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Abstract. In this paper, we study the observability inequality on a kind of linear parabolic
equation.To show the observability estimate, we first derive the inequalities about the norms of the
solution and its gradient, then reduce a lemma of inequality from a corollary directly[1]. At last,
combing these inequalities with Nash inequality and Poincare inequality, we give the proof of the
observability estimate.

1 Introduction

As we all know that observability estimate is a key in optimal control problem of linear partial
differential equation, especial for the ones governed by linear parabolic equations. Observability
can derive both exact controllability and approximate controllability directly or with some relevant
conditions.Especially, in time optimal control problems, we often obtain null-controllability through
observability estimate, to show the existence and bang-bang property of time optimal control
problems[2-5].To the best of our knowledge, the observability estimates of parabolic equation
system are main about the heat equation through Carleman inequality[6-8], or about semilinear
parabolic equation with a discontinuous coefficient in one-dimension,or the case of coefficient with
bounded variations of one-dimension,which proof relies on global Carleman estimate.But in the
n-dimension case(n > 2), the observability estimate of linear parabolic equation which coefficient
has bounded variations is seldom talked about because the observability estimate dosen’t
completely rely on the corresponding Carleman inequality at all.

In this paper, consider the controlled system
Y, — V- [k(x)Vy]+ay=u in Qx(0,+0),
y=0 on 0Qx(0,4), (@)
y(.0)=y, in Q,
where y,is a function in L*(Q),and u(.)is a control function take from the set of functions as
follow:

U ={u:[0,+0) > L*(©) is measurable, |u(t)|.,, <M,whereM >0,vu |,

@
where 0< g4 <k(X) < u,,a.e xeQ,u, u,are positive numbers. VT >0fixed, and it clear that
the system(1) has a unique solution in w[0,T],we denoted it as y(;y,,u)or y(x,t). To obtain the
observability estimate, with the similar method in [9-10], we first derive the inequalities of the
solution and the gradient L?(Q) norms, then reduce an inequality lemma about the initial and the

final state from a corollary[1] directly. At last, combing the these inequalities with some other
inequalities such as Nash inequality and Poincare inequality so on, we give the proof of the
observability estimate.
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2 The Observability Estimate of Linear Parabolic Equation

In order to get the observability estimate, we consider the linear parabolic equation (2)
corresponding to system(1.1).y (x,t) denote the solution of

-V-k(X)Vy)+ay =0 inQx(0,T),

w(xt)=0 on oQx(0,T), 2
w (X,0) =, (X) inQ,
where . (x) e '(Q),w(x,t) e C([0,T];L’(Q)) ae xeQa=a(xt)el”(Qx(0,T)) , for

convenience, we denote ||a||oo =||a

L” (Qx(0,T)) "

Theorem2.1(observability estimate)Let Qx(t,, t,) be an open and non-empty subset of Q.
Let T>0 and E be a subset of positive measure in (0,T). Then there is a constant K(Q,, E)
such that for any

W, € L2(Q) the solutiony (x,t) of (2.2) satisfies w(x,t) e C([0,T]; L’ (),
v (Tl < K@@ E)] ()it

Before proving the estimate theorem, we give three lemmas bellowing for proving the
observability estimate, of which lemma2.1 is deduced from the corollary directly(see[1] corollary
1.4).

Lemma2.1. ForeachT >0and y, € L*(Q) the solution  (x,t) satisfies the estimate:

”V/(X T)”LZ(Q) \/—”V/O()”LZ(Q)”V/( )” (3)

2()

c(1+—+T (4 +a),)

where S €(0,1) , K, =
Lemma2.2. For any (//OELZ(Q) the solution w(x,t) of (2.1) satisfies the following two

estimates: for any
te(0,T]

. 2 2 +|al, 2
) [l (e 0] dx < Tl (9] dx,
N 2 c e2(,uz+HaHx)t
(i) [ [Vw ()] dx < 22— t [

where K, c, are constants and only depend on n,Q with z <k(X) < @, VXeQ.
Proof. (i).Multiplying the first equation of (2.1) by ,integrating it over Q, we get

1d 2 2
ELM dx=—[ kCOVy[ dx—[_ay’dx, 4)
where w =w(X,t), then by Poincare inequality we obtain
d 2
& jQ|W(x,t)| dx < 2¢, (1, +|a.) ng//zdx
where ¢, =c,(u,,[a]|, ,©) isa positive constant, and use Gronwall’s inequality to get
2 +||a
[ ()] dx<e®@ el [ w0 dx. (5)
(i1). Since 0<gy <k(x) < g,and k(x) e L*(€2) ,from (i) we know that

2dtj I (%) dX+,ulI Vi (x,1)| dx+j aly (x.t)| dx =0,
and with the result of (i), we obtain

2
lwo (O] dx,

149



ATLANTIS
PRESS Advances in Intelligent Systems Research (AISR), volume 150

2y +Han it

[|v w(x 1) dxdt sczef IQ|WO(X)|2dx, (6)

where c,only depend on |a] ,©,and T.

