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Abstract In this paper, we first consider tow inequalities of vector functions,then combine the
vector function inequality with Gronwell’ inequality to obtain another two vector function’s
inequalities. At last, using them to prove the maximum principle for one kind of optimal control
problem.

1 Introduction and derivation of vector funtions’ inequality

Gronwell inequalities show the relationship among functions and their derivatives and
integration[1], and are widely used to estimate functions’ value in function spaces such as L" space
so on.They are very important for embedding theories of Sobolev space[2,3], also are key tools for
research on the solution of PDE[4] and some problems of optimal control of differential
equation[5,6,7].For convenience, we first list the two lemmas bellowing:

Lemma.l [8]Let y(t) be a continuously differential vector value function on the

d
m y(t)

Lemma.2.[9] Let y(t) be continuous vector valued function on[t,,t ].1f y(t)

interval[t,,t,],then %”y(t)”s forall telt, tl,and y(t)=0.

satisfies ||y(t)||sag+ﬂj:||y(§)||d§,Vte[tl,tz] for given positive constant a,f,s, then

t_
ly@| < ageﬂ( tl),Vt el 1]

Then show a vector function inequality from Gronwell inequality.
Proposition.3.Let y(t) be continuously differential vector-valued function on the

interval[t,,t,],and y. (t) < 4 (t)y; (t) + v, (t),i =1,2,---n, then

Iy <"y )]+ [ ool @

Where y(t) = (¥, (1), Y, (1)), ¢(t) = (¢ ©).4,1) 4, ), w () = (w2 ., ©), v, (1)
and ||y(t)[, [¢®)|.|w (@) are the Euclidean norms correspondingly.
Proof. From lemma.1., Minkowski inequality and Holder inequality , we can obtain

Iyl <l#ollly®l+w e

Hence through the differential form Gronwell inequality, we obtain
Iyl <"ty [ s @
Proposition.4. Let y(t) be continuous voector function on the interval [t;,t ]
If y(t) satisfies |y(t)| < ae + ﬂﬁ ly(s)|ds, vt et,,t,] for given positive constant a,S,&. Then
ly@)] < aell+ Bt —t,)e” '] .
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The proof is trivial with integral form Gronwell inequality.

2 An Example of the Inequalities’ Application
Example. Consider the optimal control problem which system is stated by

X = f(x,u), x(t,) = x,, where x e R" ,control variableu € R", the objective setis x(t;) € R"and t, is
fixed. f:R"xR">R" is C',U,, ={u(t)|u(t)eur ng},
whereu(t) is piece-wise continuous functions and U, e R"is bounded closed set, x(t)is the state

variable corresponding to the control variable u(-)and its initial state satisfies x(t,) = x,, set the cost
functional as following

t
IO =Kt )+ [ Lxuyde. 3)
To ensure the existence of the solution of the optimal control problem, we assume that

(1) T (x,u),L(x,u),K(x)are continuous for their variable and are continuously differential to the

of (x,u) oL(x,u)
ox 0

variable x ;(ii) f(x,u), all are bounded.

X
i - ~ xof (x,u) - . i
Since f(x,u) = f(x,u) :J‘A de, there are two positive constantsa,bwhich are independent
x X
to x,u such th&t”f(X,U)”S%,VUEU,XE R, | f(xu)= f(x,u)|<b[x-x|, where ||is the norm of

Euchiled vector.
Proposition5 if u’(t)is the optimal control of the above problem, the necessary condition is

that H (X" (t), u” (1), w(t)) = max H (¢ ®).u(t). ().

ueu,

Proof. Let y(t) € R" ,then problem (4) can be transformed to the problem

ty

I[u(] = Kt ) +w" @)Xt ) -y (0)% - jto [t/)(t)x(t)+ H(x(t),u(t),l//(t))}dt @

without constrain condition and where
H(x,u,w) = —L(x,u) + " f(x,u)is the Hamilton function,assume (u"(t), x"(t))
be the optimal pairs of the optimal control problem. Given

u(t) =u"(t) + Au(t),t e[ t,,t; | (5)
to ensureu(t) e U[t 0] ,then Au(t) must satisfies two conditions : Au(t) define on [to,tf } , and are
continuous vector functions, u(t) = u”(t) + Au(t) e U, t e[ t,,t, |.

