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Abstract—Collocation method based on barycentric rational
interpolation (BRICM) is used in this article to study axisymetric
bending problems of circular thin plates in polar coordinates.
Unknown function is approximated by barycentric rational
interpolation and the discrete algebraic equations of differential
equations are obtained by forcing the differential equations to
satisfy the value of the discrete nodes. The boundary conditions
are imposed by substitution method and the numerical solution
can be obtained by solving the differential equations. Numerical
calculation example demonstrates that the proposed method for
circular thin plates bending problems has the merits of higher
computation accuracy, convenient program, simple calculation
formulations.
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l. INTRODUCTION

Circular plates are common in many structures such as
nozzle covers, end closures in pressure vessels, pump
diaphragms, turbine disks, and bulkheads in submarines and
airplanes, etc [1]. The analytic method used to solve circular
plate differential equation is impossible in many engineering
designs and the engineering experiment is expensive and
complicated. It is needed to study a high accuracy numerical
method for analysis of bending of circular plate. When circular
plates are analyzed, it is convenient to express the governing
differential equation in polar coordinates.

At present, there are many methods to obtain the numerical
solution of bending of circular plate such as finite difference
method [2], finite element method [3], boundary element
method [4], meshless method [5], differential quadrature
method [6], Fourier differential quadrature method [7],
homotopy perturbation method (HPM) [8], etc.

The meshless method also named as element free method
(EFM) only needs nodal data and not date of element [5]. The
current popular meshless method is that the algebraic equation
of problem can be obtained through the approximate smooth
function produced by the moving least square method [9]. The
computation of EFM is very large. And it is more difficult to
satisfy the essential boundary condition and discontinuity
condition of the material because of the feature that the the
approximation function of EFM does not pass through variable
values of the nodes. Differential quadrature method is mainly

used in nonlinear analysis and multidimensional domain by
using little computation to obtain high precision result. But it is
difficult to solve the problem with irregular region and it has
instability to a large number of nodes by using differential
quadrature method [6]. The computation of Fourier differential
quadrature method is very large [7]. Based on the selected
differential equations which have analytical solution, numerical
solution can be obtained by HPM [8].

Although the above methods can solve the bending of plate,
they have some disadvantages such as lacking of flexibility and
a low accuracy [10].

Based on barycentric interpolation collocation method [11],
this paper has established a barycentric rational interpolation
collocation method (BRICM) for solving the axisymmetric
bending problems of circular thin plate, and uses numerical
example to verify effectiveness and computational accuracy of
this proposed method. Due to the symmetry of circular thin
plate, the two-dimensional problem is transformed into one-
dimension problem, which greatly reduces the work time and
improves the work efficiency.

Numerical calculation example show that BRICM has
advantages of convenient use, higher efficiency, and higher
accuracy compared with homotopy perturbation method (HPM)
[10], meshless method and finite element method (FEM).

Il.  BRICM AND ITS DIFFERENTIAL MATRICES

First, given a function defined on the interval and the
function values on the nodes are u, =u(r,),i=1,2,---,n, the

barycentric rational interpolation [12] of function is
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Where w = 3" (<1) T] —2 j=1.2 is th
w=>(-1) ] , j=1,2,--,n is the

i3, kaike (1= T)
barycentric rational interpolation

weight, J,;={iel:j-d<i<j}, d=1,2,--n isanindex set.

The barycentric rational interpolation of functionu(r) can
be simplified as
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barycentric rational interpolation ba5|s function.
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Where L,(r)= j=12,--,n is the

Then the mth-order derivative of function can be written as
)= S-S e ©

The mth-order derivative of function u(r) on the nodes
r,,---,r can be written as

r-2 n

11

u(m)(ri):Zl_(jm)(ri)uj :ZDi(jm)uj’ i=1,2,--,n (4)
j=1 j=1

In (4), D{™ =

derivative of function L;(r)on the node r,

be written in the following matrix form[13]:

L™ (r. ) represents the value of the mth-order
. Equation (4) can

u™ =DMy (5)

In (5), matrix D'™ is mth-order barycentric rational

interpolation differential matrix on nodesr,,r,,---,r, , which is
composed  of  the  elements D(m) =L"M(x)

u(m)—[u(m) ul Lu‘m)] and u= [ul,u2,~-~,un] represent the
column vector of mth-order derivative value and the value of
the function u(r) on the nodes, respectively.
I1l.  BRICM FOR AXISYMMETRIC BENDING OF CIRCULAR
THIN PLATE IN POLAR COORDINATES

The governing equation of the circular plate axisymmetric
bending of circular thin plates [14] in polar coordinates is as
following:

2 2
V?UE d_2+li d l:_}_ld_u :ﬂ (6)
dr® rdr)ldr° rdr D

And in the extended form can be written as

d'u 2d%u
_+_
dr* rdr®

1 d%
Cr2dr?

ldu_q
— 7
r*dr D ®
Where u =u(r) is the unknown deflection, q is uniform
load, D = Et* / 12(1-v?) , with E Young’s modulus, t the
thickness of thin plate and v is Possion’s ratio of elasticity.

