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Abstract.In order to explore use the boundary operations to establish topological spaces of rough 
set, in this thesis the logical reasoning method is used to experimental study on the relationship 
between the rough set and the topological space, according to the experimental results can reach 
conclusion that the approximate space of the rough set  satisfies the internal operations too, defines 
the boundary operation on the internal operations, constructs topological rely on the boundary 
operation, this conclusion generalizes the existing topological research in rough set theory. 

Introduction 

   The concept of rough sets was first proposed in literature [1] in 1982. Many important 
international academic conferences and Seminars have included research on rough set theory into 
one of the main contents of the conference and discussion sessions since 1992, which have greatly 
contributed to the development of the theory and its development in various fields application. In 
the country, there will be held rough set and soft computing academic conference from 2001 
onwards each year. In addition, some studies on the test ability of rough sets are described in 
literature[2].  The topological space is established by using the open set theory in literature[3] - [5]. 
The topological space is established by using the neighborhood system theory in literature [6]. In 
this thesis, rough sets and topological spaces are used as the object of study,mainly discus the 
internal operations of rough set’s approximate space, and boundary operations are defined on this 
basis to establish the topological space. 

The relation between rough set and topological spaces[7] 

Let U  be a nonempty set ,there is one equivalence relation R which based on U ,note ( )UPS  

isU 's power set,then we say that the binary group ( )RU ,  is a Pawlak approximation space. For 

any one UX ⊆ ,the lower approximation ( )XR  and the upper approximation ( )XR  of 

approximate space ( )RU , which define as the following formula (1)  and  (2)  respectively: 

( ) { } { }XYRUYXxUxXR R ⊆∈=⊆∈= |/][| U                               （1） 

( ) { } { }φφ ≠∈=≠∈= XYRUYXxUxXR R IUI |/][|                         （2） 
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In the formula, ( ){ }Ryxyx R ∈= ,|][  is the equivalence class for x which is about 

R ’s, { }UxxRU R ∈= |][/  is a set of all R ’s equivalents. 

    For any one UX ⊆ ,we called the binary group ( ) ( )( )XRXR ,  rough set which belong to R .If 

( ) ( )XRXR = , then we called the binary group ( ) ( )( )XRXR ,  exact set which belong to 

R ;otherwise, we called the binary group ( ) ( )( )XRXR ,  approximate set which belong to R .Order 

0Z  is a set which composed of one element which selected from the equivalence class of each 

R ,and note { }1][; =∈= RxUxS . 

    Lemma 1[7]  Let ( )RU ,  be a Pawlak approximation space, UYX ⊆,  is a definable set 

which belong to R (that is, the union equitable class of which belong to R ), then the ( )YX ,  is 

R ’s rough set if only if YX ⊆ and ( ) φ=− SXY I . 

    For the sake of convenience, here we define the operator which from ( )UPS  to ( )UPS  for 

any one ( )UPSX ∈  as 

( ) ( ) ( )( )( ) ( ) ( ) 00 ZXRXRZXRXRXRX A UIIU =−=                                    

Where ( )RUA ,=  is an approximate space which is defined by equivalence relation of U . 

Lemma 2[7]  For any one ( )UPSX ∈ ,we have ( ) ( ) ( ) ( )XRXRXRXR AA == ,  

Let ( ){ }UPSXXN A ∈= , ,then we say that N  is all rough sets which based on U .If X  is 

a definable set of R ,then there must be XX A = ,thus ( ) NUPS ⊆ . 

Lemma 3 If ( )RU ,  is a Pawlak approximation space,then we say that N  is a topological 

space which based on U . 

Proof:① Obviously ( ) NUPSU ⊆∈,φ . 

②  According to ( ) ( ) ( ) ( )YRXRYRXR II ⊆  and 

( ) ( )( ) ( ) ( )( ) SYRXRYRXR III − ( ) ( )( ) ( ) ( )( ) φ=⊆ SYRYRXRXR IIUI ,thus  there is 

( )UPSZ ∈  which makes equation   ( ) ( ) ( ) ( ) ( ) ( )YRXRZRYRXRZR II == , holds,then 

      ( ) ( )( ) ( ) ( ) ( ) ( )( )( )00 ZYRXRYRXRZZRZRZ A UIIIUI ==  
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    ( ) ( ) ( )( ) ( )( ) AA YXZYRZXRYRXR IUIUII == 00                     

Hence we have NYX AA ∈I . 

