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Abstract. Aiming at the problem that the system reliability modeling constraints are too strict in the 
past studies. A general distribution which approximates an arbitrary distribution is utilized for the 
N-units warm standby system that has a single maintenance station. The lifetime and repair time of 
operating and standby units are assumed by the distribution to obtained for a series of reliability 
parameters, such as system steady-state availability, mean time between failures, ect. Finally, the 
correctness and applicability of this method are verified by an example analysis. 

Introduction 
In the design of ship equipment, standby is often a favored guarantee for system reliability [1-3]. In a cold 
standby system, it is assumed that the failure rate of standby unit is zero, so its reliability analysis is 
normally easier than that of warm standby system [4-6]. However, a standby unit of ship equipment may 
still fail under the humidity and salt mist of marine environment, the high temperature and vibration 
inside cabin, the shake of ship during high sea condition, and the influence of other environmental 
factors, even if it is in the cold standby state. Hence, it is more practical to assume that a standby unit of 
ship equipment has a certain failure rate. Additionally, cold standby system can be seen as a special case 
of warm standby system. After obtaining the reliability model for warm standby system, it is very 
convenient to construct a reliability model for cold standby system. On the other hand, most ship 
equipments are repairable. If any equipment in a standby system fails, ship crew or supporting 
personnel will repair the failed equipment in a timely manner to guarantee system availability, especially 
during a long voyage. Above all, the study on reliability model for warm standby repairable system is of 
great value to the extensive engineering application for ship equipment.  

In the study on the warm standby system reliability with PH distribution, Gruruajan et al. [7] 
explored two-component warm standby repairable system by assuming that the life of operating 
components and life of standby components were subject to PH distribution, there was only single 
equipment under repair, the life and service time of equipment under repair were subject to exponential 
distribution, and the repair time of repaired component was exponential distribution. Under these 
assumptions, the relevant reliability parameters of this system were obtained after analysis, e.g. 
reliability and availability. Pérez-Ocón et al. [8] studied the warm standby system containing n units and 
having 1 operating unit. There was 1 repair platform, and it was assumed that the life and repair time of 
the operating unit were subject to PH distribution, and the life of standby unit was subject to 
exponential distribution, so that reliability parameters including steady-state availability and system 
operation duration were obtained. Wen et al [9] took into account multiple vacations of repairmen in a 
system subject to the external impact of Poisson arrival process. Assuming that the life of operating 
components was subject to PH distribution, and the life of standby components featured exponential 
distribution, such indicators as probability of repairmen at work and failure rate were obtained. Barron 
et al. [10] studied the N-component warm standby system under the assumption that the life of 
components was subject to different PH distributions, the repair time of failed component was subject 
to geometrical distribution, and the repair cost of system was optimized on the basis of state.       

As revealed in the above condition, most studies on warm standby system reliability assume that 
some random variables inside system are subject to PH distribution. As ship equipment is under 
complicated environment, and repair conditions are varying, the distribution of random variables 
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including equipment life and repair time is diverse, which restricts the applicability of the above model. 
Hence, the study in this paper makes some improvements based on the existing studies. In a warm 
standby system with n units, 1 unit is operating and the other units are standby. Moreover, there is a 
repair platform, and the life of operating unit, life of standby units and repair time are subject to PH 
distribution, which further expands the applicability of the model. 

System Description and Assumptions 
Considering a repairable warm standby system consisting of n units, if 1 unit is available, the system is 
available. The system has 1 repair platform. The assumptions are as follows: 

(1) The life of operating unit is subject to PH distribution, which is represented by ( , )α T , and the 
order is m ;  

(2) The life of each standby unit is subject to PH distribution, which is represented by ( , )β S , and 
the order is s ; 

(3) The repair time of failed unit on the repair platform is subject to PH distribution, which is 
represented by ( , )Lγ , and the order is l ; 

(4) The repair platform follows the strategy of first come first service, and can restore the failed 
unit to its original state after repair; 

(5) The above random variables are independent from one another;  
(6) Except the operating unit, the other units are in three possible states, i.e. standby, repair or 

wait for repair. A repaired unit is in the standby state. If there is not any other unit available after a unit 
is repaired, the unit will be immediately put into operation; 

(7) The time needed to replace a failed unit with a standby unit is overlooked; 
(8) The changeover switch is reliable. 

Model Analysis and Construction  

Analysis on System States  
Based on the above system description and assumptions, the macrostate of system can be represented 
by the number of unavailable operating units. Let ( )K t  be the number of unavailable units in a system 
at the time t , there is ( ) 0,1,2K t n= L .  

