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Abstract—This paper presents iterative learning control of
multiple state vector system, whose initial states are equal. By
introducing the vector Lyapunov function, it involves interesting
criteria to guarantee the robust convergence of the tracking error

in the sense of the 4~ norm. Finally, the validity of the proposed
method is verified by an example.
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| INTRODUCTION

Since iterative learning control, which belongs to the
intelligent control methodology, is proposed by Arimoto et al. in
1984(See[1]), this feed-forward control approach for fully
utilizing the previous control information and improving the
transient performance of studied systems that is suitable for
repetitive movements has been a major research area and a hot
issue in recent years. Its goal is to get full range of tracking tasks
on finite interval (See [2-15]).

It is well known that the more complex the considered
dynamical system is, the more difficult it is to find a Lyapunov
function. This arouse us to employ several Lyapunov function,
which is called to be a vector Lyapunov function, for each
component provides information about a part of the dynamics.
Hence, the corresponding theory, namely, the method of vector
Lyapunov function, offers a very flexible process (see [16-22]).

There are few research results on iterative learning control
for systems with time-varying coefficient as well as vector
Lyapunov function. In this paper, using vector Lyapunov

function and 4 — norm, we obtain some sufficient conditions to
guarantee the output states of the considered time-varying
coefficient system to converge to the desired trajectories. It is
shown that the proposed method can achieve the ILC
convergence property significantly.

Before ending this section, it is worth pointing out the main
contribution of this paper is the design of iterative controllers
from vector Lyapunov function, which is different from the
designed controllers by positive definite Lyapunov function, in
past literature.

] PRELIMINARIES

Throughout this paper, the 2-norm for the M~ dimensional

X = (Xl’XZ"“ ’Xn)T

vector is defined as

n
X[ =_%)*

i=1 , While the A= norm for a function is defined
M= sun e 1)

te[0.T] , where the superscript T represents
A =( ) )
the transpose and 4 > O [A] ‘a” - where
A=(a) eR™ _
nxn is a matrix.
Lemma 1[10,23] Consider
t
1
B drl <=|Ix@)], .
sup {e " [ dr} < 7],

11 MAIN RESULTS
Consider the following multiple state vector system

X, = F(t,xk,yk)+ux,k(t),
Zx,k (t) = ka + Dux,k (t)!
ux,k+l(t) = ux,k (t) + Mex,k (t)!

(M
Ve =G(t X, Y, ) +u, (1)
Zyx ®= Cyk + Duy,k ®),
uy,k+1 (t) = uy,k (t) + Mey,k (t),
where X,y €R" are the state  vectors,
Uy Uy € R" are input vectors of XY, , and

Zy1Zyk € R" are output vectors of X, y, , respectively. Kis
the number of iterations, k {1, 2,3,-'-} and t e [O,T], T
is a constant.

Let
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i (D) =7,4() -7, (1), €y )= Zyg - Zyk (t), where
Z,4(t) . z,4(t) are reference outputs of XY, .
respectively. So we have

ex,k+l(t) = Zx,d (t) - Zx,k+l(t) = Zx,d (t) - Zx,k (t) + Zx,k (t) - Zx,k+1(t)
= ex,k (t) + Zx,k (t) - Zx,k+1(t)’

&, a(t) =€, (O +2,, () =2, ().

@
We define the operator V:iR"xR" >R’ such that
1) V(0,0) =0;
@ V(X+z,y+w) =V (X,y)+V(z,W) ¢, any
vectors X4 Y, We Rn,
(3) there is a constant y>0 such  that

V(Cx,Cy)=CV(XY) o any vectors X,y €R" and

nxn
matrix C € R

o N
(4) the derivative OX and %Y of V(x.y) exist, where
X,y eR"

For the sake of convenient, we denote that the set, whose
elements are operators VIR'xR' >R gng satisfy the above
four conditions, is N.

