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Abstract—The study was made on the effect of wave group
interaction on the distribution of wave height. The interaction of
two wave groups was studied on the basis of coupled nonlinear
Schrodinger equations. We found that wave group interaction
may cause the deviation of wave height distribution from the
result of linear theory. For low and medium wave heights, in the
case of nonlinearity the probability of exceedence is higher than
the result of linearity. For waves with large height, in the case of
nonlinearity the probability of exceedence is lower than the result
of linearity. From average wave height to 1.5 times this height is
the transition region. The result is in consistency with that of
wind wave experiment. A parameter was introduced in studying
the influence of wave group interaction on wave height
distribution. It is a measure of the effect of nonlinearity on the
distribution. For wind waves this parameter reflects the shape of
the spectrum. The spectral shape is found to be an important
factor in influencing the distribution of wave height.
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I. INTRODUCTION

The distribution of wave height is of interest both in theory
and in ocean engineering. Longuet-Higgins [1] derived the
distribution on the basis of linear theory and narrow spectrum
assumption. In subsequent observations it was found that the
wave height distribution deviated from the Rayleigh
distribution [2-7]. It is now generally accepted that
nonlinearity may cause the deviation from Rayleigh
distribution and studies have been made in including wave
steepness as a parameter in the distribution for engineering use
[3]. However, hitherto there is no satisfactory theory which
fully explains the deviation.

In the study of water waves Zakharov [8] proved that the
evolution of the envelope of wave group is governed by
nonlinear Schrédinger equation (NLS). NLS has since then
been widely used in studies of modulation of water waves. In
the case of two wave groups, the evolution of the envelope can
be described by two coupled nonlinear Schrodinger equations
(CNLS) [9-13]. CNLS has been used in stability problems in
wave group evolution and it has been proved that under
certain conditions the interaction of two wave groups can
generate waves with very large wave height [10].

In this paper we study the effect of wave group interaction
on the distribution of wave height. In section II we study the
interaction between two wave groups on the basis of CNLS
and show that the interaction may cause the deviation of wave
height distribution from the result of linear theory. A

parameter is introduced in studying the influence of wave
group interaction on the distribution. In section III we study
the distribution of wave height by wind wave experiment. The
result of experiment is consistent with the result in section II.
The introduced parameter in wave group interaction reflects
the shape of the spectrum and is found to be an important
factor in influencing the distribution of wave height. Section
IV is conclusion.

II. INTERACTION OF TWO WAVE GROUPS

A. Theoretical Analysis

In this section we study the interaction between two wave
groups and the effect of the interaction on the distribution of
wave height.

Consider four simple sine waves with frequencies ®a, ®p,
¢, o4. The difference between w, and wyp is very small. The
spectral value for these two waves is s(®1). In the same way,
the difference between w.and wq is very small. The spectral
value for these two waves is s(w2) (see Figure 1).
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FIGURE I. SPECTRUM OF TWO WAVE GROUPS.

The two waves with frequencies ®, and ®, compose one
wave group. The two waves with frequencies ®. and g4
compose another wave group. When these two wave groups
coexist, they interact with each other. Studies have been made
on the interactions of wave groups in recent years. The
evolution of the envelopes of the two wave groups is governed
by CNLS [9,10]. For the two wave groups in Figure 1, when
considering them propagating in one direction, CNLS can be
written as
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number vector of the carrier wave. Tj and Xj (j=1,2) are slow
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where ®; is the frequency of the carrier wave of the wave K = - ‘kl B kz‘
group (see Figure 1).
i In deep water we have relation
The coefficients
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, Y Equation (1) is solved numerically. To compare the results
_1 0w, &= _&( i=12) 4 with the results of linearity, we consider the linear
b2 ok o superposition of these two wave groups. In the case of linear
superposition (linear superposition of the four waves in Figure
C 1), the envelopes of the two wave groups are
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we introduce a parameter:
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where Aw, - S(a)l)

where A®=m, — ®a, Ad=04¢ — ©c(See Figure 1).

This parameter is found to be important in influencing the
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evolution of the envelope of the wave group.

