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Abstract. In this paper, the concept of full direct product, restricted direct product, cascade product,
wreath product and covering is given. The relation between the products of the lattice-valued tree
automata, the covering relation between the lattice-value tree automata, and the covering relation
between the product of lattice-valued tree automata and the product of the lattice-valued tree
automata covering them are discussed.

Introduction

The tree automata can be regarded as the generalization of the classical word automata[l]. The
systematic exposition of the classical tree automata can be found in literature[2]. Li Y M and
Pedrycz W put forward the theory of lattice-valued automata, which constructed the fuzzy automata
in a broader framework. Literature[3] is the generalization of the key concepts and conclusions of
the literature[4,5]. In this paper, literature[6] studies the congruence and homomorphism of
lattice-valued tree automata. In automata theory, product is one of the basic operations, and the
product and covering relation of different forms play a very important role in the decomposition of
automata. Literature [7] studies the product of lattice-valued finite automata, and literature [8]
studies the product and covering relation of fuzzy finite-state machines. In this paper, the concept of
product and covering of the lattice-valued tree automata is given, the covering relation between the
products of the lattice-valued tree automata is studied, and the covering relation between the
product of lattice-valued automata and the product of the lattice-valued tree automata covering them
is also discussed.

Basic Concepts and Symbols

Definition 2.1[9]. Assuming that>. is a nonempty set, rk:2> — Nis a mapping, and N is the set of
natural numbers, then (X, rk)is called an order character set. Vk >0, X, ={oeX|rk(c)=k}.

For simplicity, (X, rk)is recorded as .

Definition 2.2[10]. Assuming that X is a set of variables that does not cross with>. . The
minimum set that meets the condition (1) and (2) is called the item set on the > marked by X , and it
is recorded as T, (X ). Among them:

XUZ) QTz(X)

Ifk>1, X5, s, eTs(X), then ofs;,---,5,)eTo(X).

Note: The set Ty (@ )is recorded asTy . Obviously, Ty (X)=Tyy -

Definition 2.3[4]. we give a lattice (L,A,v,0,1), and lete be a binary operation in L, and make
(L,o,e) be a monoid with a unit elemente. Any a,b,c,x e L, and meets the following conditions:

ae0=0ea=0

a<b—=aex<bexH xea<xeb

ae(bvc)=(aeb)v(aec)(bvc)ea=(bea)v(cea)

ThenLis called a lattice-ordered semigroup, and is called a lattice semigroup for short. For
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simplicity, it is generally recorded as L .
Definition 2.4[11]. A lattice-valued finite tree automation M = (Q, >, L,a,v). Among them, Qs

the finite nonempty state set, > is the order input character set, L is a lattice semigroup,
v :Q — Lis the fuzzy termination state, « is a lattice-valued tree representation, which is a family

mapping o = (o ),.q» % S0~ L9 . For simplicity, the multiplicative operation e of lattice
semigroup L is expressed as ® .
Let’s define the function ¢, :Qk xQ—>L,keN, Vt= O'(tl, - -,tk)eTZ ,
at(plpz-‘-pk,p)= (PP, P)
=v. . ®La (p1p2 S A R

pi €Q,i=1,---k
Definition 2.5[6]. Assuming that M, =(Q,>,L,a,,v,) and M, =(Q,,%,L,,,v,)are two
lattice-valued tree automata. Mapping ¢ : Q, — Q,is called the homomorphic mapping from M, to

M, which is recorded as ¢ : M, — M, If it meets:
) PP T C) MIS T IE
Vl(p)S Vz(q)(p)) » Vp,peQie [1, k],a € Z(k), k>0
@ s called a strong homomorphism, if:

%2 ( ) o(p)-olp Nole) =V olp1ots) Bt (O N, 107
v, (¢(p)) = v(p(p):(p(x)vl(x) , Vp,p,eQ,ie [1, k], o€ Z(k), k>0
A strong homomorphism ¢: M, — M, is called an isomorphism. If ¢ is the bijection; If ¢ is the
injection(surjection), then we say ¢ is the monomorphism mapping(epimorphism mapping).

The Covering of the Lattice-Valued Tree Automata

Definition 3.1. Assuming thatM, =(Q,,Y,,L,e,,v, i =1,2)is the lattice-valued tree automaton. If
there is the surjection ¢:Q,—>Q, , and preserving rank w:X —3%, , for
V0, 0y, 5 0k, €Q,, 07 €, , it satisfies:
G, (Ul)wml),m,go(qk Dola) < P, (wlo, ))<q1,~~,qk),q ACC)SACHE
Then we say M, covers the M, , we record itasM, <M, .

The following can be got easily:
Proposition 3.1. Assuming that M, =(Q,,%,,L,e,,v,)is the lattice-valued tree automaton,

i=123.1fM, <M,,M, <M,, thenM, <M,.

