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Abstract—The problem of a anti-plane crack in functionally
graded magnetoelectroelastic materials is investigated. The
material properties of the functionally graded magnetoelectro-
elastic materials are assumed to be exponential function of y
perpendicular to the crack. To make the analysis tractable, the
crack surface condition is assumed to be electrically and
magnetically impermeable. The high order crack tip fields are
obtained by the method of eigen-expansion method. This study
has fundamental significance as Williams’ solution.
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l. INTRODUCTION

Due to magnetoelectroelastic coupling behavior, the
composite materials are extensively used to design actuators,
sensors and other electronic products in modern technology,
particularly in smart materials/intelligent structures that are
cable of responding to internal and environment changes.
With the applications of smart devices such as actuators,
sensors and other adaptive control units in aeronautics,
astronautics, communication, biomedical industry and so on,
the research on the smart materials in these devices has been
receiving increasing attentions nowadays. However, under
the mechanical and/or electric and/or magnetic loading, these
materials are usually predisposed to fracture owing to the
existing microscopic defects. In recent years, an area of
increasing interest is the fracture mechanics of magneto-
electroelastic materials, which combine the ferromagnetic
and ferroelectric phases. For inclusions and cracks embedded
in such magnetoelectroelastic solids, magnetoelectroelastic
behaviors have been analyzed by many researchers includ-
ing Wang et al. [1], Wan et al. [2],Zhong and Li [3], Huang
et al. [4], Gao et al.[5], Sih et al. [6], Li and Lee [7],
Athanasius and Ang [8], Bhargava and Sharma [9],
Tupholme [10], Wang and Mai [11], Zheng et al. [12], Ma et
al. [13] and Li et al. [14] . It can be found that only the crack
tip singular field is involved in the researches mentioned
above. This is because that the eigen-functions or the higher-
order crack tip fields of the functionally graded
magnetoelectroelastic materials as Williams’ solutions have
not been available upto now. Therefore, the main effort of
this paper is to find out the higher-order crack tip fields of
the crack of functionally graded magnetoelectroelastic mat-
erials by the eigen-expansion method.
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Il. BASIC EQUATIONS

Consider the functionally graded magnetoelectroelastic
material containing a crack. For anti-plane problems, only
the out-of-plane displacement, the in-plane electric fields and
the in-plane magnetic fields are of interest. Therefore, only
the anti-plane deformation is coupled with the in-plane
magnetoelectric fields, and the constitutive relation of the
magnetoelectroelastic material to reduced to
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where r, =[r, D, B,1" (k=r,0) is the generalized
stress and -, b, B are the anti-plane stress, electric
displacement, magnetic induction, respectively.

w=[w ¢ ¢ 1 is the generalized displacement and
w, ¢, ¢ are the anti-plane mechanical displacement, electric

potential, magnetic potential, respectively.
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where c,,, e, h,,e,, d,, 4, are the shear modulus,

piezoelectric  coefficient,  piezomagnetic  coefficient,
dielectric coefficient, magnetoelectric coefficient, and
magnetic permeability, respectively. The present work
employs exponential functions to describe the continuous

variations of material properties,
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where ¢, ,,e ,.he ,.,¢and g  are the shear

modulus, piezoelectric coefficient, piezomagnetic coefficient,
dielectric coefficient, magnetoelectric coefficient, and
magnetic permeability at y =0 .

T
r

-0 (©)

O=x7

Further, they can be expressed as

The generalized equilibrium equations can be written as dw, (9) . (10)
do |,
1 1
Trr+_‘rﬁll+_‘rr:0 (5) - - - H =
S Solving the system of ordinary differential equations, we

can obtain the results
Substituting (1) and (2) into (5) yields the governing
equations
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The displacement component w , electric potential 4 W, (0)= A, c0S30 — — A, sin30+ —fA, cos30
4
|

and magnetic potential » can be expanded as follows | 12
e 0 where A =[A B, C,] and A , B, , C are the
w=3r’w, (0) (7) undetermined coefficients.
" Substituting (11) into (7), the generalized displacement
is obtained.

where, w (0) =[w,(0) 4,(0) ¢,(@)]1" and w (0), ¢,(0),
@, (9) are eigen-functions. . .

Substitute (7) into (6). According to the linear w = r?A“sinz +rA21cos€+r;(Aalsin3—6—iﬁA
independence of 2, r™, r ¥ ,..,r">%,..., the eigen- 2 z 12
equations are obtained. The system of ordinary differential
equations are

11’

5

30 1 6 , 2
cos——-—fA cos—)+r A, cos20 +r?(A, -
2 4 2

50 1 50 1 30
sin —+ — A cos—+—ﬂzA sin —+ (12)
2 20 % 2 32 )
1 6 1 6
[iw M,O fﬂzAllsinf—fﬂAalcos—)+ra(Aelcosse—
}4 a0 do’ 48 2 4 2
1 1
| dzwz(e) — A, sin30+—pA,  cos30)+""
12 4
|w,(0) 5 =0
de L .
} , Then, the stress, electric displacement and magnetic
2w o)+ aw.@ Lo ow (0)+ cosg 9 o induction components can be obtained
2
| 4 do 2 de
| d’w, (6 dw, (0
{4W4(0)+4+ﬂsin€w2(9)+ﬂt:050¢:0 (8)
| deo de
| 25 d’w (@) 3 dw, ()
\—w5(0)+—Z+—ﬂsm<9wa(0)+ﬁcos€—:0
| 4 de 2 do
| d*w, (0) ) dw , (0)
[9w  ( )+T+2ﬂsm9w4(9)+ﬁcosﬁ—:0
|

In the case of electrically and magnetically impermeable
crack, the boundary conditions are
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The mode 11 stress intensity factor (SIF) of the crack tip
are defined as
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IV. CONCLUSION

The crack-tip higher order fields of magnetoelectroelastic
materials are obtained by the eigen-expansion method in this
paper. The first two items of crack-tip higher order fields
have the same mathematical form as ones of homogeneous
materials. The effect of nonhomogeneity reflects only in the
higher order items. Due to coupling effect of magneto-
electroelastic material, crack-tip higher order fields are
depending on displacement component, the electric potential
and magnetic potential. The crack tip higher-order fields are
equivalent to the eigen-functions mathematically. Therefore,
they provided the theoretical basis for the numerical
simulations, engineering applications, experimental analysis
of crack problems of magnetoelectroelastic materials
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