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Abstract

The paper opens up a new aging class and a new stochastic orders
which is depend on risk class, that plays vital role in the reliability the-
ory, finance topics, stochastic orders, and the economic theory. The article
presents some new interesting implications and characterizations concern-
ing this class. In addition, we list a series of inequalities that provide
bounds for strong risk and some aging classes. Furthermore, a sufficient
condition for a probability distribution to have a new class is provided.
In addition, The paper demonstrates the preservation properties of a new
stochastic order under some reliability operations such as mixture, and
convolution. Moreover, some new reliability concepts based on discrete
lifetime random variable are studied.
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1 Introduction and Motivations

Consider a probability density function f(¢) for a lifetime random variable X
with distribution function F (t) and survival function F (t) = 1 — F (), t €
R*. In addition, we assume that the mean life py = [~ F (u)du and the
variance 0% are finite. Likewise, let Y be the second lifetime random variable
with the density function g (¢), distribution function G (¢) and survival function
G(t) =1—G(t); t € RT. Furthermore, the mean life py = [~ G (u) du and
variance 0% are both assumed to be finite. Let Iy = inf {t € R* : F'(¢) > 0},
ux =sup{t e RT : F(t) <1}, Qx = (Ix,ux), ly = inf{t e RT : G (¢) > 0},
uy =sup{t € RT : G(t) <1} and Qy = (ly,uy). Let X has reversed hazard
rate function 7r(t) = f(¢)/F(t), t > lx and Y has reversed hazard rate function
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7a(t) = g(t)/G(¢), t > ly. Then, the mean inactivity lifetime functions, and
variance inactivity lifetime functions respectively are defined by

1t )
0 ift <lx

)

1 gt ,
ma(t)={ GO Jo G (v) du, .1ft > ly
0, ift <ly

ag
Fe ift<ly

b

2 [E (Y F(u)duds .
9 (t) = { Jo fOF(f)L ey _ m%(t), ift >1x

and

2 [y J§ G(u)dud .
0% ()= ‘h%m—i—mamlu>w
" ift <ly

3

The following definitions are essential for this study.
Definition 1.1. The distribution function F (.) of the random variable X
is said to have the following characteristics:

(7) A decreasing reversed hazard rate (DRHR), if 7r(t) is a decreasing func-
tion in ¢, or if F (t), is logarithmically concave in t € RT.

t
(74) An increasing strong mean past lifetime class if / xF (z)dx/F (t) is non-
0
decreasing for all t > lx .

The following stochastic orders are defined in Nanda et al. (2003); Shaked
and Shanthikumar (2007); Mahdy (2012); Kayid and Izadkhah (2014):

Definition 1.2. Let X; and X3 be two non-negative and absolutely contin-
uous random variables, with the distribution functions F; (.) and F; (.), density
functions f; (.) and fs(.), reversed hazard rate functions 7, (.) and 7'p, (.),
mean past lifetime functions mp, (.) and mp,(.), and the variance past lifetime
functions a%l(m) (.) and 0%2(@ (.), respectively. Hence, X; is smaller than or
equal X5 in the following cases:

(1) A reversed residual lifetime ordering (X1 <ppr Xo), if 7p, (x2) <7r, (z2),
for all XTo > 0 or {Fl (IEl) /F1 (xg)} Z {FQ (Il) /F2 (1‘2)}, for all T S I2.

(ii) A mean past lifetime order (X7 <prp Xo ), if mp, (22) > mp, (z2), for all
zo > 0.

(iii) A variance past lifetime order (X; <yp X5 ) if 0%1(1) (x2) > 0'%‘2(7” (z2),
for all z5 > 0.
T2

(iv) A strong mean past lifetime order (X; <gprp X2), if/ xFy (x)dz/Fy (z2) >
0

T2
/ xFy (z) dx/Fs (22), for all z5 € RT.
0
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(v) A likelihood ratio order ( X; <pp Xs), if f1 (u) fa (v) > f1 (v) f2 (u), for
all u <w.

Recently, Mahdy (2012) shown that, if X; <yp X2, we can be get that
X1 (p) <vp X2 (p) for any concave transformation ¢. In addition, X; (¢) <y p
X3 (p) = X1 <yp X» for any strictly increasing function (¢).

In insurance, if we represent the distribution by the appropriate random
variable X, and let 6 present the risk measure functional, then

f: X —R.

