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Abstract.In order to explore use the boundary operations to establish topological spaces of rough
set, in this thesis the logical reasoning method is used to experimenta study on the relationship
between the rough set and the topological space, according to the experimental results can reach
conclusion that the approximate space of the rough set  satisfies the internal operations too, defines
the boundary operation on the internal operations, constructs topological rely on the boundary
operation, this conclusion generalizes the existing topological research in rough set theory.

I ntroduction

The concept of rough sets was first proposed in literature [1] in 1982. Many important
international academic conferences and Seminars have included research on rough set theory into
one of the main contents of the conference and discussion sessions since 1992, which have greatly
contributed to the development of the theory and its development in various fields application. In
the country, there will be held rough set and soft computing academic conference from 2001
onwards each year. In addition, some studies on the test ability of rough sets are described in
literature[2]. The topological space is established by using the open set theory in literature] 3] - [5].
The topological space is established by using the neighborhood system theory in literature [6]. In
this thesis, rough sets and topological spaces are used as the object of study,mainly discus the
internal operations of rough set’s approximate space, and boundary operations are defined on this
basis to establish the topological space.

Therelation between rough set and topological spaces[7]

Let U be a nonempty set ,there is one equivalence relation Rwhich based on U ,note PS(U)
isU 's power set,then we say that the binary group (U,R) is a Pawlak approximation space. For
any one X i U the lower approximation R(X) and the upper approximation R(X) of
approximate space (U : R)which define asthe following formula(l) and (2) respectively:
R(X)={xT U |[X.T X}=U{yT U/R|YI X} (D

R(X)={xT U |[Xlo 1 X1 f}=U{YT U/R|Y I X1} (2)
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In the formula, [x]; ={y|(x,y)] Rt is the equivalence class for x which is about
R’sU/R={[x],|xI U} isasetofal R’sequivalents.

For any one X | U ,we called the binary group (B(X)ﬁ(x)) rough set which belongto R.If
R(X)=R(X), then we caled the binary group (R(X),R(X)) exact st which belong to
R ;otherwise, we called the binary group (B(X)ﬁ(x)) approximate set which belongto R .Order
Z, is a set which composed of one element which selected from the equivalence class of each
R,and noteS ={x1 U;[[x].|=1}.

Lemma 1[7] Let (U,R) be a Pawlak approximation space, X,Y i U is a definable set
which belong to R(that is, the union equitable class of which belong to R), then the(X,Y) is
R’sroughsetif onlyif X1 Yand (Y- X)1S=f

For the sake of convenience, here we define the operator which from PS(U) to PS(U) for
anyoneX1 PS(U) as
X, =RX)U([R(X)- R(X))12,)=R(X) 1 R(X)U Z,

Where A=(U,R) isan approximate space which is defined by equivalence relation of U .

Lemma2[7] ForanyoneXi PSU)wehave R(X,)=R(X),R(X,)=R(X)

Let N={X,,XT PS(U )} then we say that N isall rough sets which based on U .If X is

adefinable set of R then theremust be X, = X ;thus PSU)i N.

Lemma 3 If (U,R) is a Pawlak approximation spacethen we say that N is a topological
space which basedon U .
Proof:@ Obviouslyf ,UT PS(U)i N.

©) According to R(X)IR(Y)i R(X)1R(Y) and
(RE)IR(Y))- RX)IRY) IS 1 (RX)IRX)URM)IRY))1S=f thus  there is
Z1 PS(U) whichmakesequation  R(z)=R(X) 1 R(Y),R(Z)=R(X) 1 R(Y)holds,then
Z,=R(2)1(R(z)uz,)=RX) 1R 1 (R(X) 1 R(V))U Z,)
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=R(X) 1 R(Y) 1 (R(X)UZ,) 1 (R(Y)UZ,)= X, 1Y,

Hencewehave X, 1Y, N.

