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Abstract—In this paper, a water resource competition model of
poisonous weed invasion and diffusion with Allee effect was
studied. We first discuss the persistence of the model. After that,
by discretizing the model, the population dynamics with and
without Allee effect was simulated. The results shows that: 1. The
Allee effect make it more difficult to reach persistence coexistence
of edible grass and poisonous weeds; 2. The Allee effect leads to
the dynamic change of population quantity from periodic
coexistence to stability of poisonous weeds reaches saturation and
edible grass becomes extinction.
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. INTRODUCTION

Traditional interspecific competitive model of the root
system competes with soil water takes the form as follows [1,2]

6]

Where >0, ,>0, >0, >0, 0<A <1, 0<4,<1,
and K;, i=12 is the carrying capacity[3]. V; (i =12) is the
water resource warehouse of edible grass and poisonous weeds,
V =V, NV, is the overlapping parts of the two water resource
warehouse( they mutual competition resource in V ). The
parameter 4 , 4, is respectively express utilization of water
resources for edible forage and poisonous weeds, 4, +4, =1.
The parameter @, B respectively indicates the coefficient of
proportionality of moisture loss in root soil layer caused by
edible forage and poisonous weeds consumes water resources.

And the local asymptotic stability of the model is given in
[4], but this model does not consider Allee effect and intrusion
diffusion.

In this article, the most representative expression of Allee

effect is[l—ﬂ] , among A is the Allee threshold (A >0
, +C

is the strong Allee effect, A< 0 is the feeble Allee effect), C

is the auxiliary parameter (¢ >0,c>—A). When A+c =0, the
Allee effect expression value is 1 and that indicate the forage
grass had no Allee effect. The parameter C affects the growth
curve of edible grass, the curve will flatten when it increases.
When x; < A, the value of Allee effect is less than zero, it
shows that the population density of edible forage is less than
A of negative population growth; When x. > A, the value of

Allee effect is greater than zero, it shows that the population
density of edible forage is greater than A of positive
population growth [5].

For the intrusion diffusion, many scholars have done a lot
of research, and given many forms of diffusion. In [6],
Takeuchi Y took into account the two patch system connected

by diffusion, and the diffusion term given was &(x; - x;) ,

8(y;-y;) . In [7], Zhang Xinan proposed the competitive

Lotka-Volterra model that only one species can diffuse
between the two patches, and the diffusion term given was

e(x,—x) . This article will give the diffusion term as
#(y;-v;) . The diffusion term reflects the invasion and
diffusion of y; patches of poisonous weeds’ neighbor to the
y; patches and w is the diffusion coefficient [6, 7].

On this basis, a water resources competition model with
Allee effect and the diffusion term is established, as follows

dx _ X [[1—ij[1— A+cj_a/12v yij
dt K,

X +C v,
dy, Yi _pAV
vy |l-L—p 2 X — V.
dt 2y|[ l(2 ﬂrz V2 |]+lu(yj yl)

()

Il.  MAINRESULT

Persistence is an important basis for the long-term
coexistence of edible forage and poisonous weeds in arid and
semi-arid environments. The extinction of edible grass due to
various causes is bound to make poisonous weeds run riot
owing to loss of competitors. This will destroy the edible
forage and poisonous weeds competition and coexistence,
thereby breaking the ecological diversity of natural grassland,
further to the development of animal husbandry in the
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devastating disaster. Moreover, the extinction of poisonous
weed is bound to affect the growth of edible grass.

Now let us state several concepts and lemmas which will be
useful in the proving of main results.

A. The Basic Concept

Definition1: For a continuous time system x(t) = f (t,x),
if there are constant m,M, >0 let each positive solution
X (tt,0) = (%, (t), %, (t) .-, x, (t)) of the system is satisfied

O<m< liminf x (t)< limsupx (t)<M,i=12,-,n,

t—>+o0 t—>+o0

then system is persistent, otherwise known as Non persistent.

Lemma 1 (Comparison principle) [8]: Assuming that
f (t,x) and F(t,x) are continuous on the planar region G,

also satisfied f (t,x) < F(t,x), if (t,£)eG and¢(t), o(t) is

respectively the unique solution of x(t)=f(t,x) and
X(r)=¢
X(t)=F (%) Gefined ona<t <b , then
x(z)=¢
1)ifr<t<b,aboute(t)<4(t);
2)ifa<t<r aboute(t)>g(t).
dx(t)
Lemma 2[9]: If a>0,b>0 and o > x(t)(b-ax(t)),
when t>0,x(0)>0 , we have lIiminfx(t)zE If
—>+o0 a
dx(t
a>0,b>0 and );(t)gx(t)(b—ax(t)), when t>0 |
x(0) >0, we have lim supx(t)gE.
—+0 a
The scope of the model (2) discussion s

R’ ={x, >0,y >0} based on practical significance.