Let an insurance contract in a specified period (0,a) and let © be the state
space. If none of the risks specified in the policy contract happen during the
policy term, then the policy holder has no monetary compensation for the paid
premiums. Then the loss that the difference between amount of compensa-
tion (that denoted by C) and total losses resulting from achieve state a oc-
curs (that denoted by ¢ (X(4)) = X? is convex function) is [C — ¢ (X(a)) |
X(a) < C], where X is premiums state a. Suppose we associate a "risk" as
Var[C — ¢ (X)) | X(a) < C], that is convex. We called it a strong risk func-
tion, SR, it is natural to demand that a risk function has this non-decreasing.
Then the variance of random variable [C — ¢ (X(4)) | X(a) < C] base on convex
function, ¢ (X (a)) , can use both in studying the effects of investor and ana-
lyst beliefs on securities trading. Also, we can use SR in measure of dispersion
of returns of investment portfolio. In addition, SR measures the variability
of a security’s returns relative to market index or a particular benchmark. If
Var[C — ¢ (X(a)) | X(a) < CJ is greater than that of the benchmark, then the
financial instrument is thought to be more perilous than the benchmark price.
Low Var[C — ¢ (X(a)) | X(a) < C] may mean lower risk.

As a result, the objective study is to achieve two aims. The first aim is con-
sider a new nonparametric class of distributions, depended on SR with introduce
some characterizations, and some preservation. The second aim is suggest a new
technique that improves the comparison between two distributions with some
characterizations, preservation results, and applications for strong risk order.
Section 2 provides some properties and application of new class. Furthermore,
the behavior of SR is presented. In addition, we listed a series of inequalities
that provide bound for SM P and SR functions. Also, a sufficient conditions
for a probability distribution to have a new class are studied. In Section 4,
the relationships between the strong risk order and others stochastic orders will
be discussed. Furthermore, useful properties and characterization of the strong
risk order is studied. In addition, we establish closure properties of strong risk
order under relevant reliability operations such as convolution, mixture and
transformation. Finally, Section 5 discusses the useful applications in statistical
reliability theory involving the strong risk order and the increasing strong risk
class.

174



ATLANTIS
‘ PI': ESS Journal of Statistical Theory and Applications, Vol. 17, No. 1 (March 2018) 172-192

2 Characterizations of SR Class

Let a random variable X have the density function f(.), distribution func-
tion F (.), and reversed hazard rate 7p (.). Setting u(y) = [/ F (z)dz and
E[U?| k| = [;° u*dF [u | k] dr, and by using integration by parts one has SR
function we obtain:

2 4/K:U(/<:—x2) F(2) dz

Or (k) =(k(1—k))"+ 0 F ) — S%(k). (2.1)

K

where Sp(k) = / x F(x)dz/F (), it is called strong mean past lifetime

(SMP). Then, after some algebraic calculations, we obtain

[n/o /zF(u)dudx—/ZzBF(x)dx]

E{(H—X2)2|X§K} O (k) + S2(k)

4
= (r(1-r)"+

F (k)

If we let 7%, (x) = 4/ y* F (y)dy/F (z), then (2.1) is equivalent to
0

Op (k) = (k (1 — k) + Sp(k) (26 — Sp(k)) — 7% (k). (2.2)
In other words, (2.2) is equivalent to
0p (k) = &*(1—2k)+Sp(k) (26— Sp(k)+E (XX <k)/F(r),
= (k(1—r))*+25 (0% (k) + mF(k)) — 47 (k) — SE(K).

In such cases we express F € L.
Definition 2.1. The non-negative random variable X is said to be smaller
than or equal to Y in strong risk order (X <g(,) Y) if

/Rx(n—xQ)F(x)d:c

0

/H:c(/i—xQ) G (x)dz

0

, is increasing in &, for all kK € RT. (2.3)

Suppose we refer to strong risk with the symbol S, an increasing function
with abbreviate I and for decreasing function with symbol D, we can define the
following two classes of lifetime:

(i) Sp=(FeLl:0p(k),forall k,isaD),
(i) Si=(FeL:0p(k), forall k,isal).
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Clearly Sp and Sy form a pair of dual classes base on the distinguishing
Or (k). In current section, we introduce and explain the properties and appli-
cations of the Sp and Sy classes. The sufficient conditions for F' (.) to have the
Sp and Sy are provided by next theorem.

Theorem 2.1: Let T denote the lifetime of an equipment with Sg(k),
73 (k), 7F (k) and Sp (k) = 0Sp(k)/Ok. If

Sp(r) (1= Sp(x)) + £S3(x) > (<) _71 (26 (1 — 3%) + 7 (1) 7 (), £ > 0,
T (K) 05 (k) < (2) 26 (1 — 26)+2 (1 — &) Sp(8)+7F (k) [s%m) b R2(1— m)ﬂ .

Then T € Sy (SD)
Proof. The first differentiation of Sr(x) can be rewritten as

Sp0) = gl /F () = - LS,

= 1- FF (Iﬁ:) SF(K).