E For any oneX,T W (il I,I is a indicator set), according to UR(X )I UR(X‘) and

gi.llﬁ(x) UR(X )°|S| U([R(Xx')- R(x'))1S)=f o there is ZT PS(U) which makes

equationR(z) = U R(X'), R(z) = UR(X' ) holds,then

)
z,=R@Z)1(R(z)uz, Q.Jﬁ(x')gl gbg(xi)u z,9
)

) il | 2
since g0 X,,0= ”U|(R(X J1(R(x')uz,))i UR(X,),
g x,9= ”UI(R(X )1 (R(x)uz,)i uR(x')uz,
therefore &0 X, Ji gﬂbl(ﬁ(xi)l R(xi)uzo))gzﬁ(z)l(B(z)uzo):zA
and because U X, E U(R(x")), xA:gﬁT’.{B(xi)gungﬁ(xi)lzogé UR(x' )12,

therefore &0 X, 01 Qg(xi)gug{ﬁ( i)|z =2, thereis UX,T N.

X
Integrated the above proved®), @ and @) of Lemma3, we know that N isatopological space
which basedon U .

I nter nal operations of topological spacesin rough set

Definition 1 Let W be anonempty set,and Wi N, T isasubset family which belongsto W ,if
T satisfies the following conditions (3) - (5):

W, f1 T (3) ifE. FI T,
thenEIFT T (4)
if T,1 T,then U ET T, (note: EI T)) (5)

Sowecaled T topology which belongto W, andcalled (W, T) atopological space.
Definition 2 Let (W, T) be atopological space, if ET T, then we called E a open set
which belongsto the topological space (W, T) .

Definition 3 Let W be a nonempty set, if mapping m : 2" ® 2" satisfies the conditions:
it satisfies the following formula(6) - (9) for "EI W. "F [ W:
m' (W) =W )

m(E)l E (D

M(EIF)=m(E)I m(F) (8)
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m (' (E))=m' () (9
then we called the mapping m™ internal operation which belong tow .

Lemma 4 Let m be the interna operation in nonempty set W then there is a unique

topology T in Wwhich makes the equation m (E)=m(E) holds for " E1 W ,where m(E) is

theinterior of Einthetopological space (W, T) .
Proof: In order to facilitate the expressonhere make W ’s subset family

T={E|m (E)=E,E1 W} .

According to the formula (6) m’ (W) =W which is in definition 3 ,therefore W1 T;according
totheformula(7) m (f)1 f ,so m'(f)=f therefore f I T,sothereiswW. f1 T.

If E. FI Tthen m(E)=E,m (F)=F ,according to the formula (8) we know
m(EIF)=m(E)Im(F)=EI1F,sowehave E1FI1 T.

Incidentally pointed out that, if FI E, then m(F)I m (E) .In factif FI E ,
then EIF=F ; according to the formula (8 we know

m(F)=m(E1F)=m(E)Im(F)I m(E).
If T, T, then there is F1 U.E for any oneE. F1 T,,som (F)I m (U.E), however
because m (F)=F ,s0 thereis F=m (F)I m (U.E),thusU. E1 m (U_E),and then we can

knowU . E =m (U E) from the formula (7) ,so thereisU_ ET T.

In summary,the T satisfies all conditions of definition 1, thus we prove that T is the topology of
W.

Let m(E) be the interior of Ewhich is in the topological space (W, T) ,according to the
formula (2)we know m(E) isthe open set whichisin the topological space (W, T) ,therefore we
have m(E)i T, then we know m (m(E))=m(E) from the definition of T ; on the other hand,
according to the internal properties of the topologica space (W, T)Oweknow m(E)1 E ,sothereis
m (m(E))1 m'(E) thuswe have m(E)=m'(E).

According to the formula(9) m’ (m*(E)):m*(E) which is in definition 3 ,and we know
m (E)T T from the definition of T ,thusm (E) is the open set of the topologica space (W,
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T) then m(m*(E)):m*(E) ,according to the formula(7) we know m(E)I E, and we
know m' (m*(E))i m(E) from the internal properties of the topological space (W, T) thus we have
m (E)1 m(E).

So we can reach the conclusion: thereism (E) = m(E) for" E1 W.