B. Results of Numerical Solution

Now we consider the result of the evolution of the wave
group envelope. The difference between the result of
nonlinearity (the superposition of A; and A») and linearity (the
superposition of A'y and A';) reveals the influence of
nonlinearity on the height of the envelope. Suppose the height
and average height of the envelope to be h and hy. We consider
the probability of h exceeding 2ho. Let F; and F, represent the
probability in the case of linearity and nonlinearity. The
difference between F; and F, reflects the effect of nonlinearity
on the height of the envelope.

We obtain (F;— F,) for different values of Aw; and Aws.
Figure 2 shows the relationship between (Fi— F,) and s (The
values of Aw; and Aw, are shown in Table 1). The result shows
that (F;— F,) increases with the increasing value of's.
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FIGURE II. THE RELATIONSHIP BETWEEN (FI- Fn) AND s. WAVE
STEEPNESS ak0=0.1.

We now consider the probability of h not exceeding ho. Let
Giand G, represent the probability in the case of linearity and
nonlinearity, respectively. Figure 3 shows the relationship
between (G,—Gi) and s (The values of Aw; and Aw, are shown
in Table 1). The result shows that (G,—G;) increases with the
increasing value of's.
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FIGURE III. THE RELATIONSHIP BETWEEN (Gn—Gl) AND s. WAVE
STEEPNESS ak0=0.1.

TABLE I. THE VALUES OF AQ; AND AQ, (IN FIGURES 2 AND 3)

a b c d
Ao 0.13m0 0.11mo 0.078wo 0.05m0
Aw 0.14m0 0.12m0 0.095wm0 0.0600

The results in Figures 2 and 3 indicate that the nonlinear
interaction between wave groups can influence the height of
the envelope and the difference between linearity and
nonlinearity increases with the values of s. A consequence of
the influence on the envelope is that in the case of nonlinearity
the distribution of wave height is different from that in the
case of linearity. This can be illustrated in Figure 4. For the
superposition of the four wave components in Figure 1, the
wave surface is the solid line in Figure 4. The dashed line is
the envelope. H is wave height. Since in the case of
nonlinearity the envelope is different from that in the case of
linearity, the distributions of wave height in these two cases
are obviously different.
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FIGURE 1V. WAVE SURFACE AND ENVELOPE.

We can study the difference of wave height distribution in
linearity and nonlinearity by studying the difference of the
envelope in these two cases. We select N points (the dots) on
the envelope and obtain the distribution of the height of the
envelope. The distribution of the height of the envelope
(distribution of the dots) can be considered as an
approximation to the distribution of wave height (see Figure
4).

Figure 5 is the distribution of wave height obtained by this
approximation, and Table 2 shows the values of ako and s used
in Figure 5. The dots are the result of linearity. The small
circles are the result of nonlinearity. Results in Figure 5 show
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that for waves with small and medium height (H/H <1.0), in

the case of nonlinearity the curve of the distribution is higher
than in the case of linearity. For waves with large height
(H/H >1.5), in the case of nonlinearity the curve of the

distribution is lower than in the case of linearity.
1.0<H/H <1.5 is the transition region.

A second result in Figure 5 is that the parameter s is an
important factor in influencing wave height distribution. In
Figures 5(a) and (b), wave steepness is the same. The value of
s in Figure 5(b) is larger than that of s in Figure 5(a). The
difference between linearity and nonlinearity in Figure 5(b) is
larger than the difference in Figure 5(a). The result is the same
in Figures 5(c) and (d) (ako=0.10), Figures 5(e) and (f)
(ako=0.12) and other values of wave steepness. This result
indicates that s is a measure of the effect of nonlinearity on
wave height distribution. For large values of s, the deviation of
the distribution from the result of linearity is larger (in fact this
can be inferred from the results in Figures 2 and 3).
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FIGURE V. DISTRIBUTION OF WAVE HEIGHT OBTAINED FROM THE
ENVELOPE.

TABLE II. THE VALUES OF AKO AND S (IN FIGURE 5)

a b c d e f
ako 0.08 0.08 0.10 0.10 0.12 0.12
S 1.26 1.78 1.13 1.67 1.05 1.43

III. WIND WAVE EXPERIMENT RESULTS

In this section we study the distribution of wave height by
wind wave experiment and compare the experimental results
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with the results in section II.

