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Abstract—In this paper, we consider the reciprocal sums of
the Pell numbers by elementary methods. First, we investigate
the reciprocals sums of two products of Pell numbers. Then, we
study the alternating reciprocals sums of two products of Pell
numbers .Last, we consider the reciprocal sums of even and odd
terms in the Pell sequence. We obtain some interesting identities
involving the Pell numbers.
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I. INTRODUCTION
Fnis defined by the second-order linear recurrence sequences

Fnt+2=Fn+1+Fn, FO=0, F1=1,(1.1)

The Fibonacci numbers can be defined by Binet’s formulae

Fn=on—Bno—f, where 0=1+52,f=1-52, (1.2)

There are many interesting results on the properties of
Fibonacci sequences; see [1-6]. Ohtsuka and Nakamura [1]
studied the properties of the Fibonacci numbers and proved the
following two interesting identities:

k=nowol1Fk—1=Fn—2,
n is odd and n>1.

if n is even and n>2,Fn—2—1.if

(1.3)

k=nwo1Fk2—1=FnFn—1-1,
if n is odd and n>1.

if n is even and n>2,FnFn—1,
(1.4)

x is the floor function; that is, it denotes the greatest integer
less than or equal to x.

Wang AYZ, Zhang F. [3] researched the properties of the
Fibonacci numbers and proved the following four interesting
identities:

k=nmn1F2k—1=F2n—1, if m=2 and

n>3,F2n—1-1,if m>3 and n>1. (1.5)
k=nmn1F2k—1-1=F2n-2, For all n>1 and m>2. (1.6)
k=nmn1F2k2—1=F4n-2, For all n>1 and m>2. (1.7)
k=nmn1F2k—12—1=F4n—4, For all n>1 and m>2. (1.8)

Wang AYZ, Liu RN [4] demonstrated the following

identities for the Fibonacci numbers
k=nmn1FkFk—1-1=Fn2,
ifnisodd.

ifnis even ,Fn2—1,
(1.9)

k=nmn1F2kF2k—1-1=F4n—3,For all n>2 and m>2. (1.10)
Pn is also defined by the second-order are
Pn+2=2Pn+1+Pn, P0=0, P1=1. (1.11)

The Pell numbers also provide boundless opportunities to
experiment, explore, and conjecture, they are a lot of fun for
inquisitive amateurs and professionals alike. The authors [7]
and [8] studied the infinite sums derived from the Pell
numbers and proved the following identities:

k=nco1Pk—1=Pn—1+Pn-2, if n is even and

n>2,Pn—1+Pn—2-1 ,ifnis odd and n>1. (1.12)
k=noo1Pk2—1=2Pn—1+Pn—1, if n is even and
n>22Pn—1+Pn if n is odd and n>1. (1.13)

Xu and Wang [9] proofed the following interesting
identities for the Pell numbers:

k=noo1Pk3—1=Pn2Pn—1+3PnPn—12+-6182Pn—9182Pn—1,
if n is even and
n>2,Pn2Pn—1+3PnPn—12+-6182Pn—9182Pn—1
and n>1.

,ifnis odd
(1.14)

Applying elementary methods, we investigate the partial
finite sums of the Pell numbers in this paper, and obtain some
interesting families of identities. In section 2, we consider the
sums of products of two reciprocals. In section 3, we study the
alternating sums of products of two reciprocals. In section 4,
we consider the reciprocal sums of even and odd terms in the
Pell sequence.

II. RESULTS I: THE RECIPROCAL SUMS

x2—2x—1=0, the Pell numbers can be defined by Binet-like
formulae:

Pn=yn—dny—95, where y=1+2,6=1-2.
Using the Binet-like formulae, we can obtain properties of
Pell numbers:

Lemma 2.1 Let m,n,s,t be positive integers
PP, —PPR =(-1)"" P_P_.(n>max{s,t},m+n=s+t)
2.1

Lemma 2.2

I::.m I:)n + Pm+1 I:)n+l = Pm+n+l

(2.2)
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As consequence of (2.2), we have the following result:

Corollary 2.3

2 2
I:)n + F)n+1 - F)2n+1 ) (2.3)