By differentiating (2.2) with respect to k, we can obtain the following equation:

(2.4)

0p (k) JOk =2k (1 — 3K) + 2 [Sr(k) (1 — Sp (k) + KSp (k)] +7F (k) Th ((/;)5,)
by using (2.2), and (2.4) in (2.5), we can decide that: '

00p (k) /0K =2k (1 —2k)+2 (1 — k) Sp(K)+7TF (k) [SIQ;(K:) +r2(1—r)?—0p (/-i)] .
(2.6)
In this way we obtain the complete proof.

As mentioned earlier, the SR classes is important in reliability theory. The
next example illustrated the application of theorem 2.1 in reliability theory
whereas Theorem 1 in recognizing Sy class.

Example 2.1: Suppose Y be an Weibull random variable with the density
function g (y) = B6°yP~L exp (— (Gy)ﬁ) , fory > 0, and 8,6 > 0. One can easily
prove that:

P (y) = (80°y" " exp (= 09)°)) / [1 = exp (— (00)")] .

1 exp (— (9y)6> ot

Saly) = 2/2 @ (2) (0y)* P 1 (0y)* 7
¢ (W) e~ @) W2+ |5 > =@ + (0y)
and

] op(~(09)")
6 (y) = y' +4 ’ :
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where @ (j) = (((/8) = 1) ((/8) = 2) . ((7/B) — k). By using (2.4) it can
easily check that
Sa(y) (Sa(y) —1) —ySa(y) <y (1 =3y) + (Fe (V) & () /2-

It follows from Theorem (2.1) that Y € Sy. Also, according to Y € DRHR we
obtain Y € Sj.
Introduce the notation

G (k) = / @(Pl)dl(< o0), forr=1,2,..

where G = G, and @, = E(Y"). When normalized, these are the survival
functions corresponding to the distribution function G, of Smith (1959, pp.
6), furthermore, by using Hall and Wellner (1981, pp. 173) we can prove that
o, = r!é(r) (0), for r = 1,2, ... with é(r) finite if and only if ®,. is finite. Hence
dc"” jaw = -G,

The following a list series of inequalities, those provide bounds for SM P and
SR functions.

Since

k—Sa(rk)=E[Y?|Y <k],

we have

{k = S6(R)}G (k) = E[Y?(y<p)] = @2 = E[Y? I iy>n) -

It is clear that
E[Y?Iy<y] < G (k)
and
E[Y?Iycy] < @2,

and by using Jensen’s inequality, we get
E[Y?Y <&] < (k—ma(x))”.
Further, Holder’s inequality implies that

Yora )% | for w > 1,

B[V diyw] < [B(r?)
Similarly, E [Y2.I(y>y)] < £?G (k) is also true for all w > 1. In this way we
obtain

1

E[Y2Iysn] < [E@?)]Y @] for w> 1.

IA

It means .

W= (B ()" (@) 7
Furthermore, we can prove that
0 ()= E[Y']Y <k] - (E[Y?Y <&])”.

We use below inequalities to obtain bound for S¢(k) and 0¢ (k) .
Proposition 2.1. If G is non-degenerate with ®, = F (Y") < oo, then,
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w 11/w
(¢) Sg(k) > Kk — [g(:)} , for all k and any w > 1;

(d) Sg(k) > Kk — <<I>2 - (I)%)w E(/{)}(l_i)> /G(n)}, for Y < k and any

Proof. Since E [Y2. Iy <,)] = ®2—FE [Y2.I(y>y)| , it implies that G (k) (k — Sa(k)) <
®,. Then, we finished the proof (a). If

b (k) = /(Kucg(’:)](u)du—[H—E[Y2|Y§/<a]]27

- E[Y4|Y§n]—(E[Y2|Y§HD2v

it follows that 6 (k) < E[Y?|Y < k], which leads to complete proof of (b).
Furthermore, we have G (k) {r — Sc(k)} = E [Y?.Iy <] , but

1

w\11/w -4
B Y2y o) < [B 2] [6 (s)075).
Therefore,
w 1/w -1

G (k) (& — Sg (k) < [@*] "7 G (k) [G ()] ¥,
which leads to complete proof of (¢). Now, we can provide that

2 2w\ 1/w (1-3)

E[Y?Iysn] <EY*) " [G (k)] , for w>1, (2.7)
In addition, (2.7) implies that
{k=5c(K)}G (k) = E[Y?Iy<n)] =P — E[Y*Liysp]-

In this way we obtain

&, — E (Y2w)1/w E(n)](k%)

1—

= @ -alr (@),

G (k) (& = Sa(k))

IN

which leads to complete proof of (d).1l
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3 Preservation Properties of SR Class

We started by investigating the preservation properties of SR class closed under
some reliability operations such as mixture.