And x(t):x*(t)+Ax(t),te[to,tf] is the solution of optimal control problem corresponding
tou(t) above. Itis trivial that Ax(t) satisfies

d . . N .
EAx(t)z f(X () +Ax(t),u (1) +Au(t))— f(x (t),u (1)), ©)
AX(t,) =0.
Then we obtain
AU ]2IuO]-I[uO)] =KX (t;) + AX(t,)) = K(X(t,) + " (t,)AX(t,)
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—j: y)(t)Ax(t)dt —~ j: [H (X (t) + AX(t),u” (1) + Au(t),w (1)) — H (X (t),u” (t), y/(t))]dt .
And according to the assumptions of f(x u), L(x,u), K(x), we get

(())

KX (t) + Ax(t,)) = KX () = AX(t;) +o(|ax(,)), (7)

AH (X (1), u” (1), (1)) = H (X" (t) + Ax(t), u" (t)+AU(t) (1) - HO Uy ()

_ JOF(X (), u™(t) + Au(t), (1) , oH (X' (0),u" (D), w (1) AX(t)
OX OX

+o(Ax@®)) +F (" (1), u™ (1) + Au(t), u" (©), w (1)) (8)
where FOC(®),U7 () +Au(t), U™ 1),y ()=H(x (t),u” (t) + Au(t),w () - H(X O, 0. ()  then
{ K(X(t)

AU ]= +y (¢, )}Ax(tf )- j;* 70 +%|*]Ax(t)dt

[ OV O+ MOL OWO)
_ L‘ F (X' (t),u” (t) + Au(t), u” (t), y (t))dt+ j: o([lax(t)[)dt + 0(||Ax(tf )||) ,
where
| _OHQC (), u (1), l//(t))
6x OX
As we know that (t) satisfies the condition below:

_HE Wm0y ®)

0= ox . ©)
vt = — 6K();X(tf )
Then

'Lo F (X' (t),u"(t) + Au(t), u” (1), w (b)) dt + L, o(ax()]dt + o(|Ax(t, )|dt . (10)
As we know that for any Au(t) ofu” (t) ,(9)hold. So when we chose a special
o0 - {u ().t et t) Ut+e.t, ]
u, te [t,t+ £)
where ¢ is any sufficient small positive real number,anda e U, is any r -dimension constant vector,
{o, telt,t) Uft+et,]

u—u'(t) te [t t+ £)
If A x(t),A J[u ()] are the change quantity of x",J[u"()] corresponding to A u(t) , then
et et et

setting A _u(t) =

et

from(6), A _x(t) will result
et

A X(1)=0, telt,t], (11)
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%A‘tx(t)= f(x*(t)+Av,x(t),LAJ(t))— FOCO.U°Q), teltt,],

A x()=0, te[t,t+e), , (12)

A X(t+e)=initiable value, te[t+et,]
et

Therefore

I [u*(-)] _ st oF (X" (t), u(g(,u*(t),l//(t)) A x(ot

JT RO @0 @)+ [ o ). (13)

Agtx(t)H)dt 4o

A x(t,)
et

As te [E,f+ £],note (4) and Lemma.1,and from (13) we can obtain directly that
i‘ iA _X(t) A x(t)H
st et

A X(t
dt ® dt

et

<

§a+q

Since A ,x(f) = 0,then integration both sides above formula fromt tot
st

HA () <a(t-t,)+b][ ‘A X(G)Hda <as+| ‘A X(J)Hda
et f et f et
and with the Lemma.2., we get
A x()| < age®™ ™ <age’ =0(e), te[t,t+e]. (14)
et

And (14)implies that‘

A _x(t)H is at most the same order as & on the interval
et

[f,f+ e].As te [E,f+ ], through Lemmal.and (14),we can directly get
d d
— A _x(t — A _X(t ngAxtH,
dtH st ) dt =t ()H st )

=

then  integrate  both  sides of the inequality from tre to t ,and
t
+leE

eblt-(t+0)] <

<

A _x(t)

A ,x(f+ £)
et

A x(a)”da . According to Lemma.2.,we get
et

< el < O(g), vt e[t+ &,t,].(15)

A _X(t)

A ,X(E+ £)
et

A ,X('E+ £)
st

Combination with(11),(12),(14)and(15), we gain ‘

A Xx(t)

<O0(e),Vtelt, t, ],

and submit it to (14),then A {J [uU(O]= —J.:H F (X (t), a(t), u” (t),w (t))dt + o(e)

Since F (-, -,-) is continuous and u” (t) is continuous att ,from the above we can get

*

A 0 ()= =eF (X (0.0,0" 0.9 (0) + (&) =-¢[H (X 0,0,y D)~ H K O Ow O]+ (o).
And u’(t) is the optimal control,therefore,for any A _u(t) as the form of (10),

A I (120 namely, -s[H (X (), 0w (1) = H (X (©),0" (), ()] + o(e) > 0,

get
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and lim—*== Hence H(x (t),u,w(t)) <H(X (t),u (t),w(t)) .Since ueU, is any

>0 ¢

r -dimension vector and u’ (t) is continuous on the interval[t,,t, ] therefore,

H (X" (£),u” (1), (1)) = max H (X" (t), le(t),z//(t)) ,and the proposition holds.

ueU,
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