Let 1 2 ( )( ) { ( ), ( ),..., ( ),..., ( )}k n K tJ t j t j t j t i t−=  be the phase at which each available unit in the system 
locates at the time t ; and let ( )I t be the phase at which the repair is happening. Hence, the change of 
system state represented by { ( ), ( ), ( )}K t J t I t  forms a multidimensional Markov chain. The space of 
system state can be divided into three macrostates, i.e. 1 2 3H H HΩ = U U . Macrostate 1H  means that 
all units in the system are available; macrostate 3H  implies that all units in the system are unavailable; 
macrostate 2H  is an intermediate state between 1H  and 3H . The three macrostates can be 
represented as follows:  

1 1{(0, ( ( ), ( ), ( )))}p nH j t j t j t= L L , in which ( )pj t  stands for the phase the operating unit locates 
at, so there is 1 ( )pj t m≤ ≤ ; and the phase of the other standby units is 1 ( )yj t s≤ ≤ , y p≠ .  

2 1 1{( , ( ( ), ( ), ( )), )}p n kH k j t j t j t i− −= L L , which means that the system has k  unavailable units, 
and the repair is at phase i ; each intact unit is at phase 1 1( ), ( ), ( )p n kj t j t j t− −L L . The phase of the 
operating unit ( )pj t  satisfies 1 ( )pj t m≤ ≤ , while the phase of the other standby units is 1 ( )yj t s≤ ≤ , 
y p≠ .  

3 {( , )}H n i= , which implies that n  units are unavailable, so the system is shut down; the repair is 

at phase i , 1 i l≤ ≤ .  
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Analysis on System State Transfer Matrix 
After analyzing the system states, the transfer between system states is analyzed. 

It is illustrated by the internal transfer of macrostates. 
(1) 1H  internal transfer: When 0k = , the system has no failed unit. The transfer involves the 

transfer of 1 operating unit and the transfer of 1n −  standby units. The transfer matrix can be 

represented by ⊕T S% , in which 
1n−

= ⊕ ⊕
64748

% LS S S S .  
(2) 2H  internal transfer: When the system has k  units unavailable (1 1k n≤ ≤ − ), either the phase 

of operating units or the phase of the repair changes at one time, and the phases should not change 
simultaneously, so their transfer is represented by ⊕T L . In the meantime, the phase of the other 
standby units 1n k− −  may change. Thus, the transfer matrix of the whole system can be represented 

by ( )k⊕ ⊕T L S% , in which 
1

( )
n k

k
− −

= ⊕ ⊕
64748

% LS S S S .  
(3) 3H  internal transfer: At this time, the number of unavailable units in the system is n , so the 

system is shut down. At this time, there is only the transfer between the phases of the repair, which can 
be represented by L . 

Similarly, a matrix can be obtained for the transfer of macrostate k  to 1k +  and 1k − . 
According to the above analysis, the state transfer matrix Q  of the system is as follows:    

0,0 0,1

(1) (1)
1,0 1 0

(2) (2) (2)
2 1 0

( 1) ( 1)
2 1 1,

, 1 ,

n n
n n

n n n n

− −
−

−

 
 
 
 
 
 =
 
 
 
 
 
 

B B

B A A

A A A
Q

A A B

B B

O O O

 

Each sub-matrix in Q is as follows:  

0,0 = ⊕B T S% , in which, 
1n−

= ⊕ ⊕
64748

% LS S S S ； 0 0
0,1 (2) = ⊗ ⊗ ⊗ B T α S S γ% , in 

which,
2

(2)
n−

= ⊕ ⊕
64748

% LS S S S； 0
1,0 (1)= ⊗ ⊗B I L β , in which ( )kI  is the unit matrix with the number of 

dimensions 1n km s − −× ； ( ) 0
2 ( )k k= ⊗ ⊗A I L β γ , in which, 2 1k n≤ ≤ − ； ( )

1 ( )k k= ⊕ ⊕A T S L% , in 

which, 1,2, 1k n= −L ； ( ) 0 0
0 ( 1)k k = ⊗ ⊗ + ⊗ A T α S S I% , in which, 1, 2, 2k n= −L ； 0

1,n n− = ⊗B T I；
0

, 1n n− = ⊗B L α γ； ,n n =B L。 
System Steady-state Probability Vector 
System steady-state probability vector is represented by 0 1 1( , , , , )n nπ π π π−=π L , which satisfies the 
following equations: 