Corollary 2.4

PP, +PP =P

n—-1" n+l n+2 = 2n+1. (2.4)
Lemma 2.5

PP

n+l" n+2

- I::.n—l I:)n = 2|:>2n+1 ) (2.5)

Proof Applying (2.4) and recursion formula of Pell
numbers

2 I:)2n+] = 2’l:)n—] Pn+] + 2’Pn I:)n+2
= ( Pn+2 - Pn ) Pn—l + ( Pn+1 - Pn—l ) F)n+2
= I:)n+1 I:)n+2 - I:)n Pn—l
Lemma 2.6
2 2
Pn+2 - Pn - 2P2n+2 . (2.6)
Proof Applying (2.3)
Pn2+2 - I:)n2 = P2n+3 - I:)n2+l - I:)nz
= P2n+3 _(Pn2+1 + Pnz)
= P2n+3 - P2n+l
=2P,,,
PP

A. Reciprocal Sum of " k" k-1
Lemma2.71fN21

2P}

2n+l

+1> Z(Pnz+1 +1)2 >PP, (2Pn2+1 +1)

2.7)

Proof applying (2.3)

2
2F)2n+] n+l n+l n+l

+1:2(F>n2+F’,12+])2+1>2P4 +4P? +2=2(P2 +1)2

>

Therefore

2P, +1>2(P2, +1) >2(P2, +1)PP,,

>PP., (2R, +1).

n+l
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Then

i 1Y | 2PR%,if nis even
= PP, 2P’ —1,if n is odd

Proof applying (2.1)

2 k
L_ 1 _ 1 :R<1172PkF)l<+17Pk2:Pk—lpk+17Pk2: (_1) (28)
2R’ RPR, 2R 2R’ 2R’R, 2RR:,
Therefore
k-1
1 1 1 (-1
RR. 2P 2P, 2R°R°
k" k+1 k k+1 k

k+1 (2_9)

Now we have

mn 1 B 1 1 mn (_l)k_l
ZPkP 2P 2P +Z2Pk2Pk2+1’

k=n

k+1 mn+l k=n (2.10)
Ifnis even, it is easy to see that
k-1
mn _1
Sl <o
k=n 2Pk Pk+1
By the above equation (2.10)
mn 1 1
z PP < 2P’
k=n Tk k+1 n (2.11)
Forany k>1
| 1 1 (2R +1)RR,, —(2R2+1)(2R, +1)-(2R’ +1)RR,,
2RI+l BB, 2R+l (2P2+1)RP,., (2P, +1)
_ (ZPKZH _2Pk2)PkPk+l _(2sz +1)(2sz+| + 1)
B (2R?+1)RR,, (2R, +1)
_(-1)‘2Rp,, -2R2 2P -1
© (2R )RR, (2R, +1)
(2.12)
Then
1 1 1 (-1)7'2RR., +2P>+2P2, +1

s

= - +
PP 2R7+1 2RL,+1  (2RZ+1)RP,,(2P2, +1)

So
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L1 1 LB () 2RR, +2RT 2R 41
i PP _2Pnz+1 2P+l S (2Pk2+1)PkPk+l(2Pk2+1+l)

+1 mn+1

+2P7 +2P +1

n+l

g 1 B 1 + n+l
2Pnz+1 2Pzzml +1 (2Pn2+1) P"F)"“(ZP"Z+1 +1)
1 1 1

(1) 2PP

> - + b
2 Pnz +1 2 P22n+1 +1 I:)n Pn+l (2 F’n2+l + 1)
Using (2.7)
mn l 1
> 2 ,
ZPPR,, 2P +1 o)

Combining (2.11) and (2.13), we have

1o 1
3 < < 7>
2P’+1 & PP, 2P

+1

which means that the statement is true when n is even

-1
(Z 1 J =2P;.
k=n Pkl:)kJrl

If n is odd, a similar calculation show that, for K >1

(2.14)

(R—)RR, (2] @.15)

