (0%).(p"X-aJ)<0,s25.
Let us note that a'(p),B'(J9) are convex Let us define sequence {xs} such  that
correspondences. One knows [6] t@a( p) is both upper and :</]S,§(S>+<1_)|S,y> and <ps,xs —a)> =0, for all s

lower hemicontinuous in each poipt>0. - i -
poipt such thatx* Oa’ (ps). In all other cases, let us takeé = X°.

Let us prove that 8 () is also both upper and lower gne should note that® [ B (ps,y)_
hemicontinuous. Correspondencg (9) is defined on seR _ _
If p° - p®, then <ps,§<s—a)> - <ps°,xs°—cd>:O.
of Hencex® - x°.
the

and applies forx' O R . Initial resource vectord belongs to
X' and, obviously, to the output set
correspondence® (). Hence, the output set of

correspondence is non-empty for all
Let g, - % X' - X, x"08(4,).
<x”,cd > >, Enx”

But< ps,i—cd> - <ps°,i—a)> <0,

thus,{ p°, xX° = ) = Oimplies thatA® -~ 1, x* - x°.
Then < > P

Hence,F' (p,d) is lower hemicontinuous QED.

EWCJ || for any n. Thus, through passage to

the Iimit,<x°,ai>2 5 EWXO" Eulaj || . Hence, x,0 B'(q,), ie.
B' () is upper hemicontinuous.

To prove lower hemicontinuity, let us
thato® - 0°, x°0 8 (60) The interior of set 3 (J) is non-

Let us state

Lemma 2 Let the assumptions of Lemma 1 hold={1} ,

assumeand #(p) be the aggregate demand function. Then g¢ts)

are non-empty, convex, and closed.

Before proving Lemma 2, let us recollect some facts.
_ Conventional proofs of existence of an equilibrium require the
s. Thus, correspondencg' (9) is lower hemicontinuous for preference relation to be both monotonic and convex (see e.g.
all 0. [12-14]). Let us generalize these constraints [11] by requiring
the preference relation to be:

empty. Hence, there is sequence— x°,x*0 f' (55) at any
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@) monotonic: x+z»=x for any xOR,, zOK, and  zero. It means that distributiofx+y)/2 gives both goock
there is N>0 such that x+z>x holds for any and goodr to the consumer, while distributions and y
x,zOR., z||2 N : and give only one of those. Saturation is at work here: Starting
with a certain level, further consuming just one kind of good
becomes less and less attractive. Requiring this phenomenon
| to only hold for vectorsx, y, y—xOT means that one can
xOR,, only mix substantially opposite sets. If, for examptey are
sufficiently similar, and the consumer is indifferent to both,
(2) Y
then the consumer will not experience the need(for y)/2,
Here, KOR, is any nondegenerate cone containing asthat vector will have no obvious advantage oxeand y .
point with unit coordinates, and cork is the closure of set But in this case, x—yOT. Here, one understands the
R \(J_rRL). similarity of vectorsX and y in terms of their collinearity,

that is that the relations of the respective coordinates of

The authors require preferences to be not only convex bybciorsx and y are close to each other, so that yOT .
strictly convex in directional cond . Let us define such

preferences as follows: The convexity in directional cond becomes evident
) o ) o when one considers the notion of indifference surfaces. As one
,B) A preference relation is strictly convex in directional remembers, two distributiong and y are said to belong to

B) convex in directional con@ : for all A0[0,1] and all

y=X2z>X y-zOT resultsindy+(1-1)z>x.

conez pXx' = T,if for all AI][O,]] and allxOR,, the same indifference surface i is equivalent toX. A
X preference relation is being convex in directional cdne
y=X Y#X y-xOT results indy+(1-1)x - x. (2) which means that any indifference surface confines an area

that is convex in directional condl . That preference
Just as merely convex preferences, a preference thatrglation’s being strictly convex means that none of these
strictly convex in directional cond is convex in the same surfaces contain a line segment parallel to some vector from

cone. Indeed, ley >x andz>=X, y—zUOT. If y£2z, y>z T.

