£

ATLANTIS Advances in Computer Science Research (ACSR), volume 83

PRESS
8th International Conference on Mechatronics, Computer and Education Informationization (MCEI 2018)

Iterative Methods for Polynomial Equations Based on Vieta’s Theorem

Shang Gao"?", Jing Hu*" and Yaming Yu *°

! School of Computer Science and Technology, Jiangsu University of Science and Technology,
Zhenjiang 212003, China

2 Information Center, Jiangsu China Tobacco Industry Co., Ltd. 210011, Nanjing, China.
4 gao_shang@just.edu.cn, ® nj01838@jszygs.com, ¢ yuym@jszygs.com

Keywords: Vieta’'s theorem; Iteration method

Abstract. Base Vieta’s theorem, iterative methods for polynomial equations are proposed and all roots
of polynomial equation can be found simultaneously. The convergence of methods is preliminarily
discussed. Examples are given.

Introduction

In mathematics, a univariate  polynomial is an  expression of the form
anx“+an,1x”’l+---+a1x+ao=0(neZ+,an¢O,aj eR,i=01---,n). The natural number n is

known as the degree of the polynomial. A polynomial equation of degree n has exactly n roots. In
elementary algebra, methods such as the quadratic formula are given for solving all first degree and
second degree polynomial equations in one variable. There are also formulas for the cubic and quadratic
equations. For higher degrees, the Abel-Ruffini theorem asserts that there cannot exist a general
formula in radicals. However, root-finding algorithms may be used to find numerical approximations of
the roots of a polynomial expression of any degree[1-4]. In this paper, the iterative method is used to
solve the polynomial equation of any degree based on the Vieta's theorem. A usual iterative method for
the polynomial equations can be found one root[5-8], but the method of this paper can be found
simultaneously all the roots of the polynomial equation.

Vieta's Theorem
Vietas Theorem for polynomial equations says that if a polynomial equation

a,x" +a, X" +---+ax+a, =0(a, #0) has n different roots x,, X,,--+, X, , then
a
-1
X, + X, +o+ X, =—— 1)
an
. a,_,
X Xy + X Xg 4 X X, + Xo Xy + Xy Xy 4o+ X X, =
" )
XX, Xg + XXXy = XX X+ XK Xy XX Xe vk X X X = 08
17273 17274 172%n 17374 173375 & e n—2n—ln_a
" ©)
a
n 0
Xy Xp X3+ Xy 1 Xy =(-1 a_
" (4)
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Iterative Methods for Quadratic Formulas

: : : : . a a
If A quadratic equation has 2 different roots x,, x,, Vieta's root forumula is: x, + x, =——%,x,X, = —>.

a'2 a2
a, a, o .
Then x, =———X,,X, = . Therefore iterative methods for quadratic formulas are
a'2 a‘2 Xl
a
k) __ M
XV === X5
a2
X(k+l) _ a‘0
z (k)
a,X; ©)
. a : . : N
Start with x{?, x{ = % The calculation can be carried out by using the iteration formula.
a‘2 Xl

It seems reasonable that x**V could be used in place of x in the computation of x{**V .
Therefore, the formula (5) is improved:

a
k) _
xE = Ly
2
a
X; Y = (Ok+1)
aX

(6)

Uses|x — xf")‘ < & (1 =12 as the condition of the end of algorithm. This method only needs add,
subtract, multiply and divide, without square root operation.

Examples 1: Solve the following polynomial equation: x* —5x+6=0. Start with x{” =4 and
£=0.00005 | after 43 steps, formula (5) meet the accuracy. Here
x{*¥ =3,00010025293625, x\*¥ =1.99993316694257 . After 23 steps, formula (6) meet the accuracy.
Here x*® =3.00006683305743, x{*® =1.99995544562095 .

