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Abstract: The purpose of this paper is to establish some results for the class of system of integral 
inequalities by means of variable transformation method and Gronwall-Bellman's inequality. These 
results presented in this paper generalize and improve some recent results. Meanwhile, two 
examples indicate the effectiveness of the main results. 

1. Introduction 
It is well known that the differential and integral inequalities plays an important role in the study 

of quantitative properties and stability of solutions of differential and integral equations (see, e.g., [2, 
3, 5, 6] and references therein). The celebrated Gronwall’s inequality which was established in 1919 
by Gronwall [4] occurs very frequently in the theory of differential equations in various context. 
According to the different motivations, various inequalities and their generalized forms of 
Gronwall’s inequality have been obtained and applied extensively in diversity areas including 
global existence, uniqueness, stability, boundary value problem, and other properties (see, e.g., [1–7] 
and references therein). In particular, Bellman [1] gave the Gronwall-Bellman’s inequality as 
following: 

Lemma 1[1, 6] (Gronwall-Bellman’s inequality) suppose )(tφ and ( )tb are nonnegative continuous 

functions on [ ]βα ,=J . Assume that ( ) ( ) ( ) ,, Jtdsssbat
t

∈∀+≤ ∫a φφ  where 0≥a is a constant. Then 

( ) ( ) ., Jtaet
t dssb ∈∀≤ ∫aφ  

In 1963, Bellman and Cook [2] generalized the above inequality as following: 
Lemma 2 [2, 5] (Generalized Gronwall-Bellman’s inequality) suppose )(tφ and ( )tb are nonnegative 

continuous functions on ( )+∞≤= TTJ ),0[ . Assume that ( ) 0>tc is a monotone nondecreasing 

function on J . If ( ) ( ) ( ) ( ) Jtdsssbtct
t

∈∀+≤ ∫ ,
α

φφ holds, then ( ) ( ) ( ) ., Jtetct
t dssb ∈∀≤ ∫αφ  

The purpose of this paper is to prove a class of integral inequality system by the generalized 
Gronwall-Bellman’s inequality and variable transformation method. Meanwhile, we shall give 

two examples as an application. These results presented in this paper generalize and improve some 
recent results of Xuerong Mao in 1989 [6]. 

2. The Main results 
One main results are given in the following the theorems:  
Theorem 1. Suppose ( ) ( )tvtu , and ( )( )4,3,2,1=ithi are nonnegative continuous functions on ),0[ ∞ , 

and let ( )( )2,1=jtc j be positive and monotone continuous function on ),0[ ∞ . Assume that there 
exists a nonnegative continuous function ( )tθ such that ( ) ( )( )4,3,2,1=≤ itthi θ  for any 0>t . If the 
following inequalities (1) 

3rd International Workshop on Materials Engineering and Computer Sciences (IWMECS 2018)

Copyright © 2018, the Authors. Published by Atlantis Press. 
This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-nc/4.0/). 

Advances in Computer Science Research, volume 78

264



  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∫∫∫∫ ++≤++≤ − tt stt s dssvshdsesushtctvdssushdsesvshtctu
0 40 220 30 11 , µµ  

hold on ),0[ ∞ , where 0≥µ  is a constant. Then there exist continuous functions ( ) 0>tC and 

( ) ( )2,10 =≥ ktkρ  on ),0[ ∞ such that ( ) ( ) ( ) ( ) ( ) ( )∫≤∫≤
tt

dssdss
etCtvetCtu 0 20 1 ,

ρρ
. 

Proof    First of all, let us make the transformation 

( ) ( ) ( ) ( ) ),,0[,~,~ ∞∈== −− tetvtvetutu tt βα      (2) 

where βα , satisfy 0, >=+ αβµα . Thus we substitute (2) into (1) , and in view of βµα =+ , 
we obtain 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ,~~~,~~~
0 4220 311 ∫∫ −−−− ++≤++≤
t stt st dsesvshsushtcetvdsesushsvshtcetu ββαα   

Meanwhile, since ( ) ( )( )4,3,2,1=≤ itthi θ  on ),0( ∞ , we get 

 ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) .~~~,~~~
0101 ∫∫ −− ++≤++≤
t sttt stt dsessusvetctvdsessusvetctu ββαα θθ   