Theorem 3.1. Assuming that: M, =(Q,, X, L, e, v, i =1,2)is the lattice-valued tree automation,
If @: M, > M,is the homomorphism, then there will be: (1) If the homomorphism is epimorphism,
then M, <M, ; (2) If pis the interjection, then M, <M,.

Proof. ¢p:M;, ->M, is the epimorphism, so there’s a full function ¢:Q —Q, . Let
n=¢:Q —>Q, 1 :X—>Xx. Obviously, is the surjection. For vp,p, €Q,ie[Lk]loeX,, k=0,

0‘1(0)(n<p1),---,n<pk)> (n = 0‘1(0)< (po)- Py ). (p)<0‘z( )(p PP :az(lz(‘f))m,---,pk),p’

v(n(p)=wi(e(p))<v,(p).

therefore, M, <M,.
@:M; > M, is the homomorphism, so there is the mapping ¢:Q —>Q, . For
vp, p; eQieflk]oe ) k=0, thereis

() om0 < %2 (S otpstonot s Va(P)SV2(0(P)).
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Let 7:Q,>Q,7(a)=p, peQ,qeQ,, if ¢(p)=q, because ¢ is the interjection, so p is the
only definite, sopis a full partial function. Let1 :x 3z, forvp, p eQ,ie[Lk]oe, k>0,
then

%, (o )(<p(ql>,»~,¢(qk>),¢(q> s, (")quk o=, (L ("))(oa,---,qkm ’

Ja
vi(7(@)=1(p)<v,(@(p))=v,(a),

then M, <M,.

Definition 3.2. Assuming that M, =(Q,, %, L, e, v, i =1,2)is the lattice-valued tree automaton, if
pis a full partial function fromQ,t0Q,, andy is the partial function fromz, tox,, then we say (¢, )
is a weak covering from M, to M, , which is recorded asM, <, M, . Forvq,,d,,--+,q,,9€Q,, 0, €%, ,
it meets:

a, (0'1)(,/,((11),...@((4k Dola) = G, (‘//(01))(q1,...,qk),q » vile(@))<v,(a)

the following can be got easily:
Proposition3.2. Assuming that M, =(Q,,,,L,«;,v;) is the lattice-valued tree automaton,

i=1,23.1f M, M,,M, < M,,then M, < M,.
Theorem3.2 Assuming thatM, =(Q,, X, L, «,,, )is the lattice-valued tree automaton, i=1,2. If
(e, B): M, — M, is a homomorphism, then there are:
If this homomorphism is a strong epimorphism, and « is the injection, then M, < M
If « is the injection, then M, <, M, .

1

The Product of the Lattice-Valued Tree Automata

Definition 4.1. Assuming that M, =(Q,, X, L, v; i =1,2)is the lattice-valued automaton, then the
full direct product of lattice-valued automata M, and M, is
M,xM, =(Q xQ,,Z,xZ,,L,a, xa,,v;xv,) , among them
(akl * X, Xo-l o )((pl.ch)y(pz,qz)m(pk,qk Npa) = (O-l)(plvPZv"'v po)p " Fy (0-2 )(q1,q2«~~,qk )a’
(leVz)(p,Q)=V1(p)/\V2(Q)’
v(pv%)’(pz:QZ)y""(prk)’(QQ)EQlXQwUlXO'Z €% xZ, k=0.

Definition 4.2. Assuming thatM, =(Q,,>, L, «;,v, i =12)is the lattice-valued tree automaton,
then the restricted direct product of the lattice-valued tree automata M, and M, is
M, AM, =(Q,xQ,,Z, L,y Act,,v, AV,) , among them

(akl NG, Xa)((plyql),(pz,qz)w-,(pk,qk N(pa) = Xy (G)(pppz,-w p)p N G, (O-)(quqzy---,qk )a’

(VlAV2Xp1q):V1(p)AV2(q)’

(P16 (P28 )+, (P G ) (P.0) € Q xQp 0 €3, K 20.

Definition 4.3 Assuming thatM, =(Q,,Y,,L,«;,v, (i =12)is the lattice-valued tree automaton,
then the cascade product of the lattice-valued tree automata M; and M, is
M,oM, =(Q,xQ,,Z,, L,ala)az,vla)vz), among them w: Q, x X, — X,

(akla)akz XG2 )((pl,ql),(pz,qz)w-w(pk,qk Wp.a) ~ F (a)( P2, 0, ))(pl,pz,-w po)p 7 F, (0-2 )(ql,qz,---,qk )q

(VleZXp’q):Vl(p)AVZ(q)’

V(P ) (P22 @ )+ (P G ) (P @) € Q xQ,, 0, €2, k2 0.