Iterative Methods for Polynomial Equation

To begin, solve the formula (1) for X1 the formula (1) for X2 and so on to obtain the rewritten
equations:

an_q
X == =Xy =Xy = Xy
an
a,_
n% =X Xz =X Xy == X4 X
X, = n
Xy + X3 + X, 4+ X,
n
_ (-Da,
X,=———
a, X X, - X

The iterative method is
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a
(k+)) _ _ “n1 (k) (k) (k)
X =T Xt Xy Xy
n
a, (k) y (k) (k) y (k) (k) y ()
n% XK T XKy e = X Xy
(k+1) _ n
X2 - k k k k)
XK+ x84 x4 xS

n
X(k+1) _ (_1) Q,
noo (k) y (K) (k)
Ap Xy X X (7)
. a, a,
In particular, when n=3 , there are X, +X, +X;=——=, XX, +XX; +X,X; =— and
a3 a3
a‘0
X XXy = ——.
a3

The iterative method for the cubic equation is

a
X1(k+1) __% Xék) . Xék)
a,
a/ _Xl(k)xék)
X§k+1) _ a,
(k) (k)
Xp 7+ X5
X(k+1) _ —ad,
3 - (k) y (k)
a;X; " X;
8

Examples 2: Solve the following polynomial equation: x* —2x* —x+2=0. Start with x{” =-0.5,
x =3 and £=0.00005 . After 27 steps, formula (8) meet the accuracy. Here

x?" =1.99998447786764, x{?” =-1.00000337062216 , x{*" =0.99999270665868 .

Convergence of the Iteration Methods
We can use Jacobi method or Gauss-Seidel method to solve the linear systems. If some convergence
conditions are required, the Jacobi method or Gauss-Seidel method converge to the unique
solution[1-2]. For the iterative method of this paper, it is obvious that the iterative equation is nonlinear,
and its convergence is more complicated. Here we only discuss the convergence of quadratic equation.
Firstly, the convergence of the improved method is discussed. From formula (6):

X(k+1)__ﬁ_x(k)__ﬁ_ a,
1 - 2 T (k)
a, a, aX
kD) a q, _ d
2 = (k+1) — - (k)
a, X Q 0y —8, —a,X
2™ az (_7 _ X2 ) 1 27%2

2
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From the iteration theory, the iteration function of x, , x, are ¢ (X)=——"F-—-,
a, a,x

a :

@, (X) =—>—— respectively.
—a; —a,X

By contraction mapping theorem, we therefore obtain that if |¢', (x)| <1 and |g', (x)| <1, formula (6)

converges.

3

We have ¢, (X) = — and @, (x)=— a,a,

a2)(2 (al + aZX)Z .
Therefore condition of formula (6) is

a
<1
a,x
a,a
_#2 <1
(a, +a,x)
a . . a a a a
So, when == >0, condition of formula (6) is x> _[|=>|, or x<——-— ||-%|; when <0,
a2 a2 a2 a2 aZ
. . a a a
condition of formula (6) is x>——-+ [, or x<—_||-%].
a'2 a'2 a‘Z

From formula (5):

k+) G ® & a,
Xy ==X =T~ (k-1)

a, a, a,X

w (kD) a dy _ dy

2 Tk B (k1)

a,X a - —a, —a,X
2N az(_il_xék l)) 1 272
a2
a.l aO ao * * - -
We set ¢, (X) :———a, o, (x) = Ay Suppose x, , X, are roots of quadratic equation.
2 2 R ]

Therefore x; =@, (x) %G =, (x3), XP =@ (X)), and x{ =, (x).
By Lagrange’s mean value theorem
(k) _ * (k1) _ o * (k1)
X =X 7 =0,(%) = (X )= (E)X =X )

P : X, x
Where © is interior point between ™1 and ™1
(k+1) (k+1) * (k)
, X — X — X —
Then, (&) = X1(H) T Xl(k) o ):1;(,1)
X=X X=X X=X

o (k+1) 2
X _X ' *
|: * - (k) j| - ‘gol (X )‘
When k—)OO’ Xl_xl
For the *2 case, the derivation process is similar. Therefore the condition of formula (5) is

Je's (%) <1 and o', ()| <1. Thatis |¢', (x)| <1 and |¢', (x)| <1,formula (5) converges.
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Conclusion

For the roots of the algebraic equations of general iterative method, each iteration only to find a root. In
this paper, the method can get n roots. and the method is simple, easy to program. In this paper, we
discuss the convergence of the iterative method for the quadratic equation, and the convergence of the
other conditions is further studied.
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