For any operator V €N the following conclusion can be
gotten

Ve, () ey () =V (e, (1) + 2, (1) - 2,1 (). 8, () +2,, () - 2,1 (1))
=V(e(t)e, () +V (2, (1) - 2,0, (1) 2, ) -2, (1)
=V (e (t).e,, (1)) +V(CO4 (1) - %, (1)
+ DU (1) = U (), C Y () = Yo (1) + D (U (1) — Uy, (1))
=V (e (t)e, (1) +CV (X (1) = X1 (1), Yie () = Vi (1)
+ DV (U () = Uy (1), () - Uy 4o (1)
=V (e (1), (1) +CV (X (1) = X2 (1), Yic () = Vi (1)
—(DM)'V (e, (t). 8, (1)
=(1=(DM)")V (e, (1).&,, (1) +C™V (X (1) = X1 (1), ¥y (1) = Vieia (1)),

®)

where | is identical matrix. In fact:

Zx,k (t) - Zx,k+1(t) = C(Xk (t) - Xk+1(t)) + D(ux,k (t) - ux‘k+1(t))v
Zy,k (t) - Zy,k+1(t) = C(yk (t) - yk+1(t)) + D(uy,k (t) - uy,k+1(t))!
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ux,K (t) - ux,K+1(t) = _Mex,k (t)v uy,k (t) - uy‘k+1(t) = _Mey‘k (t)

Then from (3) we can obtain that

Ve8] <1 O | Ve 0.8, O] CT MO O 5.0 % OO 4)

”V (Xk (t) X (t))1 Yi (t) s (t))”

For
have

in (4), we

de"V (Xk (t) - Xk+1(t)' Yi (t) - yk+1(t))
dt

= 1e"V (% (1) = X (0, Y (0 = Yiea (1)
Hn[ v LICAOE xm(t))]
G(Xk (t)_xk+1(t)) dt

. en[ v A~ ym(t))j
5(Yk (t)_ yk+1(t)) dt

=re"V (X (1) = X, (1), Y (©) = Y. (1)

. v _
+e (a(xk(t)_xkﬂ(t))(':(t’xkyyk) F(tlxk+l’yk+1))]

oV
w__ 7T (G t, o Y -G(t, K+ Ykl
e (a(yk(t)_ykﬂ(t)) (Clxw) ey ))j

Lo [L.(_Mexk)]
O(%, (1) — X1 (1)) '

rer [L- (-Me, k)]
Y, () = ¥y (1) ’

=1e"V, (1) + "V, (1) fi (6) +V, (1) 9 (1))
—e" (Vo () Me, +V, (1) Me, ).

where \ (Xk ®- Xk+1(t): Yy ®- yk+1(t)) =V, ) !
oV, -V, oV, -V, ,
a(xk (t)7Xk+1(t)) * a(Yk (t)* yk+1(t)) v
F(, X yk)_ F(, X yk+1) = fk ),
G(t, X» yk) - F(t, X0 yk+1) =0y (t)

we integrate €"V, (t) with respect to t and obtain

eV, (1) = "V, (5) + [[re"™V, (0) +€" (V,, (0) f (p) +V,, (0)- 0 (PDId p

t
~[e” (V. (p)-Me, +V, , (p)-Me, ,)d p.
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e VO] =" V(9] + e

Ve (P)+ Vs (P)- F(P)+V, . (P)- 0, (P))]|d

t
+J‘erp Hvx‘k (p)-Me, +Vy, (p)- Mey . Hdp.

re" IV, ()] + €™ [V O, =€ [V, @) + Vo ©) - £, () +V, , () 0, )]

+e" Mk(t) -Me,, +V,, (t)-Me,, H

If there exists a constant @ such that

LORCNEAMOR I B CROLMO) P

the following conclusion

‘Nk (t)H, < Hrvk (t) + (Vx‘k (t) ) fk (t) +Vy,k (t) Oy (t))H -r Hvk (t)H

+a |V (e, (1), (1) ©)
is true.

It is easy to prove that
Vi )+ Vg (1) (0 +V, , ©)- 9, ()] - 1 M 1) "
monotonically

decreasing on r , thus the limit
lim{|IrV, (t t)- . ()+V,, ©)- g, ©)]—r(V(t
lim([ 00,0 LON O 0Ol

2-norm of the N~ dimensional vector, we obtain

lim (v @+ Vo O £ O +V,, (0 g, )] -1 [V O]

ACRACEAMORNORAC
V.

=h, (t).

MOl <h O+ @ |V e e @)

Based on the above calculation, the following theorem is
obtained.

Theorem 1 If the system (1) and the operator VeN
satisfy the condition (5), then the conclusions (4) and (7) are
true.