For a family of distributions {M (0 |X),x > 0} of random samples X and mixing
distribution (prior distribution) D (0), it is necessary to evaluate the mixture
distribution (W (.)). It obtained as follows

W(H):/OwM(eﬁ)dD(e), k>0,

In order to verify the validity of SR class will be closed under mixture, we
carried out the following theory.
Theorem 3.1. Suppose that M (0 |X) € Sy for any § € RT. Then ¥ (k) € Sj.
Proof. Without loss of generality, suppose that M (6|X) = FExzp(0) and
D () = Exp (1), that is, M (0 |s) = My (k) = 1 —e % k > 0, and D (0) =
1—e? 6> 0, after some algebraic calculations, we have

(K2/2) — [(k/0) exp (—0k) + (1/67) (exp (—0k) — 1)]

— +
SMS(H)— l—eXp(—OH) ,KER

and

/0 z® My (z) dz  (k*0"/4) + exp (—0k) (k%6° (6 + 3) + 66K + 6) — 6

Mg (k) (1 —exp (—0k)) 6* ’

where Sy, (k) is SMP of My. Suppose

47207 (0 + 3) + 240z + 24
94

s (z) = exp (—0x) << ) +4 (2%/0) + 4x9_2) ,

then we have

4/033 (k —22) My (z)da R0 (2 k) — 4R0% — 0% (k) + 24
I =Ty

Hence, 6y, (k) is increasing in r, which leads to My € Sy for all § € RT.
Now, we checked for the presence of ¥ € Sy. Firstly, ¥ () can be computed
by the following equation:
\y(ﬁ):/ My (k)dG(0) =1—(1+5)"L, for eR*.
0

Therefore, the density function of ¥ ( denoted as 1) is:

v(k)=(1+k)?, keRT,
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and the reversed hazard rate (denoted as 7y (k)) is

1

Fo(k)=04r)/|[1-1+r)"", cel0,0).

It is evident that ry (k) is strictly decreasing in k > 0, this mean that ry (k) €
DRHR. It follows from (2.6) that ¥ € Sj.

In order to verify the validity of the Sy is closed under mixing of non-crossing
distributions, we provide the following result.

Theorem 3.2. Suppose {M (0|X),z > 0} be a family of life distribution
achieving the following requirements:

(i) My (.) € Sy for each 0 € R™.
(i) 0, # 6s.

(iii) The family {Mpy (k)} is non-crossing function for 6; and 6s.
Then ¢ (k) of {M (6|X),x > 0} is belong to the class Sy.

Proof. Equation (2.5) demonstrate that
1.
Sy(r) (1 =Sy (k) +kSg (k) > —k (1 —3k) — ST (k) 75, (),

This true when My (k) € Sy, for all x € RT. This inequality can be written as
3
. 1-3k) 1 1 1
< 3 ( g 2z _
(/0 uW(u)du) < (m)( R e IO R (ﬂ)> TN CEY
where Sy (k) = foﬁ z¥ (z)dz /¥ (k), Ty (k) = OV (k) /OkY (k) and 73, (k) =
1wy ).

0
According to (3.1), the property of the non-crossing function and Fubini’s the-
orem we have

</0”u\p<u>du>3_ (/Om [/:uFa(u)dG(aﬂ du)3 2[) [/Oﬁupa(@rd(;(a)du,

From now on we assume that M (0 |X) = Fxzp(0) and D () = Exzp(1), and
k = 1. We started by investigating that ¥ € Sy. Firstly, we can derive that

3

(/Olu\lf(u)du> - (/Olu(l—(1+u)_1)du)3

_ (1n2 ;)3 < W (1) <,:W(21) +gm

Hence, the mixture ¥ satisfies (3.1), and then ¥ € Sy.

S
—~
=
+
—_
N———
+
—_
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Theorem 3.3. The class of lifetime distribution Sy is not closed under
convolution.
Proof. We start with two functions U (k) and V (k), where

_J K ifre(0,1), [ 1—e ifRk>0,
Uln) = { 0, ifrx¢(0,1), and V(z) = { 0, otherwise.

Clearly, U € unif (0,1), while V' € Exp(1). Now, consider the following mix-
ture of two distributions U and V :

Ey (x) = 0U (x) + 0V (z), where § € (0,1) and =1 — 6. (3.2)

A random variable T is the lifetime of some devices with the distribution
function Fy. We started by investigating Ey € Sy or Ey € Sp. Hence, by using
(2.5) we have

00, (k) /Ok = 2k (1 — 3Kk)+2 [SE(, (k) (1 — SEG (f-@)) + IQSEQ (/ﬁ)]—l—?Ee (k) 7T3E9 (),

where Sg, (k) = [ 2Eq (z) dz/Eg (k), Tg, (k) = 0Eg (k) /0kEg (k) and 7, (k) =
4/ 3 By ( )dy/Ey (k). Then, we derive
0

0%3 +§(%2+ne’“+e*"‘—l)

~ 0+ 0 (e ")
S = — d =
0 (%) Ok +0(1—e ") and 7z, (v) Ok +0(1—e ")
(3.3)
Furthermore
3 B 9% + ?( Y4 dR%e" +12k%e " + 24 (ke R e — 1))
T, (k) = .