1
=

 =

πQ
πe

0
 

The equations can be expanded into Equations (1) to (6).  
0 0,0 1 0,1π π+ =B B 0                                                                                                                         (1) 

(1) (2)
0 0,1 1 1 2 2π π π+ + =B A A 0                                                                                                           (2) 

( 1) ( ) 1
1 0 1 1 2

k k k
k k kπ π π− +

− ++ + =A A A 0 , 2,3, , 2k n= −L                                                                            (3) 
( 2) ( 1)

2 0 1 1 , 1
n n

n n n n nπ π π− −
− − −+ + =A A B 0                                                                                               (4) 
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1 1, ,n n n n n nπ π− − + =B B 0                                                                                                                    (5) 

0 1 1 1n ne e e e−+ + + + =π π π πL                                                                                                         (6) 
Equations (1), (2), (4) and (5) are all the boundary equations of the system.  
After solving the above equations, the steady-state probability vector of system can be obtained.  

System Reliability Features 

System Steady-state Availability  
After obtaining the steady-state probability vector of system, the steady-state availability of this warm 
standby system is the sum of the probabilities that the system is in each available microstate, that is: 

1

0
1

n

k n
k

A
−

=

= = −∑π e π e                                                                                                                             (7) 

Meanwhile, we can obtain the unavailability of system, i.e. 1 nA A= − = π e .  

Mean Time between Failures of System 
Mean time between failures of system [12] is an important indicator for evaluating the system reliability. 
In the relevant studies, the mean time between failures of standby system is mainly defined from two 
approaches:  

Definition 1 It is the interval between the time when all units in a system are available (the system 
is in the macrostate 0) and the time when all units in the system are unavailable for the first time (the 
system is in the macrostate n).  

Definition 2 It is the interval between the time when the repair of a unit is completed (the other 
units in the system are unavailable at this time) and the time when all units in the system are unavailable 
for the first time (the system is in the macrostate n). 

Definition 1 mainly describes the average work time before the first failure of system, while 
Definition 2 focuses on the mean time between two system shutdowns due to failure after it operates 
for a long time. In this study, Definition 2 is employed.  

According to Definition 2, when a system enters the steady state, the mean time between failures 
of the system is the interval between the time when the system changes from the macrostate n to the 
macrostate n-1 and the time when it enters the macrostate n again. After ( )K t  transfers from the 
macrostate n to the macrostate n-1, the system starts operation. When ( )K t  enters the macrostate n 
again, the system is shut down. Hence, the state space 3H  is the one-dimensional absorption state of 
system work time.  

To calculate the distribution of time between system failures, a modified Markov process [13] is 
employed on the basis of the Markov process established in Section 3.2. The process changes the 
original macrostate n into the absorption state, which is macrostate *n , but the other macrostates 
remain unchanged. The mean time between failures of system is the time before entering the macrostate 

*n .  
Based on the above analysis and the definition of PH distribution, the mean time between failures 

of system is subject to PH distribution, and its infinitesimal generator *Q  is as follows:  
*

0,0 0,1
(1) (1)

1,0 1 0
* (2) (2) (2)

2 1 0

( 1) ( 1) *
2 1 1,

*

0 1 1
0 0
1 0

0
0

1
0 0 0 0 0 0

n n
n n

n n

n
n

− −
−

 −
 
 
 
 

=  
 
 

− 
 
 

B B
B A A

Q A A A

A A B

L

M O O O

 

Advances in Engineering Research, volume 163

1119



 

If the mean time between failures of system has non-reducible representation ( , )δ U , there is 
(0,..., 0, )= ⊗δ α γ , and: 

0,0 0,1

(1) (1)
1,0 1 0

(2)
2

( 2) ( 2)
1 0

( 1) ( 1)
2 1

n n

n n

− −

− −

 
 
 
 

=  
 
 
 
 

B B

B A A

U A

A A

A A

O O

O

 

Obviously, U can be obtained by simply removing the n+1 line and the n+1 row in the original Q  
matrix. 

On the basis of the above analysis, the mean time between failures of system is obtained as 
follows: 

1MTBF −= −δU e                                                                                                                           (8) 
Failed Unit Arrival Rate of Repair Platform  
The unit arriving at the repair platform is the unit that fails in a system. It consists of two aspects, 1. The 
operating unit fails, 2. The standby unit fails. Hence, the failed unit arrival rate of repair platform v  is 
the sum of the rates for the operating unit in a system and all the standby units in the system fail. After 
obtaining the steady-state probability of system, it is obtained that: 

0 0
0

1
( )

n k

k
k

v k
−

=

= + ∑π F π F                                                                                                                            (9) 

In which, 0,0=F B , ( ) ( )k k= ⊕F T S% , 0 = −F Fe .  