É For any one WX i
A ∈ ( IIi ,∈  is a indicator set), according to ( ) ( )i
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Integrated the above proved①, ② and ③ of  Lemma 3, we know that N  is a topological space 
which based on U . 

Internal operations of topological spaces in rough set 
Definition 1 Let W  be a nonempty set,and NW ⊆ , T  is a subset family which belongs to W ,if 
T  satisfies the following conditions (3) - (5): 

∈φ、W T                                                                  （3）if ∈FE、 T, 

then ∈FE I T                                                  （4） 

if T 1 ⊂ T, then ∈EEU T，（note： ∈E T1）                                    （5） 

So we called T  topology which belong to W , and called （W ，T） a topological space. 
    Definition 2  Let （W ，T）be a topological space, if ∈E T, then we called E  a  open set 
which  belongs to the topological space （W ，T）. 

Definition 3  Let W  be a nonempty set, if mapping WWm 22:* →  satisfies the conditions: 

it satisfies the following formula(6) - (9) for WE ⊆∀ 、 WF ⊆∀ : 

WWm =)(*                                                                 （6） 

EEm ⊂)(*                                                                 （7） 

)()()( *** FmEmFEm II =                                                 （8） 
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( ) )()( *** EmEmm =                                                         （9） 

then we called the mapping *m  internal operation which belong toW . 

Lemma 4  Let *m  be the internal operation in nonempty set W ,then there is a unique 

topology T in W which makes the equation )()(* EmEm =  holds for WE ⊂∀ ,where )(Em  is 

the interior of E in the topological space（W ，T）. 
Proof: In order to facilitate the expression,here make W ’s subset family 

T={ }WEEEmE ⊂= ,)(| *  . 

According to the formula (6) WWm =)(* which is in definition 3 ,therefore ∈W T;according 

to the formula (7) φφ ⊂)(*m ,so φφ =)(*m ,therefore ∈φ T,so there is ∈φ、W T. 

If ∈FE、 T,then FFmEEm == )(,)( ** ,according to the formula (8) we know 

FEFmEmFEm III == )()()( *** ,so we have ∈FE I T. 

Incidentally pointed out that, if EF ⊂ ， then )()( ** EmFm ⊂ .In fact,if EF ⊂ ，

then FFE =I ， according to  the formula (8) we know 

)()()()()( ***** EmFmEmFEmFm ⊂== II . 

If T ⊂1 T, then there is EF EU⊂ for any one ∈FE、 T 1 ,so )()( ** EmFm EU⊂ , however 

because  FFm =)(* ,so there is )()( ** EmFmF EU⊂= ,thus )(* EmE EE UU ⊂ ,and then we can 

know )(* EmE EE UU = from the formula (7) ,so there is ∈EEU T. 

In summary,the T satisfies all conditions of definition 1, thus we prove that T is the topology of 
W . 

Let )(Em be the interior of E which is in the topological space（W ，T）,according to the 

formula (2)we know )(Em  is the open set which is in the topological space （W ，T）,therefore we 

have ∈)(Em T, then we know ( ) )()(* EmEmm = from the definition of T ；on the other hand, 

according to the internal properties of the topological space（W ，T）we know EEm ⊂)( ,so there is 

( ) )()( ** EmEmm ⊂ ,thus we have )()( * EmEm = . 

 According to the formula(9) ( ) )()( *** EmEmm = which is in definition 3 ,and we know 

∈)(* Em T from the definition of T ,thus )(* Em  is the open set of the topological space（W ，
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T）  ,then ( ) )()( ** EmEmm = ,according to the formula(7) we know EEm ⊂)(* , and we 

know ( ) )()(** EmEmm ⊂ from the internal properties of the topological space （W ，T）,thus we have 

)()(* EmEm ⊂ . 

So we can reach the conclusion: there is )()(* EmEm = for WE ⊂∀ . 

LetW  has another T ' make it also satisfies )()( '* EmEm = for WE ⊂∀ , )(' Em  

is the interior of E which is in the topological space（W ，T '
）.  Because F  is the open set of 

topological space （ W ， T ） for ∈∀F T, therefore we 

have )(FmF = ,then )()()( '* FmFmFmF === ,so F is the open set of topological space（W ，T '
）

too,therefore ∈F T '
，thus get the conclusion T ⊂ T ' . 

Similarly, we can prove T ' ⊂ T , therefore we have T ' =T, thus the uniqueness of the topology T  
is proved . 