Theorem 1: If

K (K +c K
(K, )1— ATC 5122 _iq]|>o0,
A-K K +c ! uK +1

K
—Z(r —r5K)+|>o,
/,lK +r 2 2 2 1

2 2

then model (2) is persistent.
Proof: From the first equation of model (2) it follows that
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dx; X A+c AV
—=rX||1-—/| 1- -a Y,
dt K, X, +C v,
<X h -t _rﬂﬂyi <X rl_ixi '
Kl rlvl Kl

Again, according to the comparison
differential equation and Lemma 2, one has

principle of

limsupx (t)<K, =X,

t—+0

For any positive constante >0, exists a T, >0 such that
fort>T,,

X (t)<X+e.

Same above, According to the first equation of model (2)
leads to

K, V
Ky =Y~ BA= 2%

2 2

dy,
=r.V.
dt 2y| KZ

+u(y;-yi)

=0y 1_(i+ﬂ]yi _ﬂilei]"'l

KZ r2 2

<Y [rz _(lz_z"'rzﬂ] yi]+| '
2

Again, by applying Lemma 2, one obtains

r, | = K,

limsupy. (1)< +1 = +l =YV,
t—+0 pyl( ) r72+r :uKZ +1
oM
KZ

So, for any positive constante >0, exists T, > 0 such that
fort>T,,

() <X+e,y(t)<V+¢.

On the other hand, one obtains:

%zxi r 1- % (1—f\+cj—qaﬂ(7+5) ,
dt K, X+cC nv,

d—{iz Yi (rz _[ﬂ+|2_2} Yi _rzﬂil_v(7+g)]+l !

d 2 LV,
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By applying Lemma 1 and Lemma 2, one has I1l.  NUMERICAL EXAMPLE
Discretize the model, the population dynamics with and
liminf x (1) > 1 without Allee effect was simulated with time t as the horizontal
to>to0 (t)= A+cC 1 axis, the population of edible herbage is the vertical axis. Let
K1(7+c)_?1 L=04,r,=08, ©u=025, A=035,c=015, K, =12,
Atc AV K,=15 , a=04 , =08, A =sin’t , A =cos’t |,
. rl—rl_——rlaT(7+g) v v 1 2
X+C r,
it x(0)=0.6 ,y(0)=0.7,——=—=0.2
K, (X +¢) A+c i Y,
= | ey e) 2
/’iiv 1.8 1
lim inf y, (t) > — (rz Y (Y+e))+l v o VAV AMAMAAAAAA
tortoo UK, +, ATA g T ——poisonous weeds
K ( ) g 1.4} 1
2 2 o
=—2—(r,—-16,(X+¢))+1, = |
uK, +, %
=] 1
\ Vv g l
Here 4, =aﬁ—, 0, = i—, l dibl |
rl Vl rz V2 o6k edible grass i
Setting £ — oin above inequalities leads to 045 = oo Teo
time t
. K, (X+c) A+cC _ FIGURE I. THE NUMBER OF POPULATION CHANGES WITH TIME
liminf x; () = A x|k 1o, WITHOUT ALLEE EFFECT
ﬁKl(KﬁC) A+C K, The figure | shows: edible grasses and poisonous weeds
S TAK 1- K +c_51 K +1+| species populations are increasing sharply in the beginning;
1 1 H1%2 when time t is 2.5, edible grasses and poisonous weeds species
populations fluctuate to gradually achieve coexistence state
=X, change trend, but the population presents the characteristics of
the cycle.
liminf y, (t) 2 K, (1, ~£5,%)+1 Figure 11 shows that the edible grass populations became
o0 i UK, +, smaller in the beginning, and poisonous weeds population
K increased gradually; But when the time is 20, edible grass
= 2 (r,-1,0,K))+1 =y, species populations to extinction, poisonous weeds population
HK, +1, = has reached the carrying capacity.

From Definition 1, 18

1.6 . 4
poisomous weeds

rK (K +c K 4 i
0emex—ulKire)f, Ac —5[ 2 1+|]] 2 12 ]
+

1

<X=K, <M, |
. 0.8 |
0.6 |
O<m£y:L(r—r5K)+|S7= K2 ti<m. oaf e |
= uK, 4+, 2 2v2 LK, +1 ol edible grass ]
oh

Above inequality shows that model (2) is persistent when
-0.2

o 50 00 150
t’lKl(Kl+C)[1_ A+C_51[ K2 +|]J>0’ time t

A= K1 Kl +C sz +1 FIGURE Il. THE NUMBER OF POPULATION CHANGES WITH TIME
WITH ALLEE EFFECT

population quantity

K
—2—(r,-15,K )+1>0. ,
uK +r h2 22 We can see from the above figure | and Il compared to
known: with the Allee effect, the original non-zero balance

The proof of the theorem is complete. into edible grass the zero point of extinction, and fluctuation
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disappeared. Explain the Allee effect makes the edible grass
species and poisonous weeds risk of extinction, and not
conducive to edible grass species and poisonous weeds
population to achieve lasting adaptation.