Example Analysis 

This section utilizes an example to verify the correctness and applicability of model.  
Considering a 3n =  warm standby system, there is 1 operating unit and 1 repair platform. 

Assuming that the life and repair time of the operating and standby units are subject to PH distribution, 
their non-reducible PH representation is as follows: 

The life distribution of operating unit is ( , )α T :  
(0.431,0.228,0.341)α = , 

1.750 0.170 0.013
0.004 2.960 0.001
0.093 2.266 3.646

− 
 − 
 − 

T = ,
0

1.567
2.955
1.287

 
 = − =  
 
 

T Te ; 

The life distribution of standby units ( , )β S : 

(0.460,0.540)β = , 

1.019 0.022
0.015 1.015

− 
 − 

S = , 0 0.997
1.0

 
 
 

S = . 

The repair time distribution is ( , )Lγ : 
(0.298,0.118,0.584)γ = , 

4.863 0.019 0.126
0.049 4.957 0.255
0.019 0.007 4.832

− 
 − 
 − 

L= , 
0

4.718
4.653
4.806

 
 
 
 
 

L = . 
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Considering the number of unavailable units in the system, the state set of the system is 
represented by {0,1, 2,3} . In the set, the state 3 is the state of system shutdown. The transfer between 

system states is as shown in Fig. 1:   

 
Fig. 1 Schematic diagram of system state transfer 

The state transfer matrix Q  of the system is as follows:  

0,0 0,1

(1) (1)
1,0 1 0

(2) (2)
2 1 2,3

3,2 3,3

 
 
 
 =
 
 
 
 

B B

B A A
Q

A A B

B B

 

In which:  

0,0 = ⊕B T S% , in which, = ⊕S S S% ； 0 0
0,1 (2) = ⊗ ⊗ ⊗ B T α S S γ% , in  which: (2) =S S% ；

0
1,0 (1)= ⊗ ⊗B I L β , in which (1)I  is a unit matrix with 6 dimensions； (1)

1 (1)= ⊕ ⊕A T S L% ；

(1) 0 0
0 (2) = ⊗ ⊗ ⊗ A T α S S I% ； (2) 0

2 (2)= ⊗ ⊗A I L β γ , in which (2)I  is a unit matrix with 3 

dimensions； (2)
1 (2)= ⊕ ⊕A T S L% ； 0

2,3 = ⊗B T I； 0
3,2 = ⊗B L α γ； 3,3 =B L。 

The above equations are substituted into Equation (1)-Equation (6), we can obtain the equations 
for steady-state probability vector:  

0
0 1

0 0 0
0 1 2

0 0 0
1 2 3

0
2 3

0 1 1

( ) ( (1) )

( ) (2) ( (1) ) ( (2) )

( ) (2) ( (2) ) ( )

( )

1n ne e e e−

 ⊕ + ⊗ ⊗ =

  ⊗ ⊗ ⊗ + ⊕ ⊕ + ⊗ ⊗ = 
  ⊗ ⊗ ⊗ + ⊕ ⊕ + ⊗ =  

 ⊗ + =

 + + + + =

0

0

0

0

%

% %

% %

L

π T S π I L β

π T α S S γ π T S L π I L β γ

π T α S S I π T S L π L α γ

π T I π L

π π π π

 

Following the relevant steps of matrix analysis method in Section 3.3, the steady-state probability 
vector of system can be solved. 

With Equation (17), it is obtained that the system steady-state availability is 0.9934A = . 
The mean time between failures of system has the non-reducible PH representation ( , )δ U , in 

which:  

(0,..., 0, )= ⊗δ α γ , 

0,0 0,1

(1) (1)
1,0 1 0

(2) (2)
2 1

 
 
 =
 
 
 

B B

U B A A

A A

 

Based on Equation (18), we can calculate and obtain 1.2157MTBF = . Based on Equation (19), 
it is calculated to obtain 0.0472v = . 
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As revealed in the reliability indicators in this example, all reliability indicators satisfy the 
requirements for system reliability, so it means that the reliability model for N-component warm 
standby repairable system with PH distribution can accommodate all kinds of random distributions, so 
its applicability is further expanded.  
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