or zxy (since the preference relation is complete by One can describe a preference relation using utility
definition). For definiteness, let us assume that-z.  function u(x). It has been proven [9] that each continuous

Replacing X with z in (2), one gets/]y+(1—/1)z> Z. preference relation has a continuous utility function
Hence, as the preference is transiti\ig/,+(1—/1)z> X ie. representing this relation_ (both must.be defined on convex

sets). The class of functions that define preference relations
(1) holds. The other cases are trivial. that are convex in directional cofle has been established in
[21] by means of the usual quasiconcavity approach. It has
been proven that a preference relation is convex in directional
preference relations, one can note the following. Compared #ne T if all utility functions representing it are quasiconcave
the usual interpretation of monotonicity (see, e.g., [15]), wherg, directional coneT .

vector zcan be an arbitrary vector fromR! , the requirement

As regards the requiremenlzs) and ,B), imposed on

Function u(x) is said to be quasiconcave in directional

a) allows situations where, for example, a consumer without )
.. . , coneT if for any reala, the set
a specific quantity of a particular good cannot accept an

increase in the quantity of some other product. With regard to S, :{ZD R |u(z)= a}
the second part of the requirememnﬁ, it is clear that large

quantities of even a single good from a set of goods must be 1S convex in directional conér . Obviously, by a set

dynamically useful to the consumer by virtue of the good,Sconvex in d|r_ect|or!al cond let us mean a set such that, for
market prospects. any two of its pointsz,y such thaty-z0OT, the vector

To better understand what it means for a preferencélyd'(l_/])Z belongs to that set for anyD[O,]][ZZ].

relation to be convex in directional cofie, let us assume that

in (1), A=0,5 and y is equivalent tox. Then a distribution Now let us go back to Lemma 2.
participant indifferent tox and y will prefer their average Proof of Lemma 2. Let us consider the- -th preference.
over each of them (the preference is strict if its convexity i¢€t us take setB'(p,d) and consider correspondence

strict). This happens ify =xUT. A particular case is when i (p) that selects the most preferred elements for preference
y—-xOT and x, =0,y, =0, but x £0,y, 2 0. Then thek -

' >~ on setB' (p,d) . By virtue of the requirements imposed on
th and ther -th coordinates of vectofx+y)/2 are no longer

the preference relation, the utility functioq(x) will be
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continuous for anyi . Hence it reaches its maximum value on  Theorem.Let E ={(X' - ,a)),p} satisfy Assumptions 1,

the compact setB (p, 5) at some pointx . This point 2 with index set | = {1} and 3; wheré® is defined for some

belongs to seB' (p,d) . Thus,M'(p)z 0. Let X OM'(p). ,u,,uD(o;l)ast{pDRL | p1=1,p(p,p°)s /—2( 1—/-1)} _

Let us assume thafp,x ) <(p,o) and demonstrate that it Then such exchange economy has a rationed equilibrium.
leads to a contradiction. Since this is a strict inequality, it will

still hold if we increase the first component by a _
sufficiently small increment >0 B the angle between p° and p+«. Let

(e Sk« =) 19+ ).

Let us consider all vectors the angle between which and
Let Z :(>q +E, %y, X ) Clearly, vectorZ is not equal to

Proof. Let p be a vector Wherréf), p°> = u(p| [Hlp°|| and

p° is not greater thars .
We get a compact, convex set

Q={a0R |p(a.p*) = \2(1-7)}

For every qUJQ, let us define the price systgu(g) and
Now let us prove that M'(p) is convex. If the rationing schemé(q) by :
x4, x?0M'(p), then > px ::z p X2 by virtue of the
k

X and is preferred ovex . The latter holds sincé ={1} .

But vector X — is preferred over all other vectors by
definition. Hence there is contradiction.