The experiment was made in the wind wave channel in the
Laboratory of Physical Oceanography in Ocean University of
China. The channel is 65 meters long with a rectangular
cross-section of 1.2 meter in width and 1.4 meter in height.
The test section is 50 meters long with a beach reducing wave
reflection. The surface displacements of the waves were
measured using surface-penetrating, capacitance-type gauges
at ten fetches extending 7m, 10.7m, 14.35m, 18m, 21.7m,
25.4m, 29.05m, 32.75m, 36.4m and 41.1m from the wind inlet
section of the channel. Four mean wind speeds U= 4, 6, 8, and
10m/s were chosen in the experiment.

In section II we studied the interaction of two wave groups.
The superposition of two wave groups can be considered as a
simple model for a wave field. This can be illustrated in Figure
6. Figure 6 is a wind wave spectrum with peak frequency .
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FIGURE VI. TWO WAVE GROUPS AS A SIMPLE MODEL FOR A
SPECTRUM.

We consider two wave components with frequencies
®;=01—dw; and oy=0;+dw;. The value of dw, is very small.
Since dw; is very small, these two waves compose a wave
group. Consider another two wave components with
frequencies w=w>—dw, and w=w>+dw,. The value of dw; is
very small. These two waves compose another wave group. In
the same way we can find a third wave group in the wave
spectrum. From this analysis we can see that wind waves can
be considered as the superposition of many wave groups. The
case of Figure 1 (two wave groups) in the theoretical study in
this paper can be considered as a simple model for a spectrum.
In this section we will see that the wave height distribution
results in two wave groups in section II are consistent with the
experimental results of wind waves.

A. Distribution of Wave Height

Figure 7 is the distribution of wave height for wind waves
(the values of Fetch and wind speed are shown in Table 3).
The dots are the experimental result. The solid line is the
Rayleigh distribution.

From Figure 7 we can see that for waves with small and
medium height (H/H <1.0), the curve of the distribution in

experimental result is higher than the curve of Rayleigh
distribution. For waves with large height (H/H >1.5), the

curve of the distribution in experimental result is lower than
the curve of Rayleigh distribution. The transition region is
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1.0< H /ﬁ <1.5. These results are consistent with the

theoretical results for two wave groups in Figure 5. In Figure 7
the Rayleigh distribution (derived on the basis of linearity)
corresponds to dots (cases of linear superposition of the wave
components) in Figure 5. The dots (experimental results) in
Figure 7 corresponds to small circles (cases of nonlinearity) in
Figure 5. In Figure 5 for waves with small and medium height
(H/H <1.0), in the case of nonlinearity the curve of the

distribution is higher than in the case of linearity. For waves
with large height (H/H >1.5), in the case of nonlinearity the

curve of the distribution is lower than in the case of linearity.
The transition region is 1.0< H/H <1.5. All these results are in

consistency with the results in Figure 7.

w* 7 ——

WAVE HEIGHT.

TABLE III. THE VALUES OF FETCH AND WIND SPEED (IN FIGURE 7)

a b c d
Fetch  41.00m  3640m  29.05m  14.35m
Wind 60 8m/s 10m/s 6m/s
Speed

B. Influence of Spectral Shape on Wave Height Distribution

A parameter s is introduced in (14). From Figure 1 we can
see that this parameter s is the ratio of the right rectangle area
to the left rectangle area. When Figure 1 is considered as a
simple model of a wave spectrum, the right rectangle is the
region on the right side of the peak frequency (hereafter
referred to as “right region”). The left rectangle is the region
on the left side of the peak frequency (hereafter referred to as
“left region™). s is the ratio of right region area to left region
area.

For a continuous wind wave spectrum, the right region
area s, and left region area s; can be obtained according to the
peak frequency of the spectrum. On analogy of (14), we can
introduce a parameter S for a continuous spectrum

S=s,/s, (15)

Advances in Intelligent Systems Research (AISR), volume 151

S corresponds to s in section II. From the wind wave
spectra measured in the experiment we obtain the values of S
in these spectra and study the influence of S on the distribution
of wave height.

