£

ATLANTIS
PRESS

Advances in Intelligent Systems Research, volume 153

International Conference on Applied Mathematics, Modeling and Simulation (AMMS 2017)

Smooth Test for Elliptical Copulas

Yan Su” and Xiaoxu Zhou

School of Mathematics and Physics, North China Electric Power University, Baoding, China
*Corresponding author

Abstract—Based on the Cholesky decomposition and spherical
harmonics, we propose the smooth test for testing the elliptical
copulas. The asymptotic null distribution of the transformed
sample is obtained. An algorithm is given to estimate the p-value
of the test statistic by Monte Carlo simulation. The maximum
goodness-of-fit estimation can be used to estimate the copula
parameters. An example is provided in order to illustrate the
smooth test for the multivariate t- copulas.
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l. INTRODUCTION

Copula-based time series models have found many
successful applications of late, notably in modern finance and
insurance, where data often exhibit heavy-tail dependence. One
attractive property of copulas is that the copulas are invariant
under strictly increasing transformations of each coordinate.
Fang et al. use elliptical copula to construct the class of meta-
elliptical distributions with arbitrary given margins[1].
Goodness-of-fit tests for copulas are of importance since
different copulas lead to multivariate time series models that
may have very different dependence properties. Based on the
empirical marginals, the testing procedure for the Gaussian
copula hypothesis was suggested. It was showed that the
Gaussian copula was inadequate to describe the dependence
between assets[2]. Based on the kernel estimator of a copula,
the chi-square test for copulas was presented [3].

In this paper, we will assume that the variables of interest are
of the continuous type and the marginal distributions can be
determined by Goodness-of-fit tests.

Let Y =(Y,Y,,---,Y,)" be a random vector with
cumulative distribution function(cdf) F and let F, denote the
marginal cdf of Y, for i=1,---,n. Then Sklar’s Theorem

states that there exists a copula C(,--+,-): [0,4]° —[0,1]
such that

F(Y):C(Fl(yl)""vFd(yd))v 1

for all y:(yl,---,yd)T e RY,

When F, F,,---, F, are all continuous, C =C(:,-+-,-) is
unique and C can be obtained by the formula

C(ul""!ud)= F(F1_l(u1)f"'!Fd_l(ud))’ (2

where F. ' denoted the inverse of the cdf F,. Conversely, if

Cisa d —dimensional copulaand F,,F,,---, F,areall

univariate, then the function F defined by (1) is a d —
dimensional cdf with margins F,F,, -+, F,.

Let Q) denote the surface of a unit sphere centered at the
origin in R® and let U (Q,) denote the uniform distribution on
Q), . The asymptotic null distribution of the transformed

sample is U (€),) . Therefore, the goodness-of-fit test for
elliptical copula can be translated into the goodness-of-fit test
for the uniform distribution on €2, .

Based on the smooth test forU (€,), We propose a new
test for elliptical copula. The transformation based on Cholesky
decomposition leads to the transformed sample whose joint

distribution does not depend on the unknown parameter R of
the elliptical copula. Thus, the p — value of the test statistic can

be estimated by Monte Carlo method with the matrix R=I,,

where |, denotes the d x d identity matrix.

The paper is organized as follows. In Section 2, we
introduce definitions and some lemmas. In Section 3, the
smooth test for elliptical copula is proposed. The asymptotic
null distribution of the test statistic is obtained and the
algorithm to estimate the pP— value is given. Some
conclusions and further applications are given in Section 4.
The proofs are presented in Appendix.

Il.  DEFINITIONS AND SOME LEMMAS

A. Elliptical Copulas And Meta-elliptical Distributions

Definition1* 19, The d x1random vector X is said to
have a spherically symmetric distribution if

X iéu “ @3)
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where £>0 is a random variable, U is uniformly
d
distributed on €2 and is independent of & . Here =signifies

that the two sides have the same distribution.

Remark1 The density of X in (3) is of the form @(X' X).
The function @(-) of a scalar variable is called the density
generator of X .

Definition2(*4. Let A be a dxd nonsingular matrix,

¥ = A" Awith rank () =d . The d x1random vector Y is
said to have an elliptical distribution with parameters 4 and
2 if

d d
Y=pu+EAUO =+ ATX, 4)

where X, & and U are as in (3). We shall use the
notation Y ~ E, (1, 2, 9).

Remark2 When o(v) = (27) “*exp(-v/2),Y has a
d — dimensional normal distribution. When

o) - LE+K/2)

— 1 /k 7(d+k)/2’
k)T 2) O

()

Y has a d — dimensional t — distribution and is denoted
as Y ~Mt,(k,,Z) . In particular, all the univariate

marginal distributions of the Mt, (K, z,X) distribution are
still t — distribution with degrees of freedom K .