So

(-1)2R.P,,, +2R2 +2P?, 1
(2R2-1)PR.,(2P2, -1)

| S
PPR. 2P’-1 2P’ -1

From which we get

m o 1 1 m (~1) 2RP,,, +2R2 +2P, -1

;Pkpk :2Pn2_1_2szn+l_1 k=n (zpkz_l)PkPk+1(2 k2+1_1)

+1
5

Hence
mn 1 1
< 7 1
o BB 2R -1 (2.16)

With (2.10) and (2.6),
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mop o1 1 o)
= +
k=n FI><FI><+1 2Pn2 2Fr)72n+1 g'ZFf k+
R N D U T - O
X W, PR, WP, X ERR, PB.R,
According to (2.2) and (2.3)
2 2
P2n+l = Pn—l Pn+l + Pn Pn+2 = I:)n + Pn+1’
So
2
I:)2n+1 > I:)n I3n+2 , and P2n+2 > F)2n+1 > Pn+1 ,
Hence
2 2 2p2 p2
2 I:)2n+2 I:)2n+1 > 2Pn IDn+1 I:)n+2 ,
As aresult
mn 1 1
2 PR, 2P
k=n Tk " k+1 n, (2.17)
Combining (2.11) and (2.13),
1 LU | 1
2P’ <ZPP pET-a
n k=n Tk k4 n
When n is odd, that the statement is true
mn 1 -
> o5 =2P’ 1.
k=
ok (2.18)

On the basis of (2.14) and (2.18), we have the theorem 2.8.

Corollary 2.9
i 1Y 3 2P’,if n is even
k=n Pk Pk+1 2Pn2 —l,if n is odd

Proof applying (2.8), if n is even

11 (=
2 sz I:)k Pk+1 2 Pk2+1 2 sz Pk2+1

>0

Hence
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1 1 1 1 1 1 1 1 1
22 RR. 2P, PR, PB.R. 2P, D 2 10
k+1 k+1 k" k+1 K+1" k+2 k+2 s 2Pk -1 Pk Pk+1 2Pk+1 -1
So Therefore
= 1 1 1 1 1 1 1
z —> > + +— >
k=n Pk Pk+1 2P2 (219) 2Pk -1 GkaH 2PkH -1 I:)kPkJrl Pk+1Pk+2 2Pk+2 -1 S
In line with (2.12) So
1 1 1 v 1
241 PR 2Pl kzznlpkpm 2R -1
k k k1 k+1 , , (2.23)
Therefore Combining (2.22) and (2.23), when n is odd, the statement
is true
1 1 1 1 1 1
—< +— < + = <o © 1
2R +1 RR, 2R, +1 RR. R.R., 2R, +I1 < z
n =n Pk k+1 2Pn _1_ (2.24)
As aresult
Accordance with (2.21) and (2.24), we have the Corollary
1 N | 2.9.
P11 2 PP
n k=n "kTk+1 , (2.2()) I11. MAIN RESULTS II: ALTERNATING RECIPROCAL
SUMS
Combining (2.19) and (2.20), when n is even, the Lemma 3.1
statement is true
o P2n+2 _ Pmn+2 < 0
< Z PP 2P2 I:)2n+1 Pmn+1 . (3.1)
k=n Tk k+1 2.21)
Proof applying (2.1),
With (2.8), when n is odd,
K P2n+2 _ Pmn+2 — P2n+2Pmn+l P2n+len+2 :(_1)2'”1 P(m 2)n+l <0
1 1 1 (_1) 0 Pt Pronsi Pt Ponat Pt Ponat
2Pk2 R Pk+1 2Pk2+1 2P Pk2+1
’ As a similar way, we have
So Lemma 3.2
1 1 1 1 1 1 P P
- < +—< + <. —2nl __miz ()
2|Dk Pk Pk+1 2F>k+1 I:)k IDkJrl I:>k+1 |:>k+2 2F)k+2 s Pzn I:)mn-¢.] . (32)
Hence Lemma 3.3
1 0 1 n+l
2P2 < Z P P 1 Pn+1 _ ( 1) P + Pn+1 > 0
k=n Tl Tt (2.22) P,—1 PP, (P, -DPP,, 63

