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Abstract. In this paper, we study the observability inequality on a kind of linear parabolic 
equation.To show the observability estimate, we first derive the inequalities about the norms of the 
solution and its gradient, then reduce a lemma of inequality from a corollary directly[1]. At last, 
combing these inequalities with Nash inequality and Poincare inequality, we give the proof of the 
observability estimate. 

1 Introduction 
As we all know that observability estimate is a key in optimal control problem of linear partial 

differential equation, especial for the ones governed by linear parabolic equations. Observability 
can derive both exact controllability and approximate controllability directly or with some relevant 
conditions.Especially, in time optimal control problems, we often obtain null-controllability through 
observability estimate, to show the existence and bang-bang property of time optimal control 
problems[2-5].To the best of our knowledge, the observability estimates of parabolic equation 
system are main about the heat equation through Carleman inequality[6-8], or about semilinear 
parabolic equation with a discontinuous coefficient in one-dimension,or the case of coefficient with 
bounded variations of one-dimension,which proof relies on global Carleman estimate.But in the 
n-dimension case( 2n ≥ ), the observability estimate of linear parabolic equation which coefficient 
has bounded variations is seldom talked about because the observability estimate dosen’t 
completely rely on the corresponding Carleman inequality at all. 

   In this paper, consider the controlled system  
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where 0y is a function in )(2 ΩL ,and ),( ⋅⋅u is a control function take from the set of functions as 
follow: 
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where 21 )(0 µµ <<< xk ,a.e 21,, µµΩ∈x are positive numbers. 0>∀T fixed, and it  clear that 
the system(1）has a unique solution in ],0[ Tw ,we denoted it as ),;( 0 uyy ⋅ or ),( txy . To obtain the 
observability estimate, with the similar method in [9-10], we first derive the inequalities of the 
solution and the gradient )(2 ΩL  norms, then reduce an inequality lemma about the initial and the 
final state from a corollary[1] directly. At last, combing the these inequalities with some other 
inequalities such as Nash inequality and Poincare inequality so on, we give the proof of the 
observability estimate. 
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2 The Observability Estimate of Linear Parabolic Equation 
In order to get the observability estimate, we consider the linear parabolic equation (2) 

corresponding to system(1.1). ), tx（ψ  denote the solution of    
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where 2 2
0 ( ) ( ), ( , ) ([0, ]; ( ))x L x t C T Lψ ψ∈ Ω ∈ Ω a.e , ( , ) ( (0, ))x a a x t L T∞∈Ω = ∈ Ω× , for 

convenience, we denote 
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Theorem2.1(observability estimate)Let 1 2Ω×（t ,t） be an open and non-empty subset of Ω . 
Let 0T >  and E  be a subset of positive measure in (0, )T . Then there is a constant ( , , )K EωΩ  
such that for any 

 , 2
0 ( )Lψ ∈ Ω   the solution ( , )x tψ  of (2.2) satisfies     2( , ) ([0, ]; ( ))x t C T Lψ ∈ Ω , 
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Before proving the estimate theorem, we give three lemmas bellowing for proving the 
observability estimate, of which lemma2.1 is deduced from the corollary directly(see[1] corollary 
1.4). 

Lemma2.1. For each 0T > and 2
0 ( )Lψ ∈ Ω ,the solution ( , )x tψ satisfies the estimate: 
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Lemma2.2. For any 2

0 ( )Lψ ∈ Ω ,the solution ( , )x tψ of (2.1) satisfies the following two 
estimates: for any  
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where 1 2,K c  are constants and only depend on ,n Ω  with 1 2( ) ,k x xµ µ≤ ≤ ∀ ∈Ω . 
Proof. (i).Multiplying the first equation of (2.1) byψ ,integrating it over Ω , we get  
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where ( , )x tψ ψ= , then by Poincare inequality we obtain 

                        
2 2

1 2( , ) 2 ( ) ,d x t dx c a dx
dt

ψ µ ψ
∞Ω Ω

≤ +∫ ∫  

where 1 1 2( , , )c c aµ
∞

= Ω  is a positive constant, and use Gronwall’s inequality to get 

                 1 2
2 22 ( )

0( , ) ( )c a tx t dx e x dxµψ ψ∞+

Ω Ω
≤∫ ∫ .                       (5) 

(ii). Since 1 20< ( )k xµ µ≤ ≤ and ( ) ( )k x L∞∈ Ω ,from (i) we know that 
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and with the result of (i), we obtain  
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where 2c only depend on 1, ,a µ
∞
Ω and T . 

     Now we begin to present the proof of the observability estimate theorem, and the whole proof 
divides into two steps. 
Proof. Step 1 
For any 1 20 t t T≤ ≤ ≤ ,from lemma 2.1 and the Young inequality, 0,ε∀ > we get 
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Step 2.    
Let E be a subset of positive measure in (0, )T ,let  be a density point of E, using proposition 
2.1[9],for each 1τ > , there exists 1 ( , )T∈  ,depending on τ and E, such that the sequence 
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



6

2 1

2 1 2

2( )
5

2( ) ( ) ( )
( , ) ( , ) ( , )

nK
t t

mL L L

K et t tγ ω
ψ ψ e ψ

e

−

+Ω Ω
⋅ ≤ ⋅ + ⋅ ,  2 , 0ε ε ε = > .  (11) 

Recall that by lemma 2.2. 
     2

2 2
( )( )

( ) ( )
( , ) ( , )ma t

m L L
e tmψ ψ∞+ −

Ω Ω
⋅ ≤ ⋅
 ,therefore 

       

6

2
2

2 1 2
( )( ) 5

m 2( ) ( ) ( )
( , ) ( ( , ) ( , ) )

m
m

K
t

a t
m L L L

K ee t
e

m
γ ω

ψ ψ e ψ
+

∞

−
+ −

+Ω Ω
⋅ ≤ ⋅ + ⋅




 


 

                  

6

2

1 2
7

2( ) ( )
( , ) ( , )

m

K
t

mL L

K e tγ ω
ψ e ψ

e

+−

+ Ω
≤ ⋅ + ⋅



 ,                   (12) 
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Setting '2m m= , and summing the above from ' 1m = to infinity, then  
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The proof of observability estimate theorem is now completed. 
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