Ok +0 (1 —e ")
Additionally, Eq. (2.4) and Eq. (3.3) satisfy the following relation

(0+6(e )( (%24-56_54—6_&—1))'

o) = TG 0 e ) (om0 (e )

Thus by setting (k = 1, and § = 1/2), we have 0, () is decreasing. Hence, we
can decide that Ey (k) ¢ St i.e. Ep (k) € Sp.

Let F} and Fy be two independent distributions function of 77 and T5.
Suppose F; and Fy are Sy and the distribution of 77 + 75 can be represented as

Froim, (k) = (F1 * Fy) (k) = /OK Fi(k —u)dFy (u), k€RT. (3.4)

Let us take T, To € Ep(z) and the G is convolution of Ey , ie. C (k) =
Ey x Eg (k). Equations (3.2) and (3.4) demonstrate that:

eo (1) =0+ fexp (—r),
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where ey (.) is the density function of Fy (.), and
C (k) = 0.50*k%* + 0 [ — f3],
where
a=20(exp(—k)+k—1), and B =Oexp (—k) (1 — k) + 0

Thus, SM P of C can present as follow:

%/5’92 - %/{292 +0.1256%0% + (260 — 60) £, + 66 (k% exp (—K) + 2¢,)

S = —
o(w) 0.56%x2 + 0 [ — 0]
Moreover,
_ 0+ 0exp (—k
rc (K‘) = 2 o *( ) )
0.50°K% + 6 [a — 3]
and

4 (p (k) + 77 (k) + 0.56% 5" 4 2065 — 200=" — @%4>

0.50%K2 + 0 [a — 3]
where Sc(r) = [ aC (¢) dx/C (x), e () = OC () OKC (r) , and % () =
4| P Cu)n/Cn). e = (rexp (=) —exp(=r) + 1), p(x) = (1= )%
24— 24Kke™" —16r%e~"—Kle " —24e") and 1 (k) = (29 1-0)—(1- 0)2) (6—

6re™" —4r2e "—6e~"). Then we can decide that 9¢ (k) /Ok is 1. Thus C € Sy.
Therefore, T7 and T ¢ Sy . But their convolution C' is belong to Sy. It mean
St is not closed under convolution, in general. Hence, the proof is complete.

e (k) =

4 Properties of SR Ordering Under Operations

In this section, we focus our attention on a new stochastic comparison defined in
terms of SR function. The next theorem provides that <g ;) order lies between
<rur and <g) .

Theorem 4.1. Let X; > 0 and X5 > 0 be two continuous random variables,

with the distribution functions F (.) and F» (.), and let o® (t) = / v’ Fy (v) dv
0

JFy (t) and B° (t) = /0 vt Fy (v) dv/Fy (t) . Then we have

1. X1 <gugr X2 = X1 <o) Xo,
2. X1 <smp X2 = X1 Sgy Xo,

3. X1 <o) X2 = X1 <yp Xo.
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Proof: (1) By definition of <gggrwe can obtain

/ a0 %)(l;l () B (13;2) gg) (w)dx >0, for all ¢ € R*,
0

which means that X; <g(;) Xo.
(2). Note that X7 <gpp X2 implies

o’ (t) i (1)

B (t) Fa (t)

is increasing in t.

which, by using the same type of argument as used in proving theorem 3.1 of
Nanda et al. (2003), gives

fg a® (u) Fy (u) du
Jo B° (u) Fy (u) du

is increasing in t € R™.

Hence, by (1.1), we have our result.l

As follows from the theorem shown above, the next example indicates that
X Sg(t) Y »X SRHR Y and X S@(t) Y » X SSMP Y. In addition, X SVP Y
- X <) Y-

Example 4.1 : Let X; and X5 be to non-negative random variables with
the distribution functions Fi, and F5, respectively, which are given by

L o<u<?2
— 2 U
Fl(“)_{1 u>2
and )
r 0<u<l1
Fy (u) = “26+2 l<u<?2
1 u > 2

Then, after some algebraic calculations, we deduce that

t 8 5-3¢
/ u(t—u?) Fy(u)du EBt—2t2t4(10 " 0<t=<l
0 _ — <
t ~{ ey 1152 @y
[ ult—u)Fawdu | P>,
0
and )
t Z 0<t<1
fo a® (u) Fy (u) du B & ==
R = S 1<t<2 (4.2)
Jo 87 (u) Fa (u) du 1 x>t

By (4.1) we can conclude that X; <4(;) X2 does not hold in this case. While in
parallel, Kayid and Izadkhah (2014, pp.595) showed in their counterexample 1
that X1 <gpp Xo. Also, (4.2) is increasing in ¢, and hence X1 <y p Xs.
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The next result provides useful characterization of the SR order.
Theorem 4.2. Suppose X; € Rt and X, € RT be two continuous random
variables with distribution functions F; and Fs, respectively, and let o' (z) =

x T

/ ut Fy (u)du /Fy (x) and B' (z) = / ut Fy (u) du/Fy (z), hence X7 <syp
0 0

X, if X <p(sy X2 holds, therefore

mr, (t) - mF’z(t) > {SFl (t) - SF2(t)} /t7

and
X1 <up Xo.

