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Abstract: The purpose of this paper is to establish some results for the class of system of integral
inequalities by means of variable transformation method and Gronwall-Bellman's inequality. These
results presented in this paper generalize and improve some recent results. Meanwhile, two
examples indicate the effectiveness of the main results.

1. Introduction

It is well known that the differential and integral inequalities plays an important role in the study
of quantitative properties and stability of solutions of differential and integral equations (see, e.g., [2,
3, 5, 6] and references therein). The celebrated Gronwall’s inequality which was established in 1919
by Gronwall ™ occurs very frequently in the theory of differential equations in various context.
According to the different motivations, various inequalities and their generalized forms of
Gronwall’s inequality have been obtained and applied extensively in diversity areas including
global existence, uniqueness, stability, boundary value problem, and other properties (see, e.g., [1-7]
and references therein). In particular, Bellman [1] gave the Gronwall-Bellman’s inequality as
following:

Lemma 1™ (Gronwall-Bellman’s inequality) suppose ¢(t) and b(t)are nonnegative continuous

functions on J =[a, B]. Assume that ¢(t)<a+ _r b(s)p(s)ds, vt e J, wherea>0is a constant. Then

Ht)<aek"* wie .
In 1963, Bellman and Cook [2] generalized the above inequality as following:
Lemma 2% (Generalized Gronwall-Bellman’s inequality) suppose ¢(t) and b(t)are nonnegative

continuous functions on J =[0,T)(T <+ow0). Assume thatc(t)>0is a monotone nondecreasing
functiononJ . If ¢(t)< c(t)+_[t b(s)¢(s)ds, vt € J holds, then ¢(t) < c(t)e** vt e J.

The purpose of this paper is to prove a class of integral inequality system by the generalized

Gronwall-Bellman’s inequality and variable transformation method. Meanwhile, we shall give
two examples as an application. These results presented in this paper generalize and improve some
recent results of Xuerong Mao in 1989 [,

2. The Main results

One main results are given in the following the theorems:
Theorem 1. Supposeul(t), v(t)and h, (t)i =1,2,3,4)are nonnegative continuous functions on[0, ),

and letc,(t)(j =12)be positive and monotone continuous function on[0,). Assume that there
exists a nonnegative continuous functiond(t)such thath,(t)<(t)i=12,3,4) for anyt>0. If the
following inequalities (1)
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t)+j$h1(s s)e“sds+J' s)ds,v(t)<c,(t)+ I Ju(s)e ”Sds+j
hold on [0,0), where x>0 is a constant. Then there exist continuous functions C(t)>0and

p(t)=0(k =1,2) on[0,0)such thatu(t) < C(t)ejo“(s)ds,v(t) < C(t)efopz(s)ds
Proof First of all, let us make the transformation

u(t) =0t v(t)=V(te " te0,0), (@
where «, g satisfy a+u=f,a>0. Thus we substitute (2) into (1) , and in view of a+u=p,
we obtain

Tt <c,(t)+ [} (n(s)(s)+ hy(s)a(s)le“ds, T (1 < c,(t)+ [ (ha(S)T(5)+ h, ()7 (5)e s,

Meanwhile, since h (t)g H(t)(i

<Ct)em+f )6(s)e“)ds, V (t) t)e/"+j )(s)e? s

Thus G(t)+V(t)<c,(t)e” +c,(t)e” + I; (@(s)+7(s))o(s e+ )ds
<(c (t)+c,(t)e” + I; 26(s )@ (s)+ v (s))eﬁ(‘*s)ds vt 0.

Namely (T(t)+V(t)e™ <(c,(t)+c _[249 G(s)+V(s)e™ds, vt >0.
It follows from Lemma 2 that

=1234) ., (0,:) we get

(@(t)+ () <C(t)e* vt >0, 3)

where C(t)=c,(t)+c,(t). Setting p, (t) = 26(t)+ 4, p,(t) = 26(t), it follows from (2) and (3) that we
obtain the conclusion of the Theorem 1. This completes the proof.
Example 1 Consider the following initial-value problem

u'(t)<4t+1+2"v(t)e® + (Jf +1)J(t), vt €[0,400),

V(t)< 2 In2+ L+t u(tle * + L+ 3 t(t), vt € [0,+00), @)
u(0)=1,v(0)=1In2.

whereh,(t)=2"h,(t)= (L+1? )", hy(t) =Vt +1 0, (t)=1+37t. Set 6(t)=~t +2.Then we know that
0<h(t)<6(t)i=1234)for vt €[0,0) . Hence, by a direct calculation and using Theorem 1, it can
be easily shown that the solutions(u(t),v(t))of system (4) have a pair of priori upper control
functions  respectively  in  the  following  form: u(t)< (2t +t+20 )edﬁm“2

v(t)< (2t? +t+2' e A2t ¢ [0,400).
If hs (t)=0=hy4 (t) on [O, o) in Theorem 1, then we have the following corollary:
Corollary 1 Letu(t)v(t), h(t)i=1234) and c,(t)j=12) be same as Theorem 1. If the

following inequalities u(t)< cl(t)+j; h, (s )v(s)e**ds, v(t) < cz(t)+j; h,(s)u(s)e™ds hold on [0,c0) ,
where x>0 is a constant. Then there exist continuous functions C(t)>0and p,(t)>0(k =1,2)

on[0, o) such thatu(t) < C(t)efo"l(s)"s’V(t)S C(t)ejopz(s)ds
The following theorem shows some structure of solutions in the case when c,(t)=c, >0(i =12)
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on [0,%)in Theorem 1.
Theorem 2 Let u(t)v(t), h(tNi=1234)and O(t)be same as Theorem 1. If the following
inequanﬁes
t)<c +.[ h,(s)v(s )e“sds+j s)ds, v(t) < CZ+J. s)u(s)e*ds I (s)v(s)ds hold,

Where c,,C,, uare nonnegative constants. Then there exist a constant M > 0 and continuous functions

p.(t)>0(k =1,2) on[0,)such thatu(t) < MeLpl(s)ds,v(t)s Meb” ™

Proof If we make the transform (2) and use Lemma 1, then the following proof is the same as
Theorem 1, we omit the proof. This completes the proof.

Remark 1. If we sete(t)s M >0 on [0,)in Theorem 2, it is easy to see that our result
extends the conclusion of Xuerong Mao in 1989 [6].

If ¢(t)=c, >0(i=12)on [0,0)in Corollary 1 or hy(t)=h,(t)=00n[0,c)in Theorem 2, then
we have the following corollary:

Corollary 2. Letu(t),v(t), h,(t\i =1,2,3,4) andé(t)be same as Theorem 1. If

t)<c +J' (s)v(s)e*ds,v(t)<c, +I e “°ds

hold on[0,«), wherec,,c,, zare nonnegative constant. Then there exist a constantM >0 and
nonnegative  continuous  functions  p,(t)>0(k=12) on [0,0) , such that

ut)< MeEpl(S)ds,v(t)s Mej‘IPZ(S)ds
Example 2. Consider the following initial-value problem
s +1
(1+ﬁ)1(t)e 4 Vte[040), (5
(0) v(0)=1

It is easy to see that1<h(t)=32+1<2 and 1<hy(t)=1+v1-2"<2 for Vte(0,+x).
Lete(t): 2, Vte[0,+0). By a direct calculation and using Corollary 2, we can easily show that
the solutions (u(t ), v(t)) of system (5) have a pair of priori upper control functions respectively in the

following form:  u(t)<4e*? v(t)<4e®, vt e[0,4w).

)< (32 +1)(t)e™, vt €[0,+e0),
3
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