Constructing topological spaces in rough set by using boundary operation 

Definition 4  Let W  be a nonempty set,if mapping *p ： WW 22 → satisfies the condition: if it 

satisfies the following （10）-（13）formula for WE ⊆∀ , WF ⊆∀ : 

φφ =)(*p                                                                 （10） 

)(~)( ** EpEp = ，where E~  is the rest set of E                             （11） 

( ) ( )( ))()(~)(~ *** FpEpFEFEpFE UIIIII =                          （12） 

( ) )()( *** EpEpp ⊂                                                         （13） 

then we called the mapping *p  of W 's boundary operation. 

Lemma 5  Let the mapping *p be the boundary operation of the nonempty set W ,make 

mapping *m ：
WW 22 → for any one WE ⊂ ,order ( ))(~)( ** EpEEm I= ,then *m  is the internal 

operation of W . 
Proof: ①  According to the formula （ 10） ,（ 11） of  definition 4 we know：

φφ === )()~()( *** pEpEp ,so there is  

( ) ( ) EEEEEmEEm ==== III φ~)(~)( **  

② Since ( ))(~)( ** EpEEm I= ,so there is EEm ⊂)(*  
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É According to the formula （12）of  definition 4 we know： 

   ( ) ( ) ( ))()(~)(~)( **** FpEpFEFEpFEFEm UIIIIII ==  

   ( ) ( ) ( )( ) ( )( ))(~)(~)(~)(~ **** FpFEpEFpEpFE IIIIII ==  

   )()( ** FmEm I=  

④ According to the provenÉas well as formula （11）,（13）of  definition 4 ,we can inferred 

   ( ) ( )( ) ( ))(~)()(~)( ******* EpmEmEpEmEmm II ==  

   ( ) ( )( )( ) ( ) ( )( ))(~)(~)(~~)(~)(~ ******* EppEpEEppEpEpE IIIII ==  

   ( )( )( ) ( ) )()(~)()(~ ***** EmEpEEppEpE === IUI  

so the *m is the internal operation of W . 

Theorem  Let the mapping *p  be the boundary operation of the nonempty set W ,then there 

will be a unique topology T of W which  making the equation )()(* EpEp =  holds for any 

one WE ⊂ ,where )(Ep  is the boundary of E  in the topological space （W ，T）. 

Proof: Make WW 22 → mapping of *m ： ( ))(~)( ** EpEEm I= for any one WE ⊂ ，according to 

Lemma 4 we know that *m  is the internal operation of W ,thus W  will has a unique topology T 

which making equation )()(* EmEm = holds for any one WE ⊂ ,where )(Em  is the boundary of 

E  in the topological space （W ，T）. 

For the sake of convenience,note )(Ep is the boundary of E  in the topological space （W ，

T ） ,according to the boundary property of the topological space,we have 

( ))(~)(~)( EmEmEp U= ,that is )(~)()(~ EmEmEp U= . 

According to the formula（11）of definition 4 we know )(~)()(~ EmEmEp U= ，that is 

( )( ) ( )( ))(~~)(~)(~)(~)( ** EpEEpEEmEm IUIU =  

    ( )( ) ( )( ) ( ) ( ) )(~)(~)(~)(~)(~)(~ **** EpEpEEEpEEpE === IUIUI  

And because of in the topological space（W ，T）,there is )()(* EmEm = for any one WE ⊂ ,thus we 

can get   )(~)~()()~()(~ ** EpEmEmEmEp == UU  

thus there is )()( * EpEp = . 
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Next, in order to prove that the above topology T is unique,assume here may exist another 

topology  T '   of R  which is in the topological space（W ，T '
） make equation )()( *' EpEp =  

for any one WE ⊂ ,where )(' Ep  is the boundary of E  which is in the topological space（W ，

T '
）.Also let )(' Em  be the interior of E  which is in the topological space（W ，T '

）,so we can get  

( ) ( ) )()()(~)(~)( **'' EmEmEpEEpEEm ==== II . 

According to Lemma 5  we know T=T ' ,this explains the topology for make )()( * EpEp =  

established is unique for any one WE ⊂ . 

Conclusions 

Integrated previous experimental studies have shown that,the approximate  space of rough set has 
some important characteristics:first, meet the internal operation,second, we can define the boundary 
operation on the internal operation，third, we can establish the topological space relying on the 
boundary operation . 
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