LetW has another T make it also satisfiesm' (E) =m (E)for" E1 W, m(E)

is the interior of Ewhich is in the topological space (W, T ) . Because F isthe open set of
topol ogical Space « W T for "FI T, therefore we

haveF =m(F) thenF =m(F) =m (F) =m(F) ,so F isthe open set of topological space (W, T)

too,thereforeF1 T , thus get theconclusion T T

Similarly, we can prove T | T, therefore we have T =T, thus the uniqueness of the topology T
isproved .

Constructing topological spacesin rough set by using boundary operation

Definition 4 Let W be a nonempty set,if mappingp : 2" ® 2" satisfies the condition: if it
satisfiesthe following  (10) - (13) formulafor "ET W," Fi W

p()=f (10)
p'(E)=p (~E). where~ E istherest set of E (11)
EIFI(~p (E1F)=ELFI(~(p(E)UP (F)) (12)
p(p(®) p(E) (13)

then we called the mapping p~ of W 'sboundary operation.
Lemma 5 Let the mapping p be the boundary operation of the nonempty set W ,make

mapping m : 2¥ ® 2" for any oneE1 W ,orderm (E)=E 1 (~ p*(E)),then m is the internal

operation of W.
Proof: @ According to the formula (10) , (11) of definition 4 we know :

p(E)=p (~E)=p (f)=f ,sothereis
m(E)=E1(~m (E))=EI(~f)=EIE=E

@ Sincem (E)=E 1 (~ p*(E)),so thereism' (E)1 E
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E According to theformula (12) of definition 4 we know:

mEIF)=(EIF)I(~p (ENIF))=EIFI(~p (E)Up (F))
=EIFI~pE)pE)=E1Fp@®)IFIpE)
=m (E) I m (F)
@ According to the provenEaswell asformula (11) , (13) of definition 4 ,we can inferred

m (' (E))=m'(E 1 (~ p(E)))=m (E) 1 m'(~ p' (E))
=E1-p@hprEtprE))=er-rehtel @)
=E1(~-(pPEUp(p®E))=E1pE)=mE

sothe m istheinternal operation of W.

Theorem Let the mapping p  be the boundary operation of the nonempty set W ,then there
will be a unique topology T of Wwhich making the equation p’(E) = p(E) holds for any
oneEl W ,where p(E) istheboundary of E inthetopological space (W, T) .

Proof: Make2" ® 2" mappingof m : m(E)=E I (~ p*(E))for any oneE 1 W, according to
Lemma 4 we know thatm’ is the internal operation of W ,thus W will has a unique topology T

which making equation m' (E) = m(E) holds for any oneE 1 W ,where m(E) is the boundary of
E inthetopological space (W, T) .

For the sake of convenience,note p(E)isthe boundary of E in the topological space (W,

T ) ,according to the boundary property of the topologica spacewe have

P(E) =~ (M(E) Um(~ E)) that is~ p(E) = m(E) Um(~ E).
According to the formula (11) of definition 4 we know~ p(E) =m(E)Um(~ E), that is
mEUM-E)=E1-prE)(EB1-prEB)
=E1-p@E)uEB1Epr@E)=EVER)IEPE)=PE
And because of in the topological space (W, T) ,thereism (E) = m(E) for any oneE 1 W ,thus we
canget  ~ p(E)=m (~ E)Um(E)Um(~ E) =~ p'(E)

thusthereis p(E) = p (E).
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Next, in order to prove that the above topology T is unique,assume here may exist another

topology T of R whichisinthetopological space (W, T ) makeequation p(E)=p (E)
for any oneE1 W ,where p(E) is the boundary of E which isin the topological space (W,

T .Alsolet m(E) betheinterior of E whichisin thetopological space (W, T ) ,s0 we can get
m(E)=E1(~p(E))=E1(~ p’(E))=m (E) = m(E).

According to Lemma 5 we know T=T this explains the topology for make p(E)= p (E)

established is unique for any oneE1 W .

Conclusions

Integrated previous experimental studies have shown that,the approximate space of rough set has
some important characteristics:first, meet the internal operation,second, we can define the boundary
operation on the internal operation, third, we can establish the topological space relying on the
boundary operation .
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