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Abstract. In this paper, the concept of full direct product, restricted direct product, cascade product, 
wreath product and covering is given. The relation between the products of the lattice-valued tree 

automata, the covering relation between the lattice-value tree automata, and the covering relation 
between the product of lattice-valued tree automata and the product of the lattice-valued tree 

automata covering them are discussed. 

Introduction 

The tree automata can be regarded as the generalization of the classical word automata[1]. The 
systematic exposition of the classical tree automata can be found in literature[2]. Li Y M and 

Pedrycz W put forward the theory of lattice-valued automata, which constructed the fuzzy automata 
in a broader framework. Literature[3] is the generalization of the key concepts and conclusions of 

the literature[4,5]. In this paper, literature[6] studies the congruence and homomorphism of 
lattice-valued tree automata. In automata theory, product is one of the basic operations, and the 

product and covering relation of different forms play a very important role in the decomposition of 
automata. Literature [7] studies the product of lattice-valued finite automata, and literature [8] 

studies the product and covering relation of fuzzy finite-state machines. In this paper, the concept of 
product and covering of the lattice-valued tree automata is given, the covering relation between the 

products of the lattice-valued tree automata is studied, and the covering relation between the 
product of lattice-valued automata and the product of the lattice-valued tree automata covering them 

is also discussed. 

Basic Concepts and Symbols 

Definition 2.1[9]. Assuming that is a nonempty set, :rk is a mapping, and is the set of 

natural numbers, then  rk, is called an order character set. 0k ,     krkk   | . 

For simplicity,  rk, is recorded as . 

Definition 2.2[10]. Assuming that X is a set of variables that does not cross with  . The 

minimum set that meets the condition (1) and (2) is called the item set on the  marked by X , and it 

is recorded as  XT . Among them: 

   XTX  0  

If 1k ,    XTss kk  ,,, 1  , then    XTss k ,,1  . 

Note: The set  T is recorded as T . Obviously,   XTXT   . 

Definition 2.3[4]. we give a lattice  1,0,,, L , and let  be a binary operation in L , and make

 eL ,, be a monoid with a unit element e . Any Lxcba ,,, , and meets the following conditions: 

000  aa  

xbxaba  且 bxax   

           acabacbcabacba  ;  

Then L is called a lattice-ordered semigroup, and is called a lattice semigroup for short. For 
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simplicity, it is generally recorded as L . 

Definition 2.4[11]. A lattice-valued finite tree automation  ,,,, LQM  . Among them, Q is 

the finite nonempty state set,  is the order input character set, L is a lattice semigroup, 

LQ : is the fuzzy termination state,  is a lattice-valued tree representation, which is a family 

mapping    
QQ

kkkk

k

L 


 :,

0
 . For simplicity, the multiplicative operation  of lattice 

semigroup L is expressed as . 

Let’s define the function ,,:  kLQQk

t    Tttt k,,1  , 

             pppppppp kttkt k
,, 21,,21 1

    

            pppkikt

k

ikiQp ki
i

pppp ,,,

'

211,,1, 1
, 


  

  . 

Definition 2.5[6]. Assuming that  1111 ,,,, LQM   and  2222 ,,,, LQM  are two 

lattice-valued tree automata. Mapping
21: QQ  is called the homomorphic mapping from

1M to

1M , which is recorded as
21: MM  . If it meets: 

           pppkpppk kk  ,,,2,,,1 11   ， 

    pp  21  ，     0,,,1,, 1  kkiQpp ki   

 is called a strong homomorphism, if: 

                xppkxppppk kk ,,,1,,,2 11     ， 

        xp xp 12    ，     0,,,1,, 1  kkiQpp ki   

A strong homomorphism 
21: MM  is called an isomorphism. If is the bijection; If is the 

injection(surjection), then we say is the monomorphism mapping(epimorphism mapping). 

The Covering of the Lattice-Valued Tree Automata 

Definition 3.1. Assuming that   2,1,,,,  iLQM iiiii  is the lattice-valued tree automaton. If 

there is the surjection 12: QQ  , and preserving rank 21:  , for

11221 ,,,,, kk Qqqqq   , it satisfies: 

                       qqqkqqqk
kk ,,,1,,,1

1211  


 ，     qq 21   ， 

Then we say 2M covers the 1M , we record it as 12 MM  . 