Lemmall® 2 If Y ~ E,(0,%, ) and E(£?) < o0 then

E(Y)=0, Cov(Y) =%"52)z. 6)

Definition3™ LetY = (Y,,-,Y,)" ~ E, (0, R, @) ,where

R =(0))q.q isapositive matrix with

py=Lli=], ~-1<p,<l i#j, i j=1-4d.

The copula C, of Y is called the elliptical copula. When

@ is defined by (5), the copula of Y is called the multivariate
t — copula[5].
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Remark3 The copula is invariant under strictly increasing
transformations of the margins. Thus, X in Ed 0,%, (p) can be

replaced by R .

Lemma2t 9 If Y = (Y, ,--~,Yd)T ~E4(O,R,p), Pis
a d x d matrix, then

PY ~ E,(0,PRP", ). (7

Lemma3® If Y =(Y,,--,Y,)" ~ E,(0,R, @) then all
the marginal distributions of Y are identical with the same
probability density function (pdf) d,(-) and the cdf Q, (") .

Definition 44 Let Z = (Z,,-++,Z,)" be a random vector
with each component Z. having a given continuous density
0;(z;) and the cdf G,(Z;) . Let C be the elliptical copula.

Z is said to have a meta-elliptical distribution, if its cdf F,
is given by

I:z (Zl’“.’Zd):C(p(Gl(Zl)’“.'Gd (Zd))' (8)

Denote Z ~ ME, (O, R, 9,G,,---,G,).

The dependence structure of meta-elliptical distributions is
represented by elliptical copulas.

B. Smooth Alternatives
Let S=(S,,S,, "+, S, )" denotes a typical point in RY .
For a = (a,,@,, - a,)" amulti-index, define
o (24 (02
§” =887 ...

s, D” =D{“Dje -D§*,  (9)

where Djaj denotes the a}h partial derivative with respect to

the jth coordinate variable. The collection of all spherical
harmonics of degree m will be denoted by H , (Q2) .

Lemma4 [€] Let|a| =o ta,+-+ay. 1f d > 2then the
set {D” ||s||2'd la|=m and o, <1}

is a vector space basis of H, (€2), where D” is defined in
(9) and ||S|| denotes the Euclidean norm of S.

Lemmast 9 If And x1random vector ¢ has a spherical
distribution then
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Lemma6”  Let N, ,=dim[H, (Q)] . Let

B :{Vk,j(W) eH (Q), =12, Nk,d}

be a complete orthonormal basis(CONB) for H, (€2). Let

B={B, :k=0,1,2} . Then B is a set of orthonormal
functions.

Let A=B\B, and letusdenote N =#(A), we have

N=d+N,,, (10)

where # denotes cardinality. The elements of A are arranged
with kK=1,2 . The set A=B\B, can be written as

A={hW)i=1, N} with

h (W) =V, (W), -+~ hy (W) :VZ,NM (w). (11)

Let f(-) be a density on €, and let f,(-) denote the
density of U (Q2,). Consider the null hypothesis

H,: f(w)=f,(w). (12)

A smooth alternative probability density function can be
defined by|[8]

0. () =bipee AWl 09

where 77 = (17,,77,,+++,7, )" and h, h, -+ h, are defined by
(12).

Lemma7 (Smooth test for U (QQ,)) Let Ul(d),---,Urfd)

be a random sample from g, (W,77) defined in (13). Then

(a) The score statistic i/, for testing

Hy:n=0H,:n#0 (14)
is
=Y L0 == hUY), a9
i Jn -1 :
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(b) Under H,:77 =0, i is asymptotically distributed
as ;(f, random variable, where ;(,ﬁ represents chi-square
distribution on N degrees of freedom.

Remark4 Smooth test consists of embedding the null
density f,(w) into a large one, say {g, (w,7), 7 <@},

such that g(w,0) = f,(w) . Thus the hypothesis(12) is
equivalent to the hypothesis(14).

Remark5™  Theoretical analysis and power simulation
showed that the smooth tests for U (€2,) based on spherical

harmonics of degree at most m = 2 are generally powerful.
Lemma8® Let X, X, X,,:-- be random d — vectors
defined on a probability space and g be a measurable function

from (R*,B*) to (R',B'). Suppose that g is continuous.
Then

d d
X, — X implies g(X,)—>g(X), n— .