Figure 8 is the distribution of wave height for waves with
different values of S (the values of the parameters are shown
in Table 4). The dots are cases of small values of S. The small
circles are cases of large values of S. The solid line is
Rayleigh distribution.
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FIGURE VIII. DISTRIBUTION OF WAVE HEIGHT FOR DIFFERENT
VALUES OF S.

From Figure 8 we can see that when wave steepness is the
same, for large values of S the deviation of experimental result
from Rayleigh distribution is larger. This is consistent with the
results in Figure 5. The parameter S corresponds to parameter
s in Figure 5. Results in Figure 5 show that when wave
steepness is the same, for large values of s the deviation of the
distribution from the result of linearity (corresponding to
Rayleigh distribution in Figure 8) is larger.

TABLE IV. THE VALUES OF AKO , FETCH, WIND SPEED AND S (IN

FIGURE 8)
dots circles
ako wind wind
Fetch speed S Fetch speed S

a 008 41.00m  6m/s 1.25 21.70m 10m/s  1.86
b 0.10 14.35m 4m/s 1.14 32.75m 10m/s 1.73

0.11 2540m  8m/s  0.71 29.05m 10m/s  1.76
d 0.12 21.70m 8m/s 0.77 41.00m 10m/s 1.15

The result in Figure 8 indicates that the ratio of right
region area to left region area in a spectrum is an important
factor in influencing the distribution of wave height. This
implies that the shape of the spectrum is important in
influencing the distribution of wave height. The theoretical
result in Figure 5 gives an explanation to this. The non-linear
interactions between wave groups can cause the deviation of
wave height distribution from Rayleigh distribution. The
parameter s in (14) is a measure of the effect of nonlinear
interaction between two wave groups. This parameter
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corresponds to the ratio of right region area to left region area
in a continuous spectrum. The ratio S in (15) is a measure of
nonlinearity in wave group interactions in a continuous
spectrum. For two continuous spectra with different spectral
shape, the values of S are different. The effects of nonlinearity
in these two continuous spectra are different. This gives rise to
the difference in wave height distribution.

C. Wave Height Distribution for Simulated Waves

We now use the measured spectra to simulate wind waves
and study the distribution of wave height. The wave surface
displacement can be expressed a

¢(t)=2] " /s(F)df cos(2Aft+0) (16)

where ( is wave surface displacement, S(f) is spectrum, f is
frequency and 0 is the phase which is distributed randomly
from 0 to 2.

We use the measured wind wave spectra in the experiment
to simulate  according to (16). The simulated wave surface
displacement is linear superposition of different frequency
waves. From the simulated wave surface displacement we can
obtain wave height distribution.

The results in Figure 9 show clearly the effect of
nonlinearity on the distribution of wave height (the values of
Fetch and wind speed are shown in Table 5). In Figure 9 the
dots are wave height distribution obtained from the measured
wave surface displacement. The small circles are wave height
distribution obtained from the simulated wave surface
displacement. In each figure the spectrum of the simulated
waves is the same as the spectrum of the measured waves. The
dashed line is Rayleigh distribution. Since the simulated wave
surface displacement is the result of linear superposition, the
deviations of the dots from small circles are obviously caused
by nonlinearity.
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FIGURE IX. DISTRIBUTION OF WAVE HEIGHT FOR SIMULATED
WAVES AND MEASURED WAVES.
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TABLE V. THE VALUES OF FETCH AND WIND SPEED (IN FIGURE 9)

a b c d
Fetch 7m 14.35m 217m 254m
Wind 10m/s 8m/s 10m/s 10m/s
Speed

IV. CONCLUSIONS

In this paper we studied the effect of wave group
interaction on the distribution of wave height. We found that
the interaction of two wave groups may cause the deviation of
wave height distribution from the result of linear theory. For
low and medium wave heights, in the case of nonlinearity the
distribution curve is higher than in the case of linearity. For
waves with large height, in the case of nonlinearity the
distribution curve is lower than in the case of linearity. The
theoretical result is in consistency with the result of wind
wave experiment. A parameter reflecting the spectral shape
was introduced in studying the influence of wave group
interaction on the distribution of wave height. It is a measure
of the effect of nonlinearity and is found to be important in
influencing wave height distribution.
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