The following can be got easily:  

Proposition 3.1. Assuming that  iiiii LQM  ,,,, is the lattice-valued tree automaton, 

1,2,3i  . If
1 2 2 3,M M M M  , then

1 3M M . 

Theorem 3.1. Assuming that:   2,1,,,,  iLQM iiii  is the lattice-valued tree automation, 

If 21: MM  is the homomorphism, then there will be: (1) If the homomorphism is epimorphism, 

then 12 MM  ; (2) If is the interjection, then 21 MM  . 

Proof.
1 2: M M  is the epimorphism, so there’s a full function 

1 2:Q Q  . Let

1 2: ,1 :Q Q     . Obviously, is the surjection. For     0,,,1,, 1  kkiQpp ki  ， 

                                pppppppppppp kkkk ,,,2,,,2,,,1,,,1
1111

1     ， 

                           ppp 211   ， 

therefore, 
2 1M M . 

21: MM  is the homomorphism, so there is the mapping 
1 2:Q Q  . For

    0,,,1,, 1  kkiQpp ki  , there is 

             
           pppppp nn  ,,,2,,,1 11   ，     pp  21  .
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Let  2 1: ,Q Q q p   ，
21, QqQp  ，if  p q  ，because is the interjection, so p is the 

only definite, so is a full partial function. Let1 : ，for     0,,,1,, 1  kkiQpp ki  , 

then 

              
      

 
 

  
 1 2 21 1 1

, , , , , , , , ,
1

k k k
k k kq q q q q q q q q  

       ， 

                                      qppq 2211   ， 

then
21 MM  . 

Definition 3.2. Assuming that   2,1,,,,  iLQM iiii  is the lattice-valued tree automaton, if 

 is a full partial function from
2Q to

1Q , and is the partial function from
1 to

2 , then we say  , 

is a weak covering from
2M to

1M , which is recorded as
2 1M M . For

11221 ,,,,, kk Qqqqq   , 

it meets: 

                       qqqkqqqk
kk ,,,1,,,1

1211  


 ，     qq 21   ， 

the following can be got easily: 

Proposition3.2. Assuming that  iiiii LQM  ,,,, is the lattice-valued tree automaton, 

1,2,3i  . If 
1 2 2 3,M M M M   , then 

1 3M M . 

Theorem3.2 Assuming that  iiiii LQM  ,,,, is the lattice-valued tree automaton, 1,2i  . If

  1 2, : M M   is a homomorphism, then there are: 

If this homomorphism is a strong epimorphism, and   is the injection, then 
2 1M M ; 

If is the injection, then 
1 2M M . 

The Product of the Lattice-Valued Tree Automata 

Definition 4.1. Assuming that   2,1,,,,  iLQM iiiii  is the lattice-valued automaton, then the 

full direct product of lattice-valued automata 1M and 2M is

 2121212121 ,,,,   LQQMM  , among them 

                  qqqqkppppkqpqpqpqpkk
kkkk ,,,,2,,,,1,,,,,,,,21

212211221121    ， 

                    qpqp 2121 ,   ， 

        0,,,,,,,,,,
2121212211  kQQqpqpqpqp kkkk  . 

Definition 4.2. Assuming that   2,1,,,,  iLQM iiii  is the lattice-valued tree automaton, 

then the restricted direct product of the lattice-valued tree automata 1M and 2M is

 21212121 ,,,,   LQQMM  , among them 

                  qqqqkppppkqpqpqpqpkk kkkk ,,,,,,,,,,,,,,,, 212211221121    ， 

                    qpqp 2121 ,   ， 

        0,,,,,,,,,, 212211  kQQqpqpqpqp kkk  . 

Definition 4.3 Assuming that   2,1,,,,  iLQM iiiii  is the lattice-valued tree automaton, 

then the cascade product of the lattice-valued tree automata 1M and 2M is

 212122121 ,,,,  LQQMM  , among them
2 2 1:Q X X   , 

                   qqqqkppppkqpqpqpqpkk
kkkk

p
,,,,2,,,,22,,,,,,,,2

212211221121
,    , 

                    qpqp 2121 ,   ， 

        0,,,,,,,,,,
22212211  kQQqpqpqpqp kkk  . 