Now we begin to present the proof of the observability estimate theorem, and the whole proof
divides into two steps.
Proof. Step 1
Forany 0<t <t,<T , fromlemma 2.1 and the Young inequality, V& > 0, we get
-q Ky

s ey < el Gty e K™

e t)||“ n, (7)

2
+T (ol +22)+ (1242, )?)

K, =
M(l B)

where p,q>1and l+1=1,K1 ez(lﬁ) wCcwcQ.

Let gp=1,then p=i,since £+l=l,then
B P g

Ky

”W( t )||L2(Q) —8(||W( t)”Lz(Q)) g1 o

-5

v, t2)|||_2(;;) '

Leta = 1i,and by Nash inequality and Poincare inequality, V& >0 then

2

e ),

”W( o L )”LZ(E))

sa(||w<-, t2>||;2))p1+§?(ﬂ||w<-, t2)||i(m))q1,

where p,, 0, >1,%+qi=1, Land L are constants only depending on nQ,o. Let@ﬂ,
1 1
Then
n-2 n
WG e, <SIVWCs t >|| " +5 2 E2yC, t >|| —5||Vr//< ,t >|| " o @2|
é‘ 2
where K, = @% .By lemma2.2, we know that
K
||Vl//("t2)”|_2(g) < Titi”‘//("tl)”ﬁg) J
With K, =./c,e ™" Combine the above three estimates, we gain
Ky
K.e?
”W("tZ)“LZ(Q) < a ||l//("t2)||L2(a;) +8||l//("t'l)||L2(Q)
Ky Kz
< s (g + A, el )
\/tT HON ga 5%2 27N () Tl @)
t2 t1
Since &, > 0are arbitrary, let u& =g, then
g\, -1
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n _NK,

KZK K e2(tz -t) 2na+2n72
b 1) 2 ez IV O ), 26l (W] ®)

(tz_t1)4 (28) ?

(a+t)n-2 n 72

Denote 7/=M, Ki=2 2 K2ZK.K,? ! —, Kq = K, ,therefore
(t,-t)*
Ke
K.e

”W("tz)nﬁ(g) (2e) ”W(’ 2)”L1(a>)+2‘9”‘//( tl)”LZ(Q) ®)

Step 2.
Let E be a subset of positive measure in (0,T),let/be a density point of E, using proposition

2.1[9],for each 7z >1, there exists ¢, (¢, T),depending on zand E, such that the sequence

{¢,} .. givenby 7 _£+Tim(£1—£),satisfies

fm_ m+l—3|Em(£m+ll )| (10)
Next,let 0</ ., </, ,<t</( </, <T.Weapplythe above estimate to get
nKg
K e2(t -1)

[l (. t)

Recall that by lemma 2.2.
”,//(.,gm)”Lz B s ) ||'//(',t)||Lz(Q) therefore

(@) S—”V’( Olli ) +5||‘//('tm+z) 2@’ Ve=266>0. (11)
&

@
KG
+|a K
WG] < € t)(e—lll//( D +EIW )i )
KG
K et_lmu
T S0 R ACTS) 2

(o477

where let ¢=¢ ¢, and still signed as &, and K, = K [e"“"*-)" 1 Integrate it over

En((,.,¢,), from ¢ . = £+—m(£1 —/)and (10) , then
T

2 K Tm+1

3 K e(V =£)(z-1)
ey <2

" zelw. o, el lnleg, @3

take d = ZKS; and s=e "

(4, - 0)z(r-1)
Rl 77N NS el 7 CTS KSI:MZE v (1)

where K, =

, then

m+2

(14)

() dt

K7’ furthermore, to keep the exponent of 7 in accordance with subscript /¢ of
TR

w(-,0),let

de2(y+1)=d(r+2), then 7= |/ +2
r+l

N Gy

, and

m+2

e’drm(erZ) ||W(' Em)“Lz @

||_2(Q) <K j ZE ”l//( t)

(15)

Ll(w)

151



ATLANTIS
PRESS Advances in Intelligent Systems Research (AISR), volume 150

Setting m=2m’, and summing the above from m’ =1to infinity, then

g0 ”'//( EZ)“LZ «@ p U7 (r+2) ||'//( 64)”8 @ " e

|‘//("£ )||L2(Q) _dr e ” ( ¢ )”LZ(Q)

—dr2" (y+2) —dr2"2 (y42)

‘e L Wl e Z j el 0
and

g ¢ |‘/’("€2) oy Ll(w)dt - KgJ.Exw|V/("t)|dth’ as m —e.
Since ||l//(,T) 2@ < ez(/lz+Han)(T—/z) ||V/(1£2) ey therefore

e—drz(7+2) W(,T) , ,
e2(ﬂ2+”aw)(T—/2|)|L L e ||W('!£2)||L2(Q) S K8JEXQ|W('1t)|dth- (18)

Let K(Q,o,E)=e"* X2k then

v Dy < K@@, E)[_ w(t)ldxdt. (19)
The proof of observability estimate theorem is now completed.
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