The three boundary conditions of circular thin plate
including clamped boundary, simply-supported boundary and
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free boundary are represented by 7, , 7", and I", respectively
in polar coordinates. 7=002=71", U, U7, is the boundary of

the domain 2 of circular thin plate with the boundary
condition

u=0 on/,UT,
A|Cu=0 onr,
Bu= ' (8)
Su=0 onl,UTr;
Fu=0 on/,
In (8), C, S, F are defined as
2 3 2
c d g 1d & & 1d 1d o

dr rdrdr?’  dr® rdr? r?dr

(6) can be transformed to barycentric rational interpolation
form by (5)

(D +diag(2/ r)D® ~diag(1/ r*)D® + DV)U = g/ D(10)

U 17.9=1[0,,0;,...9,1"

(8) can be transformed to barycentric rational interpolation
collocation form by (4)

where U =[u,,u,,...

EZZUUO)UJ - z j J

n :zuom -0- zqnuj +v2dz’u - (11)
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il z“ ,+vzu2u_oz oy +2 zuzl %Z _
(11) can be written in the following matrix form:

r,: BU=0,BU=0
r,: BU=0, BU=0 (12)

r,: BU=0, BU=0
Boundary conditions are imposed to the algebraic equations
with substitution method [15]. The barycentric rational
interpolation collocation matrix of circular thin plate in polar

coordinates can be obtained with clamped boundary (a),
simply-supported boundary (b) and free boundary (c).

L F L F L F
@:B u=|0| ®:8u=|0] ©:B|u=|0| (13)
B, 0 B, 0 B, 0

Where L=(D'" +diag(2/r)D'” —diag(1/ r*)D® + D).

The numerical solutions of the bending of the circular plate in
polar coordinates can be obtained by solving (13).

18



ATLANTIS
PRESS

IV. NUMERICAL SOLUTION

One numerical calculation example is given in this article
to verify the effectiveness and computational accuracy of
BRICM. The calculation program is compiled by MATLAB.
By use of BRICM and Chebyshev node, the numerical
solution is obtained and compared with analytical solution.

u®,u® are numerical solution column vector and analytical

./

e e

solution column vector ,respectively. E, =|u‘—u

u

2

E,=|u"-u’|, are the relative error and absolute error
respectively between numerical solution and analytical
solution.

As shown in Figure 1, the radius isa=5 m, t=1m,
E=20x10"N/m*, p=6.0x10°N.
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FIGURE I. DIAGRAM OF SIMPLY SUPPORTED CIRCULAR PLATE
UNDER UNIFORM LOAD

The analytical solution of this calculation example with
simply-supported boundary is

2 2
ue(r)=—p<a ! )(SH)az—rzj :
64D 1+ov

For the calculation, computational domain is £2=[0,5]
and 11 nodes are selected in the direction of r. The boundary
is 77, in (11) andu, :u(rj :5),j =1,2,..,11 . By solving the

(@) in (13), the BRICM numerical solution of bending of the
plate can be obtained.

We can know that the numerical solution of FEM has a low
accuracy and the numerical solution of HPM is highly
consistent with analytical solution from the analysis of
Fig.3(FEM result and HPM result compared with EXACT
result) in [8]. Figure 2 shows that the results of BRICM and
HPM are both highly consistent with EXACT results. Figure 3
shows that the accuracy of the BRICM result compared with
EXACT result is 1012,
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FIGURE II. BRICM AND HPM NUMERICAL RESULTS AND EXACT
RESULT
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FIGURE Ill. THE ABSOLUTE ERROR BETWEEN BRICM RESULTS
AND EXACT RESULTS

Based on the numerical results of Table 1 and Table 2
comprehensively, it can be summed up as follows: BRICM has
higher computation accuracy with 102! than FEM with 10 and
meshless method with 1073,

TABLE I. THE RELATIVE ERROR OF MESHLESS METHOD RESULT
OF SIMPLY-SUPPORTED CIRCULAR PLATE IN [16]

NunrgzZ of rla=0 r/a=0.1 r/a=0.2 r/a=0.5
10 1.4000x10-> | 1.2600x10? | 1.2100x10? 1.2000x107?
20 3.3000x10° | 3.1800x10° | 2.9700x107% 3.1200x10°°
40 2.6700x10°® 2.5400x10° | 2.3100x10°% 1.7800x10°3

TABLE Il. THE RELATIVE ERROR OF DIFFERENT COMPUTATION
METHODS WITH DIFFERENT NODES OF THE EXAMPLE

(R/IA=0.5)
Number of nodes BRICM Meshless Method FEM
10 5.343 9x101* 1.2000x107?
20 8.919 2x10° 3.1200x10°° 1.0370x107?
40 2.097 9x107 1.7800x10°3

V. CONCLUSIONS

In this article, BRICM is proposed for solving the bending
of circular thin plate in polar coordinates. The method has
simple calculation formulations and the calculation program is
compiled by MATLAB. It is effective and convenient to many
engineering designers to solving similar problem. Numerical
example demonstrate that the proposed method has high
computation accuracy with 10-* and with the increasing of the
number of nodes the accuracy is between 107 and 10° .
Compared with FEM, BRICM has higher computation
accuracy, simple calculation formulations and dispenses with
meshing and transforming irregular domain into a regular
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domain according the coordinate transformation. The method
has provided a new meshless method with high precision for
bending problem of plate in engineering and is worth to be
generalized to irregular plate problem and other engineering
problems which need high accuracy.
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