Definition 4.4. Assuming that   2,1,,,,  iLQM iiiii  is the lattice-valued tree automaton, 

then the wreath product of lattice-valued tree automata 1M and 2M is
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 2121212121 ,,,, 2   LQQMM
Q

  , among them 

                   qqqqkppppkqpqpqpqpkk
kkkk

qff
,,,,2,,,,,,,,,,,,2

212211221121
,    ， 

                    qpqp 2121 ,   ， 

          122122212211 :,,,0,,,,,,,,,, 2

2
 QffkQQqpqpqpqp

Q

kkk   

Theorem4.1. Assuming that   2,1,,,,  iLQM iiiii  is the lattice-valued tree automaton, 

then: 

1 2 1 2M M M M   , among them
1 2     , 

1 2 1 2M M M M  , 

1 2 1 2M M M M  , 

1 2 1 2M M M M   . 

Proof. Definition 
1 2 1 2:Q Q Q Q    is the identity mapping on

1 2Q Q . Obviously,  is the full 

partial function. Definition :  , For   , there is    ,    .  is a function, and 

                           qpqpqpqpkkqpqpqpqpkk kkkk ,,,,,,,,,,,,,,,, 221121221121    
 

                          
      qqqqkppppk kk ,,,,,,,, 212211   

 

                          
         qpqpqpkk kk ,,,,,, 1121  

  

                          
           qpqpqpkk kk ,,,,,, 1121  

， 

                  qpqpqpqp ,,, 21212121   , among them, 

niQqqQpp ii ,,2,1,,,, 21  , therefore, 
1 2 1 2M M M M    . 

Definition. 
1 2 1 2:Q Q Q Q    is the identity mapping on 

1 2Q Q . Obviously,  is the full 

partial function. Let definition 2

2 1 2:
Q    ,    2 2 2 2, ,f      ， among them, 

   2 1 0 1 0 2: , ,f Q f q q     ， 

0 2 1 1,q Q    ， is a function, and 

    
                       qpqpqpqpkkqpqpqpqpkk

kkkk ,,,,,,,,2,,,,,,,,2
221121221121  


  

                 
 

 
 1 2 1 21 2

0 2 2 , , , ,, , , ,
,

kk
k k q q q qp p p p

p     
         

               
  

 
 

 1 2 1 21 2
0 2 , , , ,, , , , kk

k k q q q qp p p p
f q   

 

               
  

        1 2 1 1 2 2
2 , , , , , , , ,

,
k k

k k p q p q p q p q
f  

 

               
    

        1 2
1 1 2 2

2 , , , , , , , ,k k
k k p q p q p q p q

   
， 

                  qpqpqpqp ,,, 21212121   , among them, 

niQqqQpp ii ,,2,1,,,, 21  ，therefore, 
1 2 1 2M M M M  . 

Definition 2

1 2 1 2:
Q     is     2 0 2, ,f f q   , among them,  2 1 0 1: ,f Q f q   ，

2 2 0 2,q Q   ，and the definition is the identity mapping on 
1 2Q Q , it can be easily proved 

that
1 2 1 2M M M M  . 

  
                       qpqpqpqpkkqpqpqpqpkk

kkkk
ff

,,,,,,,,2,,,,,,,,2
221121221121

,,   



   

                        
  

 
 

 2 2 1 21 2
0 2 , , , ,, , , , kk

k k q q q qp p p p
f q   

 

                        
 

 
 

 2 21 2 1 2
1 2, , , , , , , ,k k

k kp p p p q q q q
    

         

                        
           qpqpqpqpkk

kk ,,,,,,,,21
221121  

， 

                    qpqpqpqp ,,, 21212121    , among them ，
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niQqqQpp ii ,,2,1,,,, 21  ，so 
1 2 1 2M M M M  .

       
From (2) and (3), we can know that

1 2 1 2M M M M   . 

The following can be easily got:  

Theorem 4.2. Assuming that   2,1,,,,  iLQM iiiii  is the lattice-valued tree automaton, 

1,2,3i  . If
1 2M M , then: 

1 3 2 3 3 1 3 2,M M M M M M M M      ; If
1 2 3       , then 

1 3 2 3 3 1 3 2,M M M M M M M M      ; 

For any
1 3 3 1:Q   , if there is

2 3 3 2:Q   ， let 
1 1 3 2 2 3M M M M  ; If  ,  is the 

covering of 
2M for

1M , and is a surjection，then for any
1 1 1 3:Q   , there is

2 2 2 3:Q   , 

let
3 1 1 3 2 2M M M M  ;

 

1 3 2 3 3 1 3 2,M M M M M M M M  . 
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