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Abstract -To the non-linear Klein-Gordon equations, the
undetermined assumption method is used to get the exact
periodic wave solution in the form of Jacobi elliptic function
fraction and with the asymptotic values non-zero. The
condition for their existence and boundness are obtained and
the impact of the change of travelling periodic wave velocity is
revealed upon the periodic wave solution and the size of the
period.
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I.  INTRODUCTION

Non-linear Klein-Gordon equation'"!

u, —u +Au+ g’ =0 (1)
is an important model in mechanics and particle physics. In
[3,4], by expansion to the Jacobi elliptic function, the exact
periodic solution is got to the equation in the following
form.

w(@) =Y asn'(©)+ b (@)

Here, we try to give the periodic wave solution to the
non-linear Klein-Gordon equation (1) with the form as

A+ Aen® (ol k) 5
*(e)= [BO B (b k) @)

and get to know the existence and bound condition of
the solution.

II. NEW EXACT PERIODIC WAVE SOLUTION TO
THE NON-LINEAR KLEIN-GORDON
EQUATION

It is easily known that the travelling wave solution of
equation (1) u(x,t) =u(&) = u(x — vt) satisfies,
OV =Du"(E)+ Au+puu’ =0

or w' (E)+lu+su’ =0 3)
in which, /= Zﬂ , 8= 2'u
vi—1 v —1
Let u(cf) = \/p(g) , then equation (3) can be
changed as

%p(éf)p”(f)—i(p'(f))2 +Ip*(§)+sp’(£)=0.
“4)

To get the solution to equation (1), we just need the
solution to equation (3), which is the positive solution to
equation (4). Let equation (4) have the solution with the

form as
(&)= A, + Acen’ (k)
- 2
B, + Ben® (0, k)
, From”(S , we can easily get the expression of
P(&), p”(&), and then put the expressions and (5) into
(4). After simplification, and by comparing the coefficients

of the powers of cn(a&, k) and setting them as zero, we
get the following equations,

AB (K’ =1)(A4,B —AB)o' + 4 (A B;s+B)=0

(k is module) ®)

24,(2Bk’ =B, + Bk’ —B)AB, - AB)a’
+2A4,B,(A,B + AB) + A, (4,B +34B

)s =0
(A,B —AB)(24,B —3A4 B —24B,+34B)k’ — 4B
+34B +AB))a' +(A B +44,AB,B + A'B))l

+34 A(AB +AB,)s=0
24(Bk’+2Bk’—B)(AB —AB)a’

+2AB (AB,+ AB)l+ A (AB,+34,B)s=0
ABK (AB —AB)a' — A (ABs+B1)=0

To solve the equations with the Maple, we get ©
1))
=05 < DU2E)
(41y +3s)k
»  4ly+3s
292k =1)
(7

Here y satisfies the equation
4’ y* +6lsy’ —s*(k* —k* —=2)y* =0.

®
Then we get the root of equation (8)
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_ s+l s(k*-2)
1 a0 T

Put y, (i=1,2,3,4) respectively into (7), we get the

» V34 =0.

expressions of A, B; (i=0,1) and ¢, and then put

them into (5), the solution to equation (4) is obtained. And

put it into u(é_’f) = «/p(é:) , we get the solution of

equation (3), and further we get the solution of equation (1).

When y = y,, there exists
u, (&) =

en’( #f k) ;
2k°4 O =DA+k)

a1+ K . y)
A ) 1—k‘+k2cn2(\/

—_— ¢k
o' =11 +k2)§ )
)

Note: In the computation, just omit the meaningless
solutions and the solutions determined as boundless
according to the nature of Jacobi ellipse function or
with p(g ) less than zero. We do it the way in the
following and will not repeat this.

2)

Yk =)k ly—2ly+k*s—2s)
AO =—A1, BO = 2N7.2
s(1+10)k
S +1)
2y(k* =1)* (4ly+3s)
in which y satisfies the equation
AP (K> =1 y*
+6ls(k> =1)*y’ + (2k* =5k* +2)s°y* =0.
Then we easily get the root of equation (10)
(2-k)s (1-2k)s
N=077 v V2T a2
2> = 1) 2(k> - 1)l
As the above mentioned, here when ) =y, , there exists

u, (5) =

B =yA,0’ =

(10)

Vi34 = 0.

, A
1- — -tk
241 -K") e (1—2k2)(v2—1)§’ ) ];
ﬂ(1—2k2) 2 2 2 A
1_ -
k*+k'cn (\/(1—2k2)(v2—1)§’k)
(11)

217 = 2(k* =k +1)y?
B,

3) 4= 3k’sy
2k y—y+1
4,=0,B, =—§Vk—2yyBl,oﬁ =y

Here y satisfies the following equation
(K* =2)2k* =1)(k* +1))°
“3U(k* =k +1)y* +1° = 0.

We can easily get the root of equation (12),
/ / /

Pl T T ey
And when ) = y,, there exists
u,(§) =

20 -4 1

2-k°
“( ) 1_k2+kzcnz(\/

21k>
=0,4 =———5"B,,
4 bos(1-2k%) "

B] :0,0{2 :;2.
1-2k

With the same method, we can directly get

u, (&)=

2k'A , A u (14)
[ en( RN LI
u(1-2k%) (1-2k)(v" = 1)

(12)

n=

1

P (13)

— ¢k
(k2—2)(v2—1)§ )

4)

_20(0-k%)
0" T 4 72y D00
s(2—k?)
21k
5) Alz_—z 0>
s(2—k%)
[
B1 :0,0(2 :—ﬁ.
The same as the above, we can get
u (§) =
2 2 2 ﬂ’
41—k +ken’ (|-—————&,b)
: V_@-k)v - ;
Kk’ ~2)

(15)

Published by Atlantis Press, Paris, France.
© the authors



The 2nd International Conference on Computer Application and System Modeling (2012)

ke B
s(l+£) 7
2K 3
s(l+k%) "
l

1+k
Also we can get

u (&)=
2k°A _
uA+k")

Based on analysis and discussion, we know: (&)

1

B =00’ =

16)

2

— &)
(I+£)(v -1

uy (&) need to satisfies the

condition A(v* =1)>0, (v’ =1)< 0, and u,(&) -
u, (&) need to satisfies the

condition A(1—2k*)(v* —=1) > 0, £(v* —1) >0 while
u;(€)+ u5(&) need the condition

AV =1)<0,u(v* -1)>0.

III.  DISCUSSION ON THE PERIODIC WAVE SOLUTION TO

EQUATIONS WITH THE FORM AS (2)

For convenience to discussion, we take it for example
that equation (1) satisfies conditions
A0V =1)>0,u(v* =1)<0
which are the conditions that 1, (&) u () satisfy.
When A >0, <0, obviously v* > 1, then equation

(1) has the large-velocity periodic wave solution (f )
u (&) while, when <0, 4> 0, obviously v’ <1, the
equation has small-velocity periodic wave solution é).

U (&) . Analysis shows that the waveform and cycle of the

periodic wave solution are influenced by its velocity Vv
and that the bigger the velocity of the periodic wave
solution, the bigger the period becomes with the change in

the waveform.
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