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Abstract. Exponential distribution is very important distribution, it is often used to approximate various
life distributions, and is widely used in in the areas of queuing theory and reliability theory. The article
studied the combination fiducial region estimation of two parameters exponential distribution under the
study of fiducial interval estimation of single parameter of two parameters exponential distribution.

Introduction

Definition of two parameters exponential distribution

Definition: Suppose the random variable x obey the two parameters exponential distribution . It’s
distribution function and distribution density function is

Xu 1 -4
F(x; u,o0)=1-e ° . f(x;u,o)=—e °
! O

Which x> u,o >0, u is positional parameter, o is scale parameter,then we called_the random

variable x obey the two parameters exponential distribution .often note: x ~ E(u, o)

Fundamental lemma

Suppose X,, X,,......X,, are Simple random samples with capacity of n that from exponential
distribution ,then we have order statistic X, <X, <... (n) ,obtained sample observations
X;s Xy,...X, ,and then the maximum likelihood estimation ofu and o*are obtained

Q= Xg =min{X;,X,,..X,}

6=X—Xgu

In order to study the problem, convenience,the following four lemmas are given

Lemma 1: Suppose X, < X, <...< X, is the first r order statistics(1<r<n ) that from

population E(x,o),then
2n(X ) — )
Y=y (1)

O
Lemma 2: Suppose X, < X, <...< X, is the first r order statistics that from population

E(u, o) that from population E(,u,a)
Remember Y, =nX ), Y, =(N=1)(X, — Xy),... Y, =(n=i+D)(X;, — Xi_y) , i =2,3...,n,then We
have the following conclusions

@ izﬂ:x(i) = iZ:l:Yi
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@V,,Y,,..Y, independent of each other (2)
® Y,~ E(ny,0),Y,,Y;..Y, are the same as single parameter exponential distribution E(o)
Lemma 3: Suppose Z, Z,,..Z,independent and the same distribution as E(o) ,then

Zl+22+...+Zn~Ga(n,£) (3)
o

Lemma 4: Suppose Z~ Ga(n,i) ,then 2z 7% (2n). 4
O O

Building function model,Induced fiducial distribution
Extract a simple random sample X,, X,,...X, from the population E(, o) ,obtain the first r order

statistics X, < X, <...< X, (1<r<n) .ByLemma 1 we can know

2n(X ) — 4)
== 22(2)
o
Note Y, =(n—-i+1)(X; —X;y) i1=2,3...,n. then
(X = X) =2 Xy =Xy =D Y =Y, =2,
i=1 i=1 i=2

By Lemma 2 we can know: Y,,...Y, is equally distributed in Single parameter exponential distribution
E(o) ,then by Lemma 3 we can obtain:

n(f—x(l))=ZYi:Y2+Y3+...Yn~Ga(n—1,£) (5)
i=2 (o2
n 2n(X — X
Also due to EZ:Yi _ (X = Xy) (6)
O i-» (o2
2n(X - X
By Lemma 4 we can obtain: M ~ 7% (2(n-1)) 7
(o2
_ 2n(x(l) ) 2
= X (2)
Note: (8)
2n(X - X
e, = 22X 2X0) 2 on-1y)
O

Because ¢, isafunctionof X ,, e, isafunctionof (X-X, ) yet X ,and (X-X,, ) independent

of each other,so e, and e, independent of each other too,so we can obtain function model:
O
Xpy=—6+
= on H
€))

kva O
X =Xy =——¢€
W 2n

In this function model, ¢ X,,,X- X, ) is sample observations, (u, o) is parameter vector, (e,,e,)
is error variance,so by (9) we can obtained the following conclusion
H= X(1) _%(Y_ X(l))
2 (10
_2n(X = X)
Pt SO 24
e2
Because e, e, isindependent of each other,by (8) we can obtain joint density function of (e, ,e,)
]
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1 1 1 . 1
h(elvez):EEXp _591 2n_1r(n_1)ez EXp _Eez
1 e 1
= mez 26)@{—5(%_4‘62)} (11)

According to the transformation formula of random vector,Do transform from (e ,e, ) to
(u,0),Find the absolute value of the Jacobi determinant corresponding to (8)

6_61 og, "—2!’] _Zn(x(l) _,U)” -

P 7ira N ey MG
ce, 0., 0 - 2n(X — X) loa
ou oo o

By bringing in operations we can obtain the joint fiducial density function of (u, o)

— — n-2 —
O N (G, 1 M(X=Xg) [ N*(X=Xy)
g(ﬂ’a)_exp{ }Zn—Zl—w(n_l)I: o 0_3
x=w)] 1 n"x-xy"
n(x — -
=e><p{— o : }F(n—l). ol = H<Xgy  0>0 (12)

On the open interval (—oo,x,) The last formula for x integral, the marginal fiducial density
function of o can be obtained:

X()

f(0)= [9(uo)du

L e ] LLRCE) >0 (13)
o r'n-1)

The same methods,the marginal fiducial density function of 4 can be obtained
() =[] 9(u.0)o

()_( - )((1))n_1
=(n-1)—2— (1 <Xy) (14)
(X— 1) o
The estimation of fiducial region (interval) is given

According to (12) ,For a given level of 1-a (0< @ <1) [Existence of G makes

] 9(u. o) =1-a

Then the G is a joint fiducial region estimation of the two parameters (u,0) ,that the fiducial level
isl-a<a<1 ,Obviously, there's more than one of these G, The following is a very special case.
Although « and o are not necessarily independent,but e, ~ y* (2) ,e,~ z* (2(n-1)) Moreover
e , e, Is independent of each other

o= 2n(X gy — 1) o= 2n(X = Xy)

1 ! 2
(o} (o}

For a given fiducial level 1- & ,take the appropriate a,,a,,b,,b,then

P(a, <e <a,,b <e, <b,)=1-« because e ,e, independent of each other,then
P(a, <e <a,)P(b <e,<b)=1-

Arbitrary selection 0< £, <1,0< 5, <1,make B5,=1-«

Make P(a, <€, <a,)=4, ,P(b <e, <b,)=4,
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Because e, and e, obeys y?* distribution,The distribution density images are unimodal and
asymmetric,in order to study the problem, convenience, Take the tail case (Note: It's also another the
reason why the region of fiducial that is chosen here is not unique) . Take G's rectangle about (e, ,e,)

Take a, = Zii(z) y 8y = le+/)’l (2); b, = 7(127& (2(n-1) ,b,= le+ﬂ2 (2(n-1))

2 2

2 2

because
P(a, <e <a,,b <e, <bh,)

2n(X - X 2n(X — X
ZP{aZ—G—X(l)<,U<%—X —( (l))<0'<—( (1))}
n

2n @’ b, b,
so,a fiducial region G of (u,0) that fiducial level is 1- (0 < a < 1)
G:{gxwﬂ L AXXy) | KXy

2n ¢ n = b, b,

Where a ,a,,b,,b, is optional constant, 5,5,=1-c .

o on

A
_2n(x=xy) H=" "Xy
o= )

b W
oo 2n(x-xy)

b,

e 0

Figure 1. Fiducial region
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