Proof. If X; <y;) X2 holds, we obtain

thy (t) [ o (u) Fy (u)du—tFy (t) [ B (u) o (u)du > Fi (t) F> (t) (o (t) — 8° (1)) .
e [

It evident that

/ (t—u) {Fy (u) F5 (t) — F5 (u) F1 (t)} du > /u3 {F1 (u) F5 (t) — Fy (u) Fy (t)} du/t,
0 0

and

£ (mp, (t) —mp, (1) + (Sp(t) — S, (1)

3 — z3 2\T)ax/ra
> Zz Fy (z)dx/F (t) [ Fy (z)dz/F> (1),

since X1 <gyp X2, Thus the following result is obtained:

t

/u3F1 (u) Fy (t) — uFy (u) Fy (t) du > 0,
0

consequently,
tmp, (t) —imp, (t) > SFI (t> - SF2 (t)?

which is equivalent to the required statement.l

In next result develop some preservation of SMP and SR orders and Sy
class.

Proposition 4.1. Let X; € RT be continuous random variable with distri-
bution function F; and SMP function Sg, (¢), hence Sg, (t) is increasing in ¢ if
X1 <smp X1+ X, for any continuous random variable X, € RT independent
of Xl.
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Proof: By apply Fubini’s theorem and using change of order double integra-
tion, it is obvious that

fo IS yFy (y —v)dF (v) dy
f F1 (t —v)dFs (v)
Jo Jo " (W +v) Py (y) dydF; (v)
fo Fi (t —v)dF5 (v)
fot Fy (t—v)Sx(t —v)dF; (v) + fg vFy (t —v)mx, (t — v)dFs (v)
[3 Fy (t —v) dFs (v)
fot vFy (t —v)mx, (t — v)dF; (v)
3 Py (t —v) dFy (v) '

This is true for Sp, () is increasing in ¢ € RT. Therefore, we shall write the
above expression as

SX1+X2 (t) =

)

)

IN

Sx, () +

SX1+X2 (t) > SXI (t)v

when a = fg uFy (t —u)mx, (t—u)dFs (u) /fg Fy (t —u)dFyu and a > Sx, 4+ x,(t)-
Hence, we have the required results.l

Theorem 4.3. Let X; € RT be continuous random variable with distribu-
tion function F; and SR function 0p, (t), then X; € Sy if X} <o) X1 + X for
any continuos random variable X5 , that is independent of X;.
Proof: Based on Fubini’s theorem and using change of order double integra-
tion, it is clear that

4t fg I3 Jy Fi (@ —v) dF; (v) dady

I 0+ S () = (01— + TR T TR OED (g
4 fot Jo 22F1 (z —v) dFs (v) dz
Jo i (t—v)dF; (U)
tfo Oy Y Fy (z) dedydFy (v)

—jo [323F (2 — v) dzdFy (v)
fo Fy (t —v)dF; (v)
This is true for O, () increasing in ¢ € RT. According to (4.3) we obtain

¢ Ox, (t—v)+ S% (t—w
Jo £t =) [ il } 452 (v)

—4 fot otw [(y + U)S - iyg} Fy (y) dydFy (v)
JER (8 —v) dFs (v)

(t(1 =)+ < Ox, (t)+5%, (1),

where

/ / 4v +120 2 + 12y v ]Fl( dydFs (v / / v Fy (y) dydFs (v) .
0o Jo 0

185



ATLANTIS
‘ PI': ESS Journal of Statistical Theory and Applications, Vol. 17, No. 1 (March 2018) 172-192

By apply proposition (4.1) we can prove that S% | x, (t) > 5%, (¢). This com-
pletes the proof. I

Theorem 4.4. Suppose X; € RT and X, € RT are two random variables
with distribution functions U; and Us respectively, and let 1 is strictly increasing
and convex upwards and v (0) = 0. If X; <g(4) Xo, then we have ¢ (X1) <g¢)
P (X2).
Proof: Let 1 is differentiable with derivative z/J\. If X1 <p(;) X2 then for any
t > 0, we have

0o (1) = “/o /:Ul(“)d“dx_/;ml(”)dv- . /ufh(v)dv 2

Uy (t) Uy (t)

