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Abstract—The governing equation of pipe conveying fluid was
deduced based on Timoshenko beam model. Wave method was
applied to solve the governing equation. In the process, wave
reflection matrices were obtained for three typical boundary
conditions and the wave scattering model was established for the
intermediate elastic support. Based on the above model, the wave
characteristic equation for pipe conveying fluid with intermediate
elastic support was obtained through wave train closure principle.
In the example, the natural frequencies and critical fluid velocities
were calculated for pipe conveying fluid with the intermediate
elastic support at different locations.
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I. INTRODUCTION

Fluid-conveying pipe system is widely used in engineering.
Destruction of pipe caused by fluid-induced vibration is quite
common. These years, many researchers focused on the fluid
structure interaction and studied the vibration of pipe conveying
fluid and gained a lot of outstanding achievements in linear and
non-linear fields. On the foundation of these researches,
Wadham-Gagnon et al researched the dynamics of a
cantilevered pipe with an end mass through nonlinear motion
equation [1]. Ghayesh et al studied the nonlinear dynamics of
cantilevered extensible pipes conveying fluid [2]. Huang et al
researched the natural frequency of fluid conveying pipe with
different boundary conditions, and obtained the different form
functions of the pipe with different boundary conditions [3]. On
the other hand, researchers have proposed various calculating
methods for the existed vibration models. Lu and Lee studied
the dynamic instability of a long-pipe system and developed a
more direct method to classify the stability conditions and
ranges [4]. Pramila et al studied the dynamic stability of a short
pipe using the finite element method [5]. In the research, the
pipe element was simulated by Timoshenko beam element. Tan
and Kang have used the wave method in the vibration research
of a rotating Timoshenko shaft system [6]. Li et al used the wave
method to research the natural frequency of multi-span pipe
conveying fluid [7].

In practice, many pipe systems have intermediate elastic
supports. This paper studied the free vibration of pipe conveying
fluid with intermediate elastic support through wave method.

The Timoshenko beam model is used here to deduce the motion
equation of the pipe, which is based on the research of Laithier
and Paidoussis [8]. The influences of support location on the
natural frequency and the critical fluid velocity of the pipe were
discussed. Contrasts are made to validate the wave method. The
results can provide a reference for the fluid-induced vibration of
pipes with elastic intermediate supports. And the method used in
this paper provides a new thought for the dynamic research of
multi-span pipes.

II. MOTION EQUATION

Neglect the internal damping and external load, the lateral
vibration equation of pipe conveying fluid can be written as the
following form [8].
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For a long pipe, the deformation of cross section can be
neglected, so the pipe can be modeled as a beam. In order to
consider the rotating inertia of pipe section, we use the
Timoshenko beam to model pipe. The motion equations for
Timoshenko beam are,
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For a thin walled pipe ( ) ( )
0

2 1 4 3k µ µ= + + . Set that,
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where, 0
ϕ is the undetermined coefficient, k is wave

number, ω is circular frequency, and 1i = − . the relation

between wave number and frequency can be obtained.
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Equation (4) is the so-called dispersion equation. Obviously,
there are four roots of (4) with respect to k . These roots denote

different wave motion. Set
1 2
,k k denote left propagated wave

numbers and
3 4
,k k denote right propagated wave numbers.

Substitute wave number k into (3), then the following result
can be obtained.
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Then the wave form of transverse displacement w, shear
force Q and bending moment M can be expressed as,
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Equation (5) and (6) both have the term i te ω . For compact
purpose, it will be suppressed in following parts.

III. WAVE METHOD

From the view of wave theory, when the elastic wave
propagates along the pipe, reflection and transmission will occur
at the discontinuity of material. At the boundary of the pipe, due
to no other medium, the wave will be reflected only. Wave
propagation matrix, reflection matrix and transition matrix are
used to denote the above physical processes.

Fig. 1. Wave propagation sketch.