X, (t)e R", y, (t) e R™,

Corollary 1 when and
RO N
y, (1) = 0 =¥ (1),
n>m ,|et n-m
G(t, %, (), v, (t ~ -
ctxou0-* 0 cex 050,
n-m then
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one obtains the similar result with above Theorem.

Remark When there are three parts o Yo 2 ahout the
multiple state vector system (1), we can construct

Ve, 08,0, 0) e and imitate the above proof to get
the similar conclusion with Theorem 1.

Corollary 2 For system (1),
taking \Y (ex,k (t), €k )= aeg, ®+ ﬂey,k (t),

\ (Xk (t) — X1 (t), Yi (t) - yk+l(t))

= a(X (1) =X, () + By, ) =Y. (1), the
results are drawn:

following

%, (1) + B, . 0] <[1 - DM

a8, (O)+ e, O +[Clller % = Xe) + B~ Vi) ®)

p: (t)qk (t) + HM HHaex‘k (t) + ﬁe%k (t)H!

[P0 <
[p ) 9)

where
Py (t) = a (X — Xo1) + BV = Vi)
q, (1) = a[F(t, X, ¥) = F(t X g0 Yiean)]

+ﬁ[G(t, X yk)_G(tl Xy yk+l)]'

In fact,

a8, () + B8, . (1) = ae, , () + B, () + a(Z, — Z,y1)
+ﬂ(zy,k - Zy‘k+1)
=(ae,, (1) + Be, (1)) +alC (X —X.1) + DU, —Uyy)]
+ BIC(Yy = Vi) + DU, — Uy )]
=(I -DM)(ae,, (t) + Be,, (1)
+Cla(x = Xe1) + B = Vi)l

Imitating the inference of (7), we have

de™p, (t)

W re" p, (t) +e"q () —e"M[ee,, (1) + Be,, (V)]

e"p () =e"p, () +Ie'“[rpk (U)+ g (U) - M (ag,  (u) + Bey  (u))]du,

t t
e p. ) <e®[[p ()] + [ [P, (w) +q W) du + [[Mm]|

ae,, (u)+fe,, (u)H du,

e | )], <& [ Jrpy @+, O +[M]|ee, . ) + Be, O] |- re” [, ).

Going on to the next item, we will infer the important
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conclusion of this paper.

Conditions (A), (B) are satisfied if the following conditions
hold:

(A) The operator V,(t)eN,i=12 .There exist
functions p;; (t),1, j =1,2, and such that

(Vx,k,i ®-f.@® +Vy,k,i t)-9, (t))TVk,i ®)

s O s 0]

<p;(t)

-
where ~ Y are constants.

Theorem 2 Suppose the operator F,G in system (1)
satisfy F(t,0,0)=G(t,0,0)=0 . There are operators
Vii () eX Vi, (t).e, (t)),i=12 , such that conditions
(A),(B), and

Vi 0,8, =0 i and only if GO =8 D=0 (1)

If there exists a constant 4 > O such that initial state
vector %(0)=%,1(0=0, ¥, (0)-,,,(0) =0, and

0
IlmQ(t) (O Oj

(11)
where
I -(DMy 0 o O(t) is a
o IO 0 kel o, e @)
o [r-emy]) {0 |e]
basic solution matrix of the system

Vs 0] S(pn(t) plz(t)j M) B(t):q,l(t)(wu wuj,
"Vk,z(t)" . p21(t) pzz(t) "sz(t)" Uy Wy
then the system (1) can guarantee that z,, (t),z,, (t) can

track Z, 4 (t), z, 4 (t) , respectively.

Proof From conditions (A), (B) and the above inference,
we can obtain

[v“(t)}’ [pn(t) plz(t)j{‘Ml(t)H] [% wu] [ACHORMG) |
Meo®]), (Pa® PO\ Vi) \ @2 @2 )| V(e ()., )] ) (12)

From (1)-(7) and (12), the following conclusion

Vi ©-Me,, +V, (1) Me, | <@, [V, (e, (1), &, )|+ @, [V (&, (D)., )]

[M,l(t)JS o)
V. )]

is

true
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. j@fl(p)(wll wuj[M(ex,k(p),ey,k(p))]dp

¥, (0) = ¥4, (0) =0.