0

r t T t
_ 3 t 2
4_t/0 /OUg(u)dudx /OU Ug(v)dv_ . /ng(u)du

Uz (t) Us (t)

Y

=0y, ().
0

BT A A

)) ))

P P
/ 23Uy (z) dx / 23Uy (7) dx
4

It lead to

0 _Jo
Uy (v (1)) Uz (v (1))
) e ’
a u Uy (u) du 3 u Us (u) du
Ur (v (1) | (T (1)

According Kayid and Izadkhah (2014, Theorem 5, pp. 596) we can prove

X1 smpXo = ¥ (X1) <smp ¥ (X2)

<
= S, (t) = S5, (t) = S5, (v () = S5, (v (1)

since ¢ > 0 and Sy, (t) and Sy, (t) are non-negative functions. According Mahdy
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(2012) we can decide that

L) Un (v
/ / u) dudv / / u) dudv

(t)) ))
/ / U1 dudv / / U2 dudv
(t)) (t)) .
In addition, X7 <g(;) X2 implies that,
t t
/ 23Uy (z) dx / 23U; (z) dx
0 <Jo
U, (t) - Uy (t)

where ¢t € RT. It is clear that

U ON (1)
/ 23U (z) dx / 23Uy (7) dx

0 <

Ui (v (1)

)

and

P 5
v2U; (v) v3Us (v) ’
Z U 1) - o (o <t>)1 =0

On the other hand, ¢ (X1) <g() ¥ (X2) iff, for all £ > 0 and 1 (0) = 0,

/Ov3Pr(1/)(X1)§v)dv /Ov3Pr(1/)(X2)§v)dv
T AR ST SRR

since

therefore,
/ x3U; (¢71 (a:)) dx / 23Uy (1&71 (a:)) dx
0 <Jo
U ') T (vt ()
If we let 0 = ¢! (x) = = = (0) = dx/df = ¢/ (#) then we obtain

P(t) Pp(¢)
/ & (0) 6! (0) U (0) do / 6 (0) 6/ (0) U (6) dO

0 0

Ui (v (1) = Uy (v (1))

187



ATLANTIS
‘ PI': ESS Journal of Statistical Theory and Applications, Vol. 17, No. 1 (March 2018) 172-192

and
P (t)

U (075 (0)  Us (07T (1))

<0

)

where 3 (s) = 1 (s)1/ (s) /s®. Its obvious that, if 1 (s) is non-negative and
decreasing, we can conclude that 1* (s) /s is decreasing in s, it is implies that
B (s) is decreasing in s . Therefore, the complete proof is given by apply lemma
7.1(b) of Barlow and Proschan (1981). 1

5 Reliability Applications of SR Ordering

In the following results, we explore the possibility of apply a new techniques in
statistical reliability theory. Let Uj,Us,...,U, denote the component lifetimes
of the system and assume that Uy.,,, Us.y, ..., Un., Tepresent the ordered lifetimes
of the components.

5.1 Order Statistics

Theorem 5.1. Let Uy, Us,...,U, and Vi, Vs, ..., V,, be independent and identi-
cally distributed (i.i.d) copies of U and V', with distribution functions H; and
Hy respectively. If Upn.n <g(t) Vi, then we have U; <g(;) Vi.

Proof. Let Uy, <g(t) Vi hold. Then we implies that

’ / / (B2 () I (£) — HI§ (u) B (¢)) dudze > / 28 {HD (2) HE () — HE (2) HIY (1))

Since,
n

S [y (0 B )] [ (B w] ,

i=1

k(u) =

is non-negative and decreasing in u > 0 for any ¢ > 0. Now, we can derive
Hy () Hy (u) — Hy (¢) Ha (w) = {HY (u) Hy (t) — Hy (u) Hy (8)} k (u),

and

t

t T 3
t/o /0 {H; (u)Hy (t) — Hy (u) Hy (¢)} dudx > {v {H; (v)Hs (t) — Hy (v) H; (¢)} dv for any ¢t > 0,

based on Lemma 7.1(b) of Barlow and Proschan (1981). It lead to U; <g) Vi,
for i € N
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5.2 Discrete SR order

Definition 5.1. Suppose X € RT and Y € RT be two random variables,
with distribution functions Fx and Fy, and discrete strong mean past lifetime
Sa x(x) and Sqy (z) respectively. Then, it is said that X is smaller than or
equal Y in discrete SR order (X <d—o(x) Y), if

S B Fx (j) S B Fy ()

Sa,x (@) + 2cFx (x) Z Say (@) + 2z Fy (x)

, for x € N,.

Given a sequence of absolutely continuous non-negative random variables
Zy,Z,...are i.i.d. random variables with common cumulative distribution func-
tion Fz, and a common density function fz,. Let My € NT and My € N
be two random variables which are independent of the Z;’s. Denote Zim,; =
min{Zy, Za, ..., Zy; } and Zy,m; = max{Zi, Za,..., 2w, }, j = 1,2. Below we
consider the SR order between two such extreme order statistics.