L a.if p(a.p°)<y2(1-4).
previous proof. But thenx™ -x*0T, and, because the = " ST
preference isT —convex, setM'(p) is convex. Thus, by (D): P p(q,p )‘ (1-4) .
following a well-known reasoning [see e.g. 12], one comes to B-a,if p(q, p°) s1/2(1— r) ,
assert Lemma 2. Lemma 2 is thus proven. d(a) = 5 i ( 0) \/m <p

-y pla.p)> —T).y<pb,

Let us note that if the preference matches the condtti))n

i . . N . h is th le bet dp°.
for the coneK O B'(d) and is strictly convex in directional where)Is the angle betweeq and p

cone T, then setM' (p) consists of a single point. This holds 't 1S obvious  that | for  all | qUQ:
even if no conditions have been imposed on thd set (p(q), po) 2 #||D(Q)|||| p°|| ) (X,CJ ) 2 5(Q)||X||||CJ|| and

Indeed, setM'(p) is not empty by virtue of the F'(p(a).0(q))=F'(a) is a both upper and lower
requirements imposed on the preference relation. Let J¥micontinuous vector-valued functioncpfor allqLQ.

assume that there are two poirks,Z OM'(p) such that Let ¥ OB (g), then it follows from (D) that

X =y, Z =y foranyyOa'(p). By first assumingy = x (q+xi —aj) :(q+zi)DQ'

and theny =7 in these relations, one gess ~ Z . Now let

us make sure that —Z OT . To do this, it suffices to test that  -©t US considerp = p(q) ,0=3(a) for someqOQ such
(p.X)=(p.Z)=(p.J). If, for example,(p,x')<(p.&J), that ¢, =1. Let

one proceeds as follows. . Let us take two vectory = {q 0Q|q = ]} 1= (q2 .. ) Q :{ goOR™ q 1q_) DQl}
b,cOK ,b#c such that<p,b+x'>:<p,c+x'>:<p,cd>. Let

d,=b+x',d,=c+x . Through their definition and the Let the correspondenceM'(q) select the maximal

elements for the preference across the whole budget set
B'(q). From the lemma proven abovE, (q) is both upper

monotonicity of preference relation, (p,d,)=(p,d,);
hence, d,-d, 0T . Since preference relatios; is strictly

convex in directional conel , (d,+d,)/2>~ X . The latter and lower hemicontinuous for eadhp(q),&(q)] and the

contradicts the maximality of X, hence assumption
(p.X)<(p,a) is false. Thus, setM'(p) consists of a
single point.

correspondencéM' (g):Q — X' is upper hemicontinuouson

Q. Because the good 1 is always desired,
(p(q),(xi—ai))zo for all X from the output set of

The following theorem holds: : . . ]
correspondencé/’ (). BecauseB' (q) is compact ang is
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continuous and convex in directional coRe, thenM' (q) is
non-empty and convex [15].

Let us define excess

o(a)={zOR |z+Y. & OY M'(q)} .

demand

(5]

(6]
as

(7]

Let 1z=(z,...,z) and one is to define a correspondences]

6:Q - Q' by:
6(10) ={1¢ OR™ |1 = [+ Z/m zDo(q)} .
8(1q) is convex, because(q) is convex. & is upper
hemicontinuous, becauses is upper

6(1q) 0Q', because for alk OB'(q), and Q' is convex.
Also, Q' # [0 is compact.

hemicontinuous.

Bl

(20]

(11]

All the conditions of the Kakutani theorem (see, e.g., [13,

23]) are satisfied, and has a fixed point. There arg'0Q,
and ZDDG'(qD) with 1z°=0. Because(p(q),zi): 0 for all
Z0o'(q), 1Z'=0 implies z'=0. There are '},
p’= p(qD) , 0= J(qD), such that conditions (a) and (b)

the equilibrium definition are satisfied fBr. System(D)was

(12]
(23]

[14]
in
[15]

defined so as to also satisfy condition (c). Hence a ration%%]

equilibrium exists. QED.

In conclusion, let us note that that exchange economidé’]
where resources and prices for goods belong to some cones
have an optimal distribution. This distribution is characterized!®!
by representing the best set of goods that a consumer can

obtain under given resource and price constraints. [19]
[20]
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