Thus ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )∫ −− ++++≤+
t ststtt dseessvsuetcetctvtu
021

~~~~ βαβα θ  

    ( ) ( )( ) ( ) ( ) ( )( ) ( ) .0,~~2
021 ≥∀+++≤ ∫ − tdsesvsusetctc
t stt ββ θ  

Namely  ( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )( ) .0,~~2~~
021 ≥∀+++≤+ ∫ −− tdsesvsustctcetvtu
t st ββ θ  

It follows from Lemma 2 that 

   ( ) ( )( ) ( ) ( ) ,0,~~ 0 2 ≥∀≤+ ∫− tetCetvtu
t dsst θβ       (3) 

where ( ) ( ) ( )tctctC 21 += . Setting ( ) ( ) ( ) ( )ttttt θρµθρ 2,2 21 =+= , it follows from (2) and (3) that we 
obtain the conclusion of the Theorem 1. This completes the proof. 

Example 1 Consider the following initial-value problem 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( )









==
+∞∈∀++++≤′

+∞∈∀++++≤′
−−−

−

.2ln0,10
),,0[,3112ln2

),,0[,1214
1212

2

vu
ttvtetuttv

ttutetvttu
tt

tt

      (4) 

where ( ) ( ) ( ) ( ) ( ) tthtthtthth t 1
43

12
21 31,1,1,2 −−− +=+=+== . Set ( ) .2+= ttθ Then we know that 

( ) ( )( )4,3,2,10 =≤≤ itthi θ for ),0[ ∞∈∀t . Hence, by a direct calculation and using Theorem 1, it can 
be easily shown that the solutions ( ) ( )( )tvtu , of system (4) have a pair of priori upper control 

functions respectively in the following form: ( ) ( ) ,22
23

3
4 232 tttt etttu ++++≤  

( ) ( ) ),0[,22 232 3
3
4

+∞∈∀++≤ + tetttv ttt . 
If h3 (t) ≡ 0 ≡ h4 (t) on [0, ∞) in Theorem 1, then we have the following corollary: 
Corollary 1 Let ( ) ( )tvtu , , ( )( )4,3,2,1=ithi  and ( )( )2,1=jtc j  be same as Theorem 1. If the 

following inequalities ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∫∫ −+≤+≤
t st s dsesushtctvdsesvshtctu
0 220 11 , µµ hold on ),0[ ∞ , 

where 0≥µ  is a constant. Then there exist continuous functions ( ) 0>tC and ( ) ( )2,10 =≥ ktkρ  

on ),0[ ∞ such that ( ) ( ) ( ) ( ) ( ) ( )∫≤∫≤
tt

dssdss
etCtvetCtu 0 20 1 ,

ρρ
. 

The following theorem shows some structure of solutions in the case when ( ) ( )2,10 =≥≡ ictc ii  
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on ),0[ ∞ in Theorem 1. 
Theorem 2 Let ( ) ( )tvtu , , ( )( )4,3,2,1=ithi and ( )tθ be same as Theorem 1. If the following 

inequalities 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∫∫∫ −+≤++≤

t stt s dsesushctvdssushdsesvshctu
0 220 30 11 , µµ ( ) ( )∫+

t
dssvsh

0 4 hold, 

where µ,, 21 cc are nonnegative constants. Then there exist a constant 0>M and continuous functions 

( ) ( )2,10 =≥ ktkρ  on ),0[ ∞ such that ( ) ( ) ( ) ( )∫≤∫≤
tt

dssdss
MetvMetu 0 20 1 ,

ρρ
. 

Proof If we make the transform (2) and use Lemma 1, then the following proof is the same as 
Theorem 1, we omit the proof. This completes the proof. 

Remark 1. If we set ( ) 0>≡ Mtθ  on ),0[ ∞ in Theorem 2, it is easy to see that our result 
extends the conclusion of Xuerong Mao in 1989 [6]. 

If ( ) ( )2,10 =≥≡ ictc ii on ),0[ ∞ in Corollary 1 or ( ) ( ) 043 ≡≡ thth on ),0[ ∞ in Theorem 2, then 
we have the following corollary: 

Corollary 2. Let ( ) ( )tvtu , , ( )( )4,3,2,1=ithi  and ( )tθ be same as Theorem 1. If 

( ) ( ) ( ) ( ) ( ) ( )∫∫ −+≤+≤
t st s dsesushctvdsesvshctu
0 220 11 , µµ  

hold on ),0[ ∞ , where µ,, 21 cc are nonnegative constant. Then there exist a constant 0>M and 
nonnegative continuous functions ( ) ( )2,10 =≥ ktkρ  on ),0[ ∞ , such that 

( ) ( ) ( ) ( )∫≤∫≤
tt

dssdss
MetvMetu 0 20 1 ,

ρρ
. 

Example 2. Consider the following initial-value problem 

( ) ( ) ( )
( ) ( ) ( )
( ) ( )









==
+∞∈∀−+≤′

+∞∈∀+≤′
−−

−

.10,30
),,0[,211

),,0[,13
4

42

vu
tetutv

tetvtu
tt

tt

   (5) 

It is easy to see that ( ) 2131 2
1 ≤+=≤ − tth  and ( ) 22111 2 ≤−+=≤ −tth  for ( )+∞∈∀ ,0t . 

Let ( ) 2=tθ , ),0[ +∞∈∀t . By a direct calculation and using Corollary 2, we can easily show that 
the solutions ( ) ( )( )tvtu , of system (5) have a pair of priori upper control functions respectively in the 

following form:  ( ) ( ) ttt etvetu 424 4,4
2

≤≤ + , ),0[ +∞∈∀t . 
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