As shown in Fig. 1, the wave motions at point A are
represented by a+ and a-. In the same way, b+ and b- denote the
wave motions at point B. superscript ‘+’ and ‘-’ denote the right
and left going waves respectively.
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In (7), [ ]r
T and [ ]l

T denote propagation matrices of right

and left going wave, respectively. Due to the Coriolis force, the
traveling velocities of the left- and right-traveling waves are
different. So the propagation matrices in these two directions are

different too, i.e. [ ] [ ]r l
T T≠ . This result is different with that in

the research of Tan and Kang [6] which contains only one
medium. Fig. 2 shows the wave reflection at the simply

supported end. φ
+

, φ
−

denote the incident and reflected waves

respectively. [ ]R denotes the reflection matrix.

Fig. 2. Wave reflection at a simply supported end.

The relation between the incident and reflected wave can be
expressed as follows.

 [ ]φ R φ− +=    (9) 

Here, take a simply supported pipe with intermediate elastic
support as an example to deduce the wave characteristic
equation for pipe conveying fluid. As shown in Fig. 3, the
intermediate support divides the pipe into two sections. Using

[ ]1
T and [ ]2

T represent the propagation matrices of the left and

right sections, respectively.

Fig. 3. Wave motion in pipe with intermediate support.

The wave characteristic equation with respect to 1
ϕ +

for the
whole pipe as follows.

 [ ][ ][ ][ ] [ ]( )1 1 1 1
0

l l r
R T R T I φ+− =  (10) 
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Here, I is a unit matrix. If (10) has non-trivial solution, the
following determinant must equal to zero.

 [ ][ ][ ][ ] [ ]( )1 1 1
( ) det 0

l l r
h R T R T Iω = − =  (11) 

The natural frequencies can be calculated from (11).

IV. CALCULATION AND DISCUSSION

A. Natural Frequency

As shown in Fig. 4, the simply supported pipe has an
intermediate elastic support. In the example, we calculate the
natural frequencies of pipe with the intermediate support at
different locations when the fluid velocity is 10m/s. The results
are listed in Table I.

Fig. .4 Simply supported pipe with intermediate support.

TABLE 1. NATURAL FREQUENCIES OF PIPE UNDER DIFFERENT INTERMEDIATE

SUPPORT LOCATION (RAD/S).

d
1

ω
2

ω
3

ω

1 2.032 6.626514 13.88097

1.5 2.278 7.494431 15.7502

2 2.584 8.545455 17.34234
2.5 2.968 9.610156 14.23669

3 3.448 9.088452 13.1982

3.5 3.998 7.440622 15.24161

4 4.334 6.700246 17.3407

We can conclude that when the intermediate support located
at the midpoint of the simply supported pipe, it has a highest 1st
order natural frequency. But this is not valid any more to the 2nd
or other higher orders. This conclusion can also be obtained
through considering the mode shapes of the simply supported
pipe. To the 1st order mode shape, when the intermediate
support located at the midpoint of the pipe, it restrains the largest
deformation point of the pipe (to a simply supported pipe, the
largest deformation occur at the midpoint). So the mode strength
reaches a highest value. But to the higher order mode shapes,
this does not work anymore.

B. Critical Fluid Velocity

When the fluid velocity increases, the natural frequency will
decrease. In other words, the flowing fluid can weaken the pipe
stiffness. This has been validated by Paidoussis [9]. Through
calculation, the critical velocities related to buckling of the pipe
with different intermediate elastic supports can be obtained, as
shown in Fig. 5.

Fig. 5. Curve of critical velocity versus intermediate support position.

Fig. 5 shows a symmetrically inversely proportional relation

between d and the critical velocity crV , i.e. ,
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V. CONCLUSION

The wave propagation method was applied to analyze the
fluid structure interaction and ensuing vibration of pipe with
intermediate elastic support. The wave reflection and scattering
model was established at pipe boundaries and intermediate
support, respectively. Based on above models, the wave
characteristic equation of pipe conveying fluid was obtained. In
the example, natural frequencies with different locations of
intermediate elastic support of pipe were calculated. The results
show that the highest critical fluid velocity appears when the
intermediate support moves to the midpoint of pipe. The results
in this paper agree well with the research of Paidoussis [9]. So
the wave propagation method is valid. This provides a reference
to the research of the multi-span pipe.
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