Theorem 5.2. Let M <4 g(.) My, then we have Zu, v, €o() 2o, -

Proof. The density function of Zy, .\, is given by

fZMj:M ZTLF” 1 le( ) (MJ =n),
and the distribution function of Zyy, ., which is given by
Hyg, v, ( ZF" =mn), forall z >0,

for all z > 0, and n € N. Thus, by Shaked & Shanthikumar (2007), we obtain

V(z,J) = /OZ /oy {HMJ':MJ (u) — y2HMj:M.'/ (y)} dudy

= Z o(z,n)1(n,j), for all z > 0 and j = 1,2,

n=1

where ¢(z,n) = [; [ {F"(u) —y*F"(y)} dudy and in addition, 7(n,j) =
Pr(M; =n). Let k(n,j) = > oo, 7(i,7), for each n € N and j = 1,2. We ob-
serve that My <pr My, implies M; <o(2) M by using Theorem 1.C.1 on page 43
of Shaked and Shanthikumar (2007), and Li and Zhang (2008). If M; <pr Mo,
and thus k(n,j) is TP, in (n,j) € N x {1,2}. But it is not hard to see that
o(z,n) isn’t TPy in (n,j) € N x {1,2}, Where det [¢(z,n)] is negative for any
strictly increasing convex function and zF"(z) — [ u S, (w)du < 23Fn"(2),
for z € R*™. Also, therefore, by the basic Composmon formula (Theorem 5.1 on
page 123 of Karlin (1968)) we can be seen that 9(z, j) is not TP in z > 0 and
j € {1,2}. That is, Zm, M, %\6(,2) VAV |
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5.3 Inactivity time of random at a random

Let U and V be two the lifetimes of system C; and system Cs, respectively.
Then the residual lifetime at random time V' can be represented as

Uy=U-V|IU>V.

It represents the residual life of system C; at a time when system Cs fails.
Dequan and Jinhua (2000) established a number of stochastic orders for Uy
under a lot of assumptions of U and V' . In addition, Misra et al. (2008) studied
adequate permissions for log-concavity and log-convexity of the residual life at
random time. Stochastic orders are conducted under particular permissions
on the concerned total life and random time and their preservation properties
are established by Li and Zuo (2004). Dewan and Khaledi (2014) presented
now stochastic orders between multivariate residual lifetime at random time
and studies some characterizations. Furthermore suppose G (.) be distribution
function of random variable V' and V;/s hold for V' as well. Moreover, let U and
V are independent. The random variable Uy =V — U |U <V is called the
inactivity time of U at a random time V . It has the distribution function

Gu, (@)= [ 1G10) = Grly—a))dGa )/ [ Ga ) dGa )2 0.

(5.1)
when U and V are U-independent. The following results shows that U, ) Ssmp
U does imply Ugyy <syp U, in addition, Uy <g;) U does imply Uy <g¢) U.

Theorem 5.3: Uy <syp U for any V that is d-independent of U iff
U(t) <gmp U for all t > 0.
Proof. When Uy <smp U for all t,u > 0, we obtain the following:

u

fou v[G1 (t) — Gy (t — v)] dvdG2 (y) - /0
G1 (t) -Gy (t — u) - G1 (u)

From this we deduce that

v Gy (v)dv

016 ()~ G ety I PR [ v 6@ dadGa
Jo T 1G1 () = Ga (t —w)] dGy (¢) - Jo© G (t)dGs (t) ’
[ 1Gy (t) — Ga (¢t —w)] S(u)dGa (y)
[ (G (t) = Gy (t —w)] dGa (t)
= S(u), for any u >0

by using (5.1), we can decide that Uy <sapp U. Further, let Uy <syp U
holds for all value of y and let y equal to constant then Ut <smp U for all
t>0.1

Proposition 5.1. Uy <g;) U for any V that is d-independent of U iff
U(t) <o(t) U for all t > 0.
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Proof. With same steps in theorem 8 , and by using (2.4) and (5.1) and we
can achieve its proof.

In the following example, we can illustrate Theorem 5.3 and Proposition 5.1.

Example 5.1 : Let U, and V denote the random variable have distribution
functions G1, and G5 respectively, which are given by

L foru € [0,b
Gl(u):{ll’ foruéb) and G (u) = 1 —exp (—Au), u € RT.

and thus GU(V) (u) = uA. It is clear that

Iy vGy,  (v) du / v G (W) dv L, )
UU) N 0Gl(u) :/0 VG (v) dv =

Hence, Uyy <smp U < Uy <sup U. In addition, by using (2.2), we get that
U(t) 7{;g(t) U, also, U(V) gg(t) U.

Gy, (
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