Mieaca®e,a® |
[ACCEG N

Ty Ty
because
I-omy] o
0 |1-my|

[ : le : {

Taking A -norm, we have

ACPRORING)
Vae ).y )]

when  the

M ®.e,, @),
lim
e | AC G ()]

| [IE-OmY]
<
. 0

I

-D(t)- j«bl( >[

0

je-om|

V. (e (P). e, 1 (o))

% (0)—x,,(0)

M. 0.e,. @)
VACGENG)|

@ WHJ M (o)., (o)) )
T 2)\Moleulo)e (o))

Va (e, .e, )],

{ T 9 ) o &) Mo, 0., )],
o] a
o (t)‘[wl(ex,k(t),ey,k(t))Z]

Moo .8, 0)],

condition

(11)

holds, we

1|V, (€, 0.8, 0)], =0, 1 =12 im|V; (e ¢).€,,, )| =0
klljlq(’k(t)—O, kILn; e, (£)=0 from the condition (10).

=0,

Ve, (0.6, @),
Va6 (0).6, )],

3

have

]: (Oj That implies
0

i.e.

Corollary 3 Suppose the operator F,G in system (1)
satisfy F(t,0,0)=G(t,0,0)=0 .
Vi (exk(t)!eyk(t)) a|exk(t)+ﬂ|eyk(t) 2
that conditions (A), and

ae,, (1) + pe,, (1)=0, =12,
e (t)=¢,,(1)=0.

If there exists a constant A > O such that initial state
vector X (t) =X, (©)=0, Y, (t)-¥,,,(t)=0, and

where

Q(t) ={

-omy|
0

I|m Q ®= (

0
|1 -omy]

Hee

']

0

There are operators

if and only

0
0 0)

e

such

if

(13)
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®(t) is a basic solution matrix of the

Ve[ <(pn<t) plz(t)j Ve, )]
Ve @), Upa® P ) Vi 0])°

B(t):‘q)‘l(t)‘ then the system (1) can guarantee that

system

Z,,(),z,,(t) cantrack z, ,(t),z,,(t), respectively.

v EXAMPLE
Considering the system

%, =0.2e7'x, +0.3y, sint+u,,,
Z,,=0.03x +0.3u,,,

Uy g = Uy 38,1,

Y =0.3xsint+0.2e'y, +u,,,
z,,=0.03y, +0.3u,,,

Uy =Uy, +38,.

y.k+1

We take T=3 , that is te[0,3] , and
Z,4(0)=sint,z ,(t)=cost . It is easy to verify this

example satisfies the conditions of
\/l(ex,k (t), ey,k (t)) = (ex,k (t) +ey,k (t))z’

V(e (t).6, 1) = ()€, (1)’ . and satisfies the
conditions of Corollary 3 whenV{(&,, (t).8, (1))

=ag,, (1) + e, ()Y, (e ()€, (1)
= fe, () + e, (t) . In following Figure I and Figure 11,

Theorem 2 when

the output errors €, (t),e,,(t) are exhibited at iteration
k =4,k =5, respectively.

x 10

% T

P

% a0 My

2 25 3

FIGURE I. ERROR €, , (t) AFTER ITERATION 4
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06k ey
2
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0.4t #
. # % iy
* *
* * *
02t N £
*
* %
° vl e . ,
0 05 1 15 2 25 3

x10°

IS
* * ¥

**&
* #
3 ** ¥ 2 *&&
# *
2 2 . *f *x
1 % * *i*
0 . ; o : : %
0 05 1 15 2 25 3
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FIGURE IIl. ERROR ! AFTER ITERATION 5
x10™*
127
1 P
#
#*
08f *
*4?
06} *
& &
04 ’%& *‘i* %ﬁ *
#I *
o2 % F * ,;
¥
* *
* § *
0 L *
0 05 1 15 2 25 3
&, (t)

FIGURE IV. ERROR AFTER ITERATION 5

\Y CONCLUSION

In this paper, considering the iterative learning control
problem for a class of systems, and combining with vector
Lyapunov function, the novel controllers, which can guarantee
the robust convergence of the tracking error, are designed. From
Figs.1land 2 of the given example, we find that the output errors

g (t), €, (t) downsize almost 10 times from iteration 4 to

iteration 5. So it is made known that the proposed method is
effective.
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