Definition 4.4. Assuming thatM, =(Q,, X, L, ;, v, i =1,2)is the lattice-valued tree automaton,
then the wreath product of lattice-valued tree automata M, and M, is
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M; oM, =(Ql><Q2,Zfz x2,, L,aloaz,vlovz) , among them
(akl Oakzxf 102 )((plyql),(pz,qz )= (Pea ) (p.a) — akl(f (q))(pl,pz,---,pk )p N K, (0-2 )(ql,qz,--v,qk),q ’
(Vlovz)(p’Q):Vl(p)/\Vz(q)’
v(pl’ql)’(pZ’qz)"”'(pk'qk)’(p'q)eQIXQZ’O-Z ezkz,k ZO,V(f,O‘Z)EZ?Z xZ,, f:1Q, >Z,
Theorem4.1. Assuming thatM, =(Q,,X,,L,a;,v, i =12)is the lattice-valued tree automaton,

then:
M, AM, <M, xM,, among themz, =%, =%,

M,oM, <M, -M,,
M, oM, <M, xM,,
M,oM, <M, xM, .
Proof. Definition ¢:Q xQ, — Q,xQ, is the identity mapping onQ, xQ, . Obviously, ¢is the full
partial function. Definition v :> —»¥x%, Forvoex, thereisy (o) =(o,0). ¢£isa function, and
(@, A NN gipu00p000)-0tpe 80000 = @ A% KON ) pr) (a0
=, (O-)( b bz N P, (G)(ql,qz,-qu )

0 Ava Me(p,a) =01 Av, Xpa)=14(p)Ava(@)= (v, p,a) . among  them,

vp, pi€Q,q,0 €Q,,i=12,---,n, therefore, M, AM, <M, xM,
Definition. ¢:Q,xQ, —»Q xQ,is the identity mapping on Q xQ,. Obviously, ¢is the full
partial function. Let definition y:3, >%%*x%, , y(o,)=(f,0,),Vo,e%, » among them,

f:Q2_>21’f(qo):o_lza’(qo'o-z)’
VQ, €Q,, 0, €Z,, wisa function, and

(ak a)ak XO-Z o(pr, ) @(p2,a2 )0 P a ) 2(p,a) - (ak1wakz XO-Z )((plvql)'(pz-qz)v""(pkva M(p.a)
=0 \w ( ( Po: 0 ))(pl,pz,..., D). P NG, (62 )(qlqu,---vqk),q
=% ( f(a ))(Pppz,---,pk)yp N, (e )(quqzr-vqk)’q

- (akl %, )( . %2 )((plvql)v(vaqZ)""'(pk 4 ))(p.a)
- (akl 0 akz )(l//(o-z ))((qul)-(pzﬂz)r“-(pkaIk )):(PuQ) ,

(Vla’vz)(qo(p’q)):(vlwvz)(p:q):Vl(p)/\vz(q):(vlovz)(p’q) , among them,
vp, P €QL0,q €Q,,i=12,---,n, therefore, M,wM,<M,-M,.

Definition y: £,% x 3, - %, x%,isy (f,0,)=(f(q,),0,), among them, f:Q, =, f(q,)=0,
Vo,eX,,q,€Q,, and the definition ¢ is the identity mapping on Q xQ,, it can be easily proved
that M, - M, <M, xM,.

(“kl°0‘kzxf'Gz)((p(pl,qn,w(pz,qz) o(peai)o(pa) = (@, oa, Xf 02 ) o001 pu.02) .3 )
=a, (f(a ) (Bu.Por %, (o, )(ql,qz,---,qk),q
= %, (O-l)(plvpzv"'vpk)vp Aakz ( 2)(oa,qz,---vqk)vq
= o, %, o1 %02 ) 5 ) 0050 20 00) ,

(v ov, NP, )= (v, ov, X p,a) =v1(p) A v, (a) = (v, xv, X(p. ) , among them
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vp, P €Q,d,0 €Q,,i=12,--,n, SO M, oM, <M,xM,.
From (2) and (3), we can know that M,wM, <M, xM, .
The following can be easily got:
Theorem 4.2. Assuming thatM, =(Q,,Y,,L,«;,v, i =12)is the lattice-valued tree automaton,

i=123.1fM, <M,, then:

M, xM,; <M, xM,;,M,;xM; <M, xM, ; If 2 =%,=%=X , then

M, AM; <M, AM;,M; AM, < M; AM,;

For any @ :Q,x%, »%,, if there isw,:Q,x2, »=,, let MM, <M,0,M;; If (p,i)Iis the
covering of M, forMm,, andy is a surjection, then for any e, :Q x=, -, there ism, :Q, x%, - %,
letM,oM, <M. eM, ;

M,cM,<M,>M,,M,-M, <M, - M,.
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