I1l.  ANEW TEST FOR ELLIPTICAL COPULAS
Let Z = (Zl,-~-,Zd)T be the random vector with each
component Z; having the density d.(z;) and the cdf G,(z,)
and let Zl(d) RS Zrﬁd) be a random sample from the population
Z . Let C be the copula of Z and let C(p be the

d — dimensional elliptical copulas. We want to test the null
hypothesis

H,:C=C,. (16)

Theoreml Let Z =(Z,,---,Z,)", 9,(z)and G,(z,) be
defined in Definitiond. Let Q () be defined in Lemma3.
Suppose that

Y. :Q(;l[Gi(Zi)]! i=1--.d, n

I:z (Zlv""zd):C(p(Gl(ZJ"“’Gd (Zd))' (18)

Then thecdfof Y = (Y,,--+,Y, )" is given by
F (Y ¥a) =C,(Q,(V,) -+, Q, (¥y)),
ie, Y =(Y,Y,) ~E,O,R,¢).
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Remark6 Theoreml indicates that the goodness-of-fit test

for elliptical copula can be translated into the goodness-of-fit
test for elliptical symmetry.

Define
ZY = (Zy, Z)" Yy =Q,MGH(Z)].
Y@ = (YY), (19)
i=1---,n, j=1---,d
Let
S =%iYi(d)[Yi(d)]T (20)
=

and let the Cholesky decomposition of R and Ii be
R=[L(RIIL(RT,S =[LEIILE)T . ()

respectively. The scaled residuals are defined as

YO =S, i=1,--,n, (22)

where L is the inverse of L.

Remark7 Let Y = (Y, ,--- Y and let A be
defined in (4). Then the distribution of Y does not depend on
R=ATA.

Theorem2 Let Y,“,---,Y ( be defined in (22) and let

PR RO IR
Then the asymptotic distribution of 7 is U(Q,) and

(d) (d)

Y. ety ¥, are asymptotically independent.

Z,ﬁd) be a random sample from the
G,)-Let

Assume that Z{" .-+,
population Z ~ ME, (0, R,,G,,-,

iff)?, T Zh '), (24)
i=1
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(d)

where ;/(d), -y, are defined in (23). The elliptical copula

is rejected for small p —value of 17 .

The algorithm to estimate the | — value of {7, consists of
the following steps:

1. Generate Y,),---,Y? from the elliptical distribution

E,(0,14,9).
2. Compute

S = Y(d) (d) ,
. nZ‘ YT
YO =S )Y, i=1-n,

where S, =[L(S,)][L(S.,)]" (the Cholesky decomposition).

3. Compute ' =Y i=1--,n.
4. Compute
T 1< (d)
@, D, =—=> h(r)?),
L
5. Doing steps 1-4 M times gives a sample of replicates
Wi, Wy, - Let @7 be defined by (24), the estimated

p —value of 7, is given by

ﬁ* — #’J\A=l{l/71* Z lﬁN}

25
M (25)

Remarks8 Since the distribution of 7, does not depend on
Aiin (4) so that in step 1 we can take A= |, where I is the
d x d identity matrix.

Examplel (Smooth test for t —copula)

Let @and Y, = (Y,
and (19), respectively. Then Y,,,Y, ,---,

to the t(k) distribution, where t(k) denotes the t—
distribution with K degrees of freedom.

Y,,)" (i <n)be defined by (5)

Y, are i.i.d. according

The maximum goodness-of-fit estimators(GFE) of the
parameters of the distribution can be obtained by minimizing
the empirical distribution function(EDF) statistics with respect
to the unknown parameters [11].

Anderson-Darling(AD) statistic is one of the classical EDF
statistics. The AD test is more sensitive to departures from
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the hypothesized distribution in the tail of the distribution.
LetY ), -+, Yny) be the order statistics of Yy;,---,Y,; and let

ti) = Ft,k(Y(il))’ i=1--,n, (26)

where F () denotes the cdf of t(k) distribution. The

computational formula for AD of F, | (*) is given by

AD, = —n _%i(zi ~Dlint, +In(-t,, )} @)

i=1

The GFE of the copula parameter K can be obtained by

k=min{k : AD,, k =1,---,30}. (28)

The estimated f)* is defined by (25), but with K replaced by
K in (28). The null hypothesis

H,:C isa t—copula
is rejected when P* < a , where « is a size of the test.

Remark9 Let Y =(Y,---,Y, )T ~ Mt, (k,0,R) , then
Y; ~t(k), j<d. Since the limit distribution of t(k) is
N (0,1) distribution, thus we can take 1< k <30 in (28).

V.

The meta-elliptical distribution is built by coupling a
elliptical copula with arbitrarily given margins. The class of
meta-elliptical distributions is a natural extension of the
elliptical distributions. The meta-Gaussian and the meta- t
distributions belong to this class.

CONCLUSIONS

The copula allows to capture the full dependence with in
multivariate time series without specifying a shape of the
marginal distributions. The modified AD statistic can be used
to test whether the marginal distribution is a specific

distribution[12]. If it is difficult to determine the cdf G,(z,),

the transformed sample Y, can be calculated with the cdf

G, (z;) replaced by the empirical cdf éi (z,)in(17).

Yz(d) oo ,YNH(d) in (22) are also known as the spherized data.