On the basis of (2.15)
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Lemma 3.4 I:)n+1 _ I:)anrz < I:)nJrl < 1
P PP. P.-I
n+1 n mn+1 2n+1 2n "~ .
1 Pn+1 _ ( 1) P F)n+1 < 0 " : ’ (3.8)
P +1 P P (P - 1) PP, G4 According to (3.5) and (3.2)
n+l
Lemma 3.5 Pn+1 _L_ Pmn+2 — I:)2n+1 _ I:)mn+2 + (_1) -1 _ P2n+1 _ I:)anrZ
Pn P2n Pmn+l P2n Pmr|+1 PZI'I P2n Pml'l+1 ,
n+1
n+l 1 — P2n+1 +(_1) -1
P P |:)m-l _ Pmn+2 L
n 2n 2n (3.5)
I:)n I:)anrl F)2n
R 3.9

Proof combining (2.1), (2.2) and (2.3),

Combining(3.7), (3.8)and(3.9) , when n is even, the

P! _PyR.-P (P P, +PP..)P. -P _ PP +P2, —1 statement is true
P P, PP, PP, P,
(PP =PRI PL) -1 Py (1) - n (_l)k )
P2n PZn . Z— - P2n _1
PP
k+1 . (3.10)
Use the same way, we have
Lemma 3.6 If nis even, with (3.1) and (2.1)
N+l P2n+1 +(_1)n +1 h_ Pinsz <h_ Poia _ PP = PP (_1)” P —_ P
+ - P Pn Pmn+1 Pn P2n+l R P2n+1 IDnPZnJrl F’n P2n+1
n 2n 2n . (3.6) ’
Applying (3.4)
Theorem 3.7
k! . .
f“ (-1) P, —Lif n is even Pt P < 1
~ 2 | |= o . P P P, +1
PP, —P,,—Lif n is odd " -+l n o, G.11)
Proof applying (2.1), Using (3.6) and (3.2)
n+1
(—l)k sz PP P P nil +L _ Pona +(_1) 1 P
_ _k+l kK+2 _ " k+l " k+2
P P - P P - P P > Pn PZFI P2n P2n
k+1 k+1 k K-+1 ’
So n+l _}_L_ Pmn+2 — l:)2n+1 _ Pmn+2 >0
n P2n I:)mn+l P2n I:)mm-l
k b
S (_1) _ . Pk+1 Pk+2 _ I:>n+1 I:)anrZ
Z Z - = - » (3.7) Hence
R Pk+1 k=n Pk Pk+1 Pn Pmn+1
Ifni ith (3.1) and (2.1) LR S
n is even, wi .1)and (2.
F)n F)mn+1 P2n s (3.12)
@_ F’mn+2 F’n+l _ I:)2n+2 _ I:>2n+1|:)n+1 I:)2n+2p (_1)” Pﬂ+1 — Pn+l .. .
P P “p p PP PP PP Combining (3.7), (3.11) and (3.12), when n is odd, the
n mn+1 n 2n+1 2n+1 n'2n+l n'2n+l M
> statement 1s true

On the basis of (3.3)

mn (_ k
_L<Z( 1) _Pn+1_Pmn+2<_ 1
I:)Zn P I:)k+1 I:)n I:)anrl P2n +1
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Therefore

-1

mn — k
Zﬂ =P, -1
= AP (3.13)

According to (3.10) and (3.13), we established the theorem
3.7.

IV. MAIN RESULTS III: THE RECIPROCAL SUMS OF
EVEN AND ODD TERMS

Theorem4.11f M>3 4pgNZ L,

-1
(ZL) =2P, -1

k=n sz

Proof applying (2.1),or k >2

1 L 1 _2(sz\1 P ) 2k (2sz1 )(2P2k17|) 2sz1+2Pk|’5 >0
2Py, -1 Py 2sz<|_1_ (2P _I)sz(zpk 1 1) (2sz 1_1)P (ZPZk 1_1)
1 1 1 2P, +2P,,, =5
- = >0
2Py =1 Py 2Py, -1 (2P2k—l 1) 2} (2P2k+1 l) 4.1
Which implies that
i 1 1 2P, +2P, ., =5 1 1