1.4 1

1.2 B

poisonous weeds

! ! ! !

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2
edible grass

FIGURE IIl. WITH EDIBLE GRASS POPULATIONS FOR THE
HORIZONTAL AXIS, WITH POISONOUS WEEDS POPULATIONS FOR
THE LONGITUDINAL AXIS, THE SIMULATION OF THE PHASE
DIAGRAM RAIL LINE WITHOUT ALLEE EFFECT

Figure 11l shows the changes in the phase trajectory of
edible grass population and poisonous weed population
without Allee effect. From figure Ill, it can be seen that the
number of population of edible herbage population and
poisonous weed population increased at the same time. When
the population of edible herbage population was 1.15 and the
number of poisonous weeds was 1.4, the population of edible
herbage began to decrease gradually, while the number of
poisonous weeds continued to increase. When the population
of edible herbage was 1 and the population of the poisonous
weeds was 1.65, the two populations gradually showed a small
change in cycle.

2

1.8 1

1.6 '

poisonous weeds

-0.2 o 0.2 0.4 0.6 0.8 1
edible grass

FIGURE IV. WITH EDIBLE GRASS POPULATIONS FOR THE
HORIZONTAL AXIS, WITH POISONOUS WEEDS POPULATIONS FOR
THE LONGITUDINAL AXIS, THE SIMULATION OF THE PHASE
DIAGRAM RAIL LINE WITH ALLEE EFFECT

From figure 4, it can be seen that the number of population
of edible herbage population and poisonous weed population
increased at the same time. When the population of edible
herbage population was 0.9 and the population of poisonous
weeds was 1.4, the population of edible herbage began to
decrease gradually, while the number of poisonous weeds
continued to increase. When the population of edible herbage
was 0.6, the population of the poisonous weeds was 1.7, and
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the two populations gradually showed a small change in cycle.
Then the population of edible herbage continued to decrease,
the population of poisonous weeds continued to increase, and
finally the population of herbage was extinct, and the
population of poisonous weeds reached their own carrying
capacity.

By contrast figure 111 and 1V shows: the edible grasses and
poisonous weeds populations appear minor cycles ahead of
time with Allee effect, and edible herbage species due to the
impact of Allee effect eventually tend to be extinct. Allee
effect leads to population dynamic changes from periodic
coexistence into poisonous weeds saturated and edible grass
the stable state of extinction.

1.25

edible grass quantity

0.85

0.8

0 0.5 1 15 2 2.5 3
rl

FIGURE V. WITH EDIBLE GRASSES OF THE INTRINSIC GROWTH
RATE FOR THE HORIZONTAL AXIS, WITH EDIBLE FORAGE
POPULATION DENSITY AS A NUMBER LINE, THE BIFURCATION
DIAGRAM WITHOUT ALLEE EFFECT

Figure V shows that the edible grass species present range
increases gradually cycle bifurcation without the Allee effect.

0.8

0.7

0.6

0.5

edible grass quantity

o 0.5 1 1.5 2 2.5 3
rl

FIGURE VI. WITH EDIBLE GRASSES OF THE INTRINSIC GROWTH
RATE FOR THE HORIZONTAL AXIS, WITH EDIBLE FORAGE
POPULATION DENSITY AS A NUMBER LINE, THE BIFURCATION
DIAGRAM WITH ALLEE EFFECT

As result, we get the conclusion by figure VI: the edible
when grass intrinsic rate of population of the cycle is
presented before 1.4 dynamic, after edible herbage species
becomes to extinction with Allee effect.
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IV. CONCLUSION

The Allee effect of populations have been the focus of
ecology and protection of ecology, it largely increase local
extinction probability, and reduce the population continue to
coexist. This article discussed the edible grass with Allee
effect poisonous weeds invasion diffusion competition model
of water resources of locally asymptotic stability, persistence,
and depict population dynamics variation of the model
simulation and phase track diagram and bifurcation diagram.
The study found that the Allee effect makes the co-existence
of the cycle dynamic into poisonous weeds saturated and
edible grass the stable state of extinction, model local
asymptotic stability is more difficult to achieve. Also edible
grass populations and the boundedness condition poisonous
weeds population to achieve lasting adaptation are smaller,
edible grasses increased risk of extinction and unfavourable
edible herbage species with poisonous weeds population to
achieve lasting practiced. In this paper, the numerical
simulation of the final analysis also is good enough to verify
the theoretical derivation of the paper.
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