Based on the scaled residuals, the smooth test for elliptical
copulas is equivalent to the smooth test for the uniform

distribution on €2, . The smooth test for elliptical copulas can

be extended to testing the meta-elliptical distribution of the
innovations in the VAR and GARCH models.
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V. APPENDIX

Proof of theorem 1. Lety = (Yy,,---,Y,)" € R®.By (17)
and (18), we have

RV Yg) =P <y Yy <yg)
=P(G,(Z2,))<Q, (%), G4(Z4) £Q,(¥y))
=P(Z, <G [Q, (Y], Z4 <G, '[Q, (¥s)])
=C,(Q, (Y1), Q,(¥q)) -

Thus Y = (Y,,---,Y,)" ~ E,(O,R, ).

Proof of theorem 2. Let o> = E(£%)/d. By (6) and the
law of large numbers, we have

p
S—)J(fR, n— o, (29)

P
where — denotes convergence in probability as N — oo, Let
the Choleski decomposition of R and S be

R=[L(R)IIL(R)T",S =[L(SIILE)T (30)
respectively. By (29) and (30), we have
L(S)=>0,L(R), n—>oo. (31)

By (31) we have

~ d 2
Yi(d) :L_l(S)Yi(d)—)YiZO'glL_l(R)Yi(d), n—o0, (32

d
where — denotes convergence in distributionas N — oo,

Y@, Y@ are independent E, (0, R, ) random vectors,
thus Yl(d) oo ,Y~n(d) are asymptotically independent. Since
oy L (R)R[oG 'L (R)T =0l

we have by (7), Y, ~ Ew(O,ao"ZId), i.e., Y, has a spherical
distribution. By Lemma5,

Yvi/”Yvi”"U(Qd)-

Thus by Lemma8, we have
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Y@ 4
y@ = ”I(d) —->U(Q,),n—> . (33)
V.
(33) implies that the transformed sample j/l(d),---,;/n(d) are

asymptotically independent.

[1]
[2]
31
[4]
[5]

[6]
[71

(8]
[]

[10]

[11]

[12]

[13]
[14]

[15]

REFERENCES

H. B. Fang, K. T. Fang, “The meta-elliptical distributions with given
marginals,” Journal of Multivariate Analysis, vol.82, pp. 1-16, 2002

V. Panchenko, “Goodness-of-fit test for copulas, ” Physica A, vol.335,
pp. 176-182, 2005

J. D. Fermanian, “Goodness-of-fit tests for copulas, ” Journal of
Multivariate Analysis, vol.95, pp. 119-152, 2005

Y. Su, Elements of Multivariate Goodness-of-Fit tests, Beijing: Science
press, 2016(in Chinese)

R. Zhang, C. Czado and A. Min, “Efficient maximum likelihood
estimation of copula based meta t-distributions,” Computational
Statistics and Data Analysis, vol. 55, pp. 1196-1214, 2011

S. Axler, P. Bourdon and W. Ramey, Harmonic Function Theory, New
York : Springer-Verlag, New York, Inc., 2001

Y . Su, X. K. Wu, “Smooth test for uniformity on the surface of a unit
sphere,” Proceedings of the 2011 International Conference on Machine
Learning and Cybernetics, IEEE Press, pp. 867-872, 2011

J.C.W. Rayner , DJ. Best, Smooth Tests of Goodness of Fit, New
York:Oxford university press, 1989

J. Shao, Mathematical Statistics, 2nd ed. New York: Springer Science+
Business Media, LLC. 2003

Y. Su, “Smooth test for elliptical symmetry,” Proceedings of the 2012
International Conference on Machine Learning and Cybernetics, IEEE
Press, pp. 1279-1284, 2012

A. Lucefio, “Fitting the generalized Pareto distribution to data using
maximum goodness-of-fit estimators, ” Computational Statistics & Data
Analysis, vol. 51, pp.904-917, 2006

H. Gunes, D. C. Dietz, P. F. Auclair, A. H. Moore, “Modified goodness-
of-fit tests for the inverse Gaussian distribution,” Computational
Statistics & Data Analysis, vol. 24, pp.63-77, 1997

AlJ. Patton, “A review of copula models for economic time series”
Journal of Multivariate Analysis, vol.110, pp. 4-18, 2012

R. S. Tsay, Multivariate Time Series Analysis, Hoboken, New Jersey:
John Wilew & Sons, Inc. 2014

R. Lebrun, A. Dutfoy, “A generalization of the Nataf transformation to
distributions  with elliptical copula,” Probabilistic Engineering
Mechanics, vol. 24, pp.172-178, 2009

Advances in Intelligent Systems Research, volume 153

233



	I.  Introduction
	II. Definitions and some lemmas
	A. Elliptical Copulas And Meta-elliptical Distributions
	B. Smooth Alternatives

	III. A new  test for elliptical copulas
	IV. conclusions
	V. Appendix
	References