sz 2P2kl_1 2P7k+1 (ZPZ“ )P (2P2k+l ) 2sz -1 2P2k+l

So
AL | 1 1 1
> —< - <
k=n sz 2P2n—1 -1 2P2mn+1 -1 2P2n-1 -1 4.2)
From (2.1) we obtain
1 _L_ 1 — P2k+1P2 2P2k 1P2k+1 P2k—1P2k — -1
2PZk—l PZk 2sz+l 2sz lP P2k+l P2k lP P2k+l
4.3)
Hence
1 1 1 1
- = — +
sz 2P2k—1 2P2k+1 P2k—1P2k P2k+1 ,
Therefore
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LU | 1 1 & 1 1 1 1
—= - + - +
k=n sz 2P2n—1 2P2mn+l ka 1P sz+1 2P2n—] 2P2mn+l PZn—lPZnPZnH
4.4
Forall N>1,m>3 with (2.2)
Po P+ PP =Pon Poun > PP > PRy
Which implies that
I:)2n IP I:)2n+1 < |:)6n+l PZmn+l’
With (4.4)
& 1 1 1 1 1
> —> - + >
k=n sz 2P2n—1 2P2mn+1 P2n—1P2nP2n+l 2P

-1 (4.5)

According to (4.2) and (4.5), we established the theorem
4.1.

Corollary.4.2
0 1 -1
(Z—} =2P, 1.
k=n sz

Theorem4.31f m>2andN>1,

-1
[z 1 j 2P2n2
k=n sz—l

Proof applying (2.1), or k >2

1 _L_L sz—lPZk 72PZk—2P2k - PZk—ZPZK—] — 1 >0
2Py, Py 2Ry 2Py 5Py Py Pt PuPoca s (46)
LS N B S
sz 1 2|:’zk 2 2sz sz—zpzk—lpzk 2P2k—2 2P2k ,
< 1 1 1 1
> < - <
k=n sz—l 2P2n,2 2P2mn 2|Dznfz 4.7)
| . 1 _Z(sz’sz 2) Pact =(2Pys +1) (2P *1) 2-2P, ,—2P, -1
W, tl Py Pytl (R R (2PH) (2R )P (2P )
% 11 1 m 2P, ,+2P, +1-2
k=n P2k—1 2P2n—2 +1 2P2mn +1 k=n (2P2k72 + 1) P2k—1 (2P2k + 1) ,

i 1 1 1 2P, ,+2P, +1-2°
> +
k=n PZkfl 2P2n,2 +1 2P2mn +1 (2P2n—2 +1) PZn—l (2P2n +1) ,

342



ATLANTIS
PRESS

By reason of

2P, +2P, +1-2 2P, +1 . 1 R B
(2Pus +1) Py (2P 1) (2P #1) Py (2P #1) - 2Py #1) Py 2P 17 2P, +1

>

Hence

mn 1 1
> >
on Py 2Py, +1 (4.8)

According to (4.7) and (4.8), the theorem 4.3 is true.

-1
> 1
Corollary 4.4 (Z } =2P, .

k=n "2k-1

Theorem 4.51f m>2andN>1,

-1
mn 1
(Z—ZJ =2P, ,—1.

k=n "ok

Proof applying (2.1) and (2.4)

P22k - P22k—2 = 2P4k—2 ,

(4.9)

P22k+2 - P22k =2P,., , (4.10)

Pzzkfl P22k+1 - Pzzkfz P22k+2 = 5(Pzzk + P2k—1P2k+l - 4) . (411
According to (4.9), (4.10) and (4.11)

L1 1 PP P PP L

2P2k—2 PZK—IPZk P2k71P2k P2k+1

Hence
1 Lz I
2|:)4k72 -1 sz 2|:)4k+2 -1 , (4.12)
Therefore
&1 1 1 1
- < - <
k=n sz 2P4n—2 -1 2P4mn+2 -1 2P4n—2 -1

(4.13)

Forallk > 2,
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1 1 1 _ Pzzk ( P4k+2 B P4k—2 ) B 2P4k—2 P4k+2

2P4k72 PZZk 2’I:>4k+2 2(34k72(322k(34k+2

_(4P22k _4P2k71P2k+1) -1 (4.14)
= > < <0
P4k72F)2k F)4K+2 P4k72 P4k+2
From which we obtain
LU 1 1 < 1 1 1 1
ég g 2p4n—2 - 2P4mn+2 +kzz;‘ P4k—2p4k+2 g 2P4n—2 - 2P4mn+2 " P4n—2 P4n+2
Applying (2.4)
2P8n+2 = P42n+2 - P42n = 2P4n+l (P4n+2 + P4n) > 2F)4n+l P4n+2 > 2F)4n+2 P4n—2
So
mn 1 1
_2 >
k=n sz 2P4n—2 (4.15)
Combining (4.13) and (4.15), we have theorem 4.5
0 1 -1
Corollary 4.6 Z_z =2P,, ,-1.
k=n sz
Theorem 4.7 If m=2 and nx>1,
m ] -
> =2P
2 4n-4 -
(k—n P2k—1 j
Proof by the calculation of (2.4), we obtain, K > 2
2 2
I:)2k+1 - sz—l = 2|:)4k (4.16)
2 2
P = Pis =2Py (4.17)

From (4.16) and (4.17)
P22k—1 ( P4k - P4k—4 ) - 2P4k P4k—4
1 1
= E P22k—1 (P22k+1 - 2P22k—1 + Pzzka ) _5( P22k+1 - P22k—1 )(Pzqu - Pzzlez)

_ 2 2
— A\ Mok -3 - + - -
1(Pk]P2k3 szl)(P2k1P2k3+P2k1)

2
= 2(P2k+1 Pus + Pzzk—l)
(4.18)
By (4.16), (4.17) and (4.18)
1 _L _L _ Pzzk—l ( Rtk - Rtk—4 ) _2P4k PAk—A _ P2k+1 sz,3 + P22k,1 >0

Py P 2P 2Py PP PutcaPric1Pa

>
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Which implies
1 1 1
2
P2k—1 2 P4k—4 2 P4k
Hence

1 1 1 1
Y=< - <
k=n ' 2k-1 2P4n—4 2P, 2P4n—4 , (4.19)
1 _ 1 _ 1 :2(P~1K7P4k74) 22k4*(2p4k—4+1)2(ap4k+1)
2P, ,+1 P;k,l 2P, +1 (2F’4k,4 +1) P22k42(aP4k +1)

_ 2! (P2k+1pzk—3 + Pzzkfl)i(P;kH - 22k—3)71
(2P4k74 + 1) Pzzk—l (2P4k + 1)

By reason of
PuaiPacs + P22k—1 = (2P2k —Pu )( Pui —2Py, ) + Pzzk—l = SPZZk—l +4

2 2

2k+l  Tok-3 T 12P2k—1 (sz + P2k—2) >24 22|<71 +16

Therefore
2 2 2 2 2
2 (sz+1 P2k73 + sz—l ) _( P2k+1 - P2k73 ) -1< _sz—l

So

1 1 1 -1

- < <0 (420)
2P, ,+1 P, 2P, +1 (2P4k_4+1)(2P4k+1)

1 1 1 1
P2 2P, .41 2P, +1 (2P, +1)(2P, +1
2k-1 akea T a T ( aka T )( ak T )

b

mn 1 1 1 mn 1
kz P2 g 2P, +1 2P, +1 +§(2P4k74 +1)(2P,, +1)

4mn
1 1 1
> - +
2P, _,+1 2P, +1 (2P, +1)(2P, +1)

Also because

(2P4n—4 +1)(2P4n +1):2’2 P4n—4P4n +2P4n—4 +2P4n +1< Pgn +1.

So
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f: 1 1
> 4.21)
2

k=n T2k-1 2P4n—4 +1

Combining (4.19) and (4.21), the statement is true

-1

mn 1
Z 2 =2P,
k=n "2k-1
-1
<N |
Corollary 4.8 Z > =2